THE 

THEORY AND PRACTICE 

OF 

REINFORCED CONCRETE 


BY 

CLARENCE W. DUNHAM, C.E. 

Associate Professor of Civil Enginsering, Yale University; Consulting Structural 
Engineer for the New York Engineering Office of the Anaconda Copper 
Mining Co.; Formerly Civil Engineer^ Department of Engineering^ 

The Port of New York Authority; Member, American Society 
of Civil Engineers, American Concrete Institute, The 
American Society for Engineering Education, American 
Institute of Consulting Engineers 


Second Edition 
Seventh Impression 


McGEAW-HILL BOOK COMPANY, Inc. 


NEW YORK AND LONDON 

1944 



THE THEORY AND PRACTICE OF REINFORCED CONCRETE 

Copyright, 1939, 1944, by the 
McGraw-Hill Book Company, Inc. 

PRINTED IN THE HNITED STATES OP AMERICA 

All rights reserved. This hook, or 
parts thereof, may not be reproduced 
in any form withovi permission of 
the publishers. 


THE MAPLE PRESS COMPANY, YORK, PA. 



PREFACE TO THE SECOND EDITION 

In preparing this Second Edition, special attention has been 
given to methods for the preliminary and approximate design of 
beams; bond between concrete and reinforcement has been 
treated more fully than in the First Edition; a beaxm-and-girder 
floor has been worked out as an illustrative problem; the design 
of rectangular and unsymmetrical footings with direct loads and 
overturning moments has been shown; and the material on the 
design of columns, two-way slabs, and fiat slabs has been rewritten 
to agree with the 1940 report of the Joint Committee. Various 
other smaller additions have been made to improve the text; 
some minor material has been -dropped. Of course, one book 
cannot illustrate every kind of reinforced-concrete structure in 
complete detail but the revisions and the new material meet 
certain existing needs and add greatly to the value of the book 
as a whole. 

The tables and diagrams in the Appendix are useful for many 
purposes. References to them are made frequently in order to 
have the student appreciate their utility and to learn when and 
how to use them. However, the author’s chief emphasis is still 
upon the basic principles of the de 3 ign of various types of struc- 
tures and upon the practical features which are so important in 
planning and building them. 

The author is especially indebted to Professors Hardy Cross, 
Francis M. Baron, and Henry A. Pfisterer of Yale University for 
helpful suggestions which, as far as is practicable, have been 
included in the text. 


New Haven, Conn., 
August, 1944. 


C. W. Dunham. 




PREFACE TO THE FIRST EDITION 

The purpose of this text is to present in a simple and under- 
standable manner the theories upon which the design of most 
ordinary types of reinforced-concrete construction is founded and, 
along with them, to show the practical considerations that so 
greatly affect the finished product. The first six or seven chap- 
ters are intended for use in an elementary course in the design of 
reinforced concrete; the rest of the text is designed especially 
for the benefit of the practicing engineer and for use in advanced 
courses. 

The author hopes to teach the reader to visualize how each 
part of a structure acts; to design these parts so that each one will 
perform safely the service for which it is intended; and, finally, 
to plan the operations in the field so that the entire work will 
be a thing of which he is proud. Sound judgment and practical 
engineering sense are exceedingly important. These essentials 
are attained chiefly through hard work and long experience by 
the individual. However, the author hopes to expedite their 
attainment by presenting the subject from the viewpoint of the 
practicing engineer. 

The design of all kinds of structures cannot be given in one 
book. However, certain important types have been selected, 
and each one is treated as thoroughly as space permits. The 
author has tried to illustrate many of the hard but practical 
problems which are likely to be encountered in high-grade 
construction. If the reader will study the principles and the 
methods that are illustrated herein until they become almost a 
part of his subconscious thinking, he will be able to use them as 
tools in the design of a great variety of structures. 

The methods of solving the illustrative problems are those 
which may be encountered in a large engineering office. The 
reader will notice that, in many cases, this book does not go into 
extreme refinements of design and calculation. When one 
realizes that the assumed loads, their distribution, and the allow- 
able unit stresses are often rather approximate and that they are 
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based upon judgment and experience, it seems to be inadvisable 
to carry subsequent computations to a degree of refinement that 
is not justified by the accuracy of the fundamental data from 
which the calculations are started. Therefore, the use of the 
slide rule is sufficient for all work except certain portions of the 
analysis of indeterminate structures. In many cases, the numer- 
ical answers are rounded to the nearest important significant 
figure. The methods of analysis that are employed are designed 
to show fundamental principles and their application. They 
are believed to yield results that are on the side of safety and to 
be sufficiently accurate for all practical purposes. 

Furthermore, this text is not a handbook filled with tables 
to be used mechanically. Certain useful data of this type are 
included, but they are not acceptable substitutes for a mastery of 
the theory of the design of structures. The reader can resort to 
short-cut methods after he understands the bases of structural 
action. 

Specific recommendations have been given for many theoretical 
and practical procedures. Where this has been done without 
reference to other authorities, the author merely attempts to 
provide the reader with some definite suggestions, but he does 
not pretend to set up unchangeable specifications. 

The author is indebted to many associates and other friends 
for useful data and for helpful suggestions. He is especially 
grateful to Mr. W. B. Sinnickson, Engineer of Tests, The Port of 
New York Authority, who contributed Chap. 1; to Mr. Samuel 
Potashnick, formerly of The Port of New York Authority, for 
his cooperation in the development of the data given in Chaps. 1 1 
and 12; and to The Port of New York Authority for the use of its 
photographs and data. Messrs. A. C. Seaman, Leon Kirsch, 
Walter Gadkowski, and William J. Delaney have rendered 
great assistance in the checking of calculations; Professors 
William S, Lalonde, Jr., Leroy W. Clark, and Bert B. Williams, 
and Mr. Paul F. Pape have given many useful suggestions. 


New York, N.Y., 
Aprils 1939 . 


C. W. Dunham. 
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THE THEORY AND PRACTICE 
OF REINFORCED CONCRETE 

CHAPTER 1 

PROPERTIES AND MANTJEACTURE OF CONCRETE^ 

1-1. Introdiiction. A concrete structure, either plain or rein- 
forced, maintains a unique position among the various s 3 ^stems 
of modern construction. With few exceptions it is the onl}’' 
type of structure that is completely manufactured from its com- 
ponent raw materials on the site of the work. In most instances, 
the quality of its essential raw materials is decidedly variable. 
The compounding of its ingredients, the control of its chemical 
processes, and the arrangement of its component members are 
all too often performed by the least skilled of mechanical arti- 
sans. The inspection of its fabrication is sometimes delegated 
to the least experienced member of a supervisory force, and may 
occasionally be neglected entirely. 

The personal element — ^the care with which work is executed 
in the field — is of major importance in concrete construction. 
Structures built of steel, stone masonry, or various other mate- 
rials are composed of elementary units which are partially or 
entirely prefabricated in factories or shops by skilled w^orkmen. 
These other materials are fitted or assembled on the work by 
skilled mechanics, but concrete is usually manufactured at the 
site of the structure by unskilled laborers. The designer of 
reinforced-concrete structures should remember this. He must 
know the useful properties and practical limitations of the mate- 
rials with which his plan will be constructed. With this knowl- 
edge he should plan the work in such a manner that desirable 
results are easil}^ and correctly attained in the field. 


^ Contributed by W. B. Sinnickson, FTigineer of Tests, The Port of New 
York Authority. 
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2 PROPERTIES AND MANUFACTURE OF CONCRETE [Art. 1-2 

1-2. Definition and Description of Concrete. Concrete is an 
artificial stone, cast in place in a plastic condition. Its essential 
ingredients are cement and water which react with each other 
chemically to form another material possessing structural 
strength. A mixture of cement and water is termed cement 
paste. Such a mixture is expensive. In order to increase the 
volume of artificial stone produced from a definite amount of 
cement it is customary to add inert filler materials known as 
aggregates. A large amount of cement paste to which has been 
added a small amount of fine aggregate, to produce a mixture of 
fldid consistency, is called grout. When the amount of fine 
aggregate is increased to the extent that the mixture loses its 
fluidity and behaves as a cohesive plastic, the resulting mixture 
is termed mortar. With the further addition of coarse aggre- 
gate, the mixture is called concrete. 

It is a custom of long standing to designate these mixtures in 
terms of the relative volumes of cement, fine aggregate, and 
coarse aggregate of which they are composed. The ingredients 
are always indicated in the same order: cement first, fine aggre- 
gate next, and coarse aggregate last. For example, a 1:2:4 
concrete is a mixture of 1 cu. ft. of cement, 2 cu. ft. of fine aggre- 
gate, and 4 cu. ft. of coarse aggregate plus a nonspecified amount 
of water sufficient to produce a plastic consistency. A propor- 
tion given as 1 : 3 is intended to mean a mixture of cement and fine 
aggregate plus an indefinite amount of water but without the 
addition of coarse aggregate. Such a mixture would be classified 
as mortar. 

This system of specifying concrete proportions by volume is 
rapidly becoming obsolete on major works but is still used for 
small projects. The current practice of progressive engineers is 
to indicate the proportions of materials in the same order but 
by weight and, frequently, to indicate the amount of water to be 
used. For instance, the desirable proportions of materials for 
concrete in the anchorages of the Bronx- Whitestone Bridge in 
New York City were determined by experiment and are given as 
94:184:380 lb. plus 5.6 gal. of water. 

Water, cement, and aggregates when mixed together in prop- 
erly predetermined proportions produce concrete that is a plastic 
mass capable of being poured or cast into molds. These molds, 
which are actually called forms, must be built of such size and 
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shape as to restrain the plastic mass until it solidifies. With few 
exceptions the forms must be constructed in such a manner that 
the concrete, when poured, will be in its final position in the 
structure. Besides restraining the plastic mass until solidifica- 
tion occurs, the forms serve a less obvious purpose which should 
not be overlooked. They support the solidified mass until it has 
attained sufficient strength to support itself without undue deflec- 
tion or complete collapse. 



Fig. 1-1. — Relation of compressive strength to age. George Washington 
Bridge, Riverside Drive connections to the New York approach. Each point is 
the average unit strength of twenty-five 6- by 12-in. cylinders mixed in the 
laboratory and cured in moist air at 70®F. 

Concrete does not solidify or attain appreciable strength instan- 
taneously. The chemical reaction of cement and water is slow 
and requires time for its completion. The reaction continues for 
many years. It is frequently divided, for purposes of descrip- 
tion, into three distinct phases. The first, called the initial 
setting time, requires approximately 45 min. to 8 hr. for comple- 
tion. During this time, the freshly mixed concrete gradually 
decreases in plasticity and develops pronounced resistance to 
flow. Disturbance of the mass, or remixing during this time, 
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may cause serious damage. The second phase is an interval 
during which the concrete may be considered as a soft solid 
without surface hardness. It will support light loads without 
indentation, but it is easily abraded. Its surface can be scored, 
roughened, or otherwise marred without appreciable effort. This 
phase is frequently termed the interval of final set. Its duration 
is very indefinite but may be considered to exist for approximately 
5 to 20 hr. after the original mixing operation. The third phase 
is one of progressive hardening and increase in strength. For 
concrete of good quality this progressive improvement continues 
indefinitely. It is rapid during early ages until about one month 
after mixing, at which time the mass has attained the major 
portion of its potential hardness and strength. After one month 
the improvement continues at a greatly reduced rate. This 
peculiar property of improvement with age will be discussed later 
in greater detail. It is graphically illustrated in Fig. 1-1. 

1-3. Cement For more than two thousand years man has 
used various materials of a cementaceous nature in the building 
of his important structures. These cementing materials can be 
arbitrarily placed in two distinct categories : those which do and 
those which do not set and harden in the presence of appreciable 
amounts of water. The former class is of major structural 
importance and is said to have hydraulic properties. A general 
classification of hydraulic cements should include puzzolanic 
material, of volcanic origin, so effectively used by the Romans; 
hydraulic lime frequently used today in France; natural cement 
such as that produced near Louisville, Ky., and Rosendale, N*. Y., 
of the type used in constructing the Brooklyn Bridge; alumina 
cement wLich is currently popular for sea-water construction in 
European countries ; and Portland cement 

Each of these types of hydraulic cement is in current use in 
some part of the world. The specific use of any particular type 
is a matter of engineering psychology and economic necessity. 
Engineering practice, in the United States, is inalterably linked 
to the rapid construction and early utilization of a structure, for 
which reason Portland cement is almost universally used. 
Although aluminous and natural elements are sometimes used 
in this country for structures of a specialized nature, the further 
discussion of reinforced-concrete construction will be confined to 
that in which Portland cement is the binding agent. 



Art. 1-3] 


CEMENT 


5 


As defined in the Standard Specifications for Portland Cement, 
A.S.T.M. Designation: C9-38 of the American Society for Testing 
Materials, 

Portland cement is the product obtained by pulverizing clinker con- 
sisting essentially of calcium silicates, to which no additions have been 
made subsequent to calcination other than water and/or untreated 
calcium sulfate except that additions not to exceed 1 per cent of other 
materials may be added, provided such materials have been shown not 
to be harmful by tests prescribed and carried out by Committee C-1 
on Cement. 

In 1904, the A.S.T.M. adopted a standard specification for 
Portland cement. The specification was definiteb^ regulatory, 
but the restricting limits were of such range that manufacturers, 
in all parts of the country, might comply with the requirements 
with little difiiculty. This country-wide inclusive standard was 
revised at various times as the art and ingenuity of the industry 
progressed. In 1912, the Federal government adopted a stand- 
ard specification differing little in its requirements from those of 
the A.S.T.M. specifications then in use. These standards, 
although revised at various times, remained similar in essential 
requirements. Their great latitude made it possible for the 
cement manufacturers to solve individual problems of raw mate- 
rial composition and plant operation with little attention to 
restrictive specification requirements. 

Contiguous to the year 1920, it was realized that, although 
most cements met the requirements of the existent specifications, 
they were often different in accomplishment. Some attained 
strengths greatly in excess of the requirements; others might 
attain the specified strength within the required time but show 
evidence of retrogression at extended ages. Some were durable 
when used in specific localities, while others were not. Different 
lots of apparently similar origin and composition were, ivhen 
mixed with water, decidedly different in plasticity. Many other 
differences in behavior were observed. It was e\ddent that, 
although there were only two standard specifications for Portland 
cement, each similar in its requirements to the other, there were 
many kinds of cement. 

The International Cement Corporation, in 1927, placed on the 
market a high-early-strength Portland cement which was rapidly 
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duplicated by others. There was little difference in the composi- 
tion of this material from that of contemporary normal cement, 
but its behavior was radically different. Concrete made with 
high-early-strength cement sets in approximately the same time 
as does that made with normal cement, but it develops strength 
and hardness at a much earlier age. This special cement, pro- 
duced from selected raw materials by rigid process control, attains 
strength at the ages of 3 and 5 days equivalent to that attained 
by concrete made with normal cement at 7- and 28-day ages. 
The A.S.T.M. in 1930, and the Federal government in 1936, 
adopted specifications for this type of Portland cement. 

Research during recent years has made it possible for the 
engineer to select suitable cements for specialized projects. 
During 1936, the Federal government adopted specifications for 
moderate-heat-of -hardening and sulfate-resisting types of Portland 
cement. The moderate-heat-of-hardening type is desirable in 
massive structures such as dams, where the heat generated by the 
reaction of cement and water may cause serious cracking of the 
structure, especially because of subsequent shrinkage upon 
cooling. The sulfate-resisting type affords greater assurance 
against disintegration of a concrete structure from the corrosive 
action of 'the water-soluble sulfates of magnesium, sodium, and 
potassium, which salts exist in sea water and in the soil of the 
arid regions of many Western states. In September, 1940, 
the A.S.T.M. adopted a Tentative Specification, designated 
C150-40T, embodying specific requirements for all the foregoing 
types as well as for a general-purpose type for use in general 
concrete construction where special properties are not required. 

Special types of Portland cement behave, during mixing and 
setting, in a manner similar to normal Portland cement, but 
their rates of hardening and increase in strength are usually 
slower than in the case of normal cement. This is particularly 
true of the moderate-heat-of-hardening (A.S.T.M. low-heat-of- 
hydration) type, and designers are cautioned against promiscuous 
use of these special cements without a thorough knowledge of 
their properties. 

The manufacture of Portland cement is widely distributed 
throughout the United States, the greatest producing district 
being the Lehigh Valley in Pennsylvania. The close proximity 
of hard clayey limestone, hard pure limestone, and coal are 
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responsible for the advantageous position maintained by the 
Lehigh Valley. With the advance in the technical application 
of other raw materials such as blast-furnace slag, shale, clay, and 
high-grade limestones and chalk, in conjunction with improved 
plant operation, this one-time advantage has been greatly 
reduced within recent years. The recent application of a flota- 
tion process^ similar to that used in ore dressing may eventually 
eliminate any territorial advantage in the manufacture of Port- 
land cement except that of close proximity to fuel supply. 

Portland cement is a conglomerate material. It cannot be 
described as any definite chemical compound. It is a mixture 
of many compounds in variable proportions. Its composition 
is dependent on the impurities that are present in its raw^ mate- 
rials and upon the treatment during and after the manufacturing 
processes of calcination and grinding. An ideal Portland cement 
is arbitrarily described for the purpose of this discussion as a 
chemical combination of lime and silica to form dicalcium and 
tricalcium silicates. Actually, such a reaction is economically 
impractical because of temperature limitations. The resulting 
product would probably be difficult to handle in construction 
work, but it serves as an excellent illustration of the ultimate 
composition of Portland cement. Appreciable amounts of 
alumina and iron, present as impurities in uncalcined-cement 
raw mixtures, serve as fluxing agents which accelerate the reaction 
of lime and silica at commercially practicable temperatures. 
The probable catalytic and possible inhibitory influence of small 
amounts of sodium, potassium, titanium, phosphorus, and 
manganese compounds which are normal constituents of Portland 
cement has only recently been recognized, and the action of these 
constituents is as yet unstudied. So also is it recognized that 
heat-treatment during manufacture, as well as the addition of 
abnormal modifying agents, may decidedly change the properties 
of cement. Magnesia in excess of 5 per cent is generally con- 
sidered deleterious throughout the United States, but Portland 
cement containing this constituent in an amount as high as 8 
per cent has given satisfactory service in Brazilian highway con- 
struction. ^ The amount of sulfur trioxide present in Portland 

^ Breerwood patent 1931921, Oct. 24, 1933. 

2 H. H. Vaughan, President, Canadian Foreign Investment Corp., Ltd., 
Montreal, Canada. 
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cement is an indication of the amount of gypsum used to retard 
the set. A large amount of this constituent generally indicates 
that the raw mixture was of improper composition or was 
improperly calcined, and the resulting cement has a flash set with 
a normal amount of retarder. 

With the exception of soda and potash which are largely 
volatile at calcination temperatures, and sulfur trioxide which is 
added as gypsum during finish grinding, all the impurities con- 
tained in the raw mix plus those added by the fuel ash are con- 
stituents of the calcined-cement clinker. Iron and alumina 
combine with lime to form compounds having little cementing 
value. They thus fix an appreciable amount of lime which 
might otherwise combine with silica to form a compound of 
great cementing value. The lime-alumina constituent of poor 
cementing value is generally accepted as the primary cause of 
concrete disintegration from the chemical action of sulfate 
waters.^ 

The chemical reaction of cement and water is a combination of 
hydrolysis and hydration. Hydrolysis is most readily described 
as the disintegration of a material into other materials influenced 
by the chemical action of water. Hydration is the direct com- 
bination of a material with water. Some of the constituents of 
Portland cement disintegrate in the presence of water and form 
other compounds which subsequently combine with water. 
Other constituents combine directly with water to form com- 
pounds containing water of crystallization as part of the reaction 
product. Briefly, the tricalcium silicate constituent disintegrates 
slowly by hydrolysis, and the disintegration products then 
hydrate ; dicalcium silicate apparently reacts directly with water 
to form a hydration product, but the reaction takes place slowly. 
The lime-alumina constituent and the lime-alumina-iron con- 
stituent combine with water to form hydrates. The lime- 
alumina reaction with water takes place much more rapidly 
than do the other combinations, and because of this and other 
considerations the alumina is credited with having the greatest 
influence on the initial setting properties. The slow combination 
of dicalcium silicates and also one of the disintegration products 
of tricalcium silicates with water to form calcium-silica hydrates 


^ P.C.A. Fellowship, Paper 28, Bogue, Lerch and Taylor. 
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is responsible for the progressive increase in strength of Portland- 
cement concreted 

The foregoing description of the composition and chemical 
reactions of Portland cement is exceedingly meager as to detail, 
but so is our present knowledge of this common engineering 
material. The material is exceedingly complicated, and its 
chemical behavior and composition are highly controversial. 
The chemical terms used are intended to be descriptive rather 
than scientifically correct. The designing engineer should 
conservatively apply the generally accepted standard specifica- 
tions for this material and leave improvements and departures 
from standard practice to the specialized field of the cement 
technologist and materials engineer. 

1-4. Aggregates. Aggregates, either fine or coarse, are inert 
filler materials added to cement paste to increase its bulk. A 
proper appreciation of this single function of aggregate will make 
the entire subject of concrete proportioning much easier to 
understand. It is customary to consider fine aggregate as any 
structurally sound filler material which will pass through a sieve 
having J-in. square openings. It follows that those particles 
which are larger than J in. in average dimensions are classed as 
coarse aggregate. Filler materials may be either natural or 
artificial in origin. Because of widespread distribution, natural 
sand and gravel and mechanically crushed rock are the most 
abundantly used materials. For the production of special tj^es 
of concrete, artificial aggregates such as calcined clay, blast- 
furnace slag, steam cinders, sawdust, excelsior, etc., are . some- 
times used. 

It is of major importance that aggregate be nonreactive with 
cement and water and that it shall be structurally sound, strong, 
and durable. Hardness is also a desirable property, especially 
ill highway construction, where resistance to abrasion is a factor 
in the ultimate utility of the structure. In general, igneous and 
metamorphic rocks and siliceous sands and gravel are relatively 
much harder than cementing material and are usually of excellent 
quality for use as concrete aggregate. Sedimentary rocks in 
general should be considered unsuitable as concrete aggregates 
unless thorough and complete tests or extensive experience in 


^ P.C.A. Fellowabip, Paper 27, Bogue and Lerch. 
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their use have proved their satisfactory quality. Natural mate- 
rials having pronounced planes of weakness or cleavage such as 
slate, shale, and micaceous materials should, in general, be 
considered as undesirable. An aggregate material having uni- 
form shearing strength along all possible planes throughout its 
volume is ideal from a structural standpoint for use in concrete. 

Aggregates should be clean. Particles of aggregate coated with 
dust, clay, silt, or organic material will not develop maximum 
bond with the surrounding cement paste. The interface between 
an aggregate particle and its cementing medium is the critical 
plane through which tensile or shearing failures are most likely 
to occur. This low strength plane or area of contact should not 
be further weakened by interposing an infinitesimal layer of dirt 
between the aggregate particle and its cementing medium. 
Natural sands are particularly subject to surface coatings, 
especially when obtained from near the surface of a deposit. 
Materials from sources of supply containing clay, silt, and natural 
overburden of disintegrated organic matter should be thoroughly 
washed before use. Even after washing they should be tested in 
comparison with a material of known dependability. The 
contamination of concrete aggregate with topsoil, humus, or 
other earthy material containing products of organic origin 
even in small percentages is practically certain to result in early 
disintegration or complete collapse of a structure. Aggregate 
obtained from subaqueous sources is found, in some instances, to 
be coated with algae and contaminated with marine vegetation 
and marine animals. Such substances of marine origin are 
usually serious in their destructive action. Many rocks are of 
such a nature that, during crushing, a detrimental amount of dust 
is formed. Such materials should be washed free of crusher dust 
before incorporation in a concrete mixture. 

Aggregate should be reasonably impermeable to water. Mate- 
rials that possess pronounced tendencies to absorb water are 
more susceptible to disintegration by repeated freezing and 
thawing while in the saturated condition. The density of a 
material is a fair indication of its absorbent quality. Materials 
of lower density usually absorb greater amounts of water and are 
usually less desirable as concrete aggregates. 

The size and shape of aggregate particles as well as the relative 
number of particles of various size are of decided importance with 
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regard to utility as a filler material. With the thought in mind 
that the function of an aggregate is to act as the bulky filler 
in an expensive water-cement paste it is readily apparent that 
an aggregate of maximum-bulk volume and maximum mobility 
or minimum resistance to displacement while the concrete is in 
the plastic state is highly desirable. 

A consideration of shape indicates that aggregate particles may 
be generally classified as spherical, cubical, or prismoidal in 
character. Particles of spherical shape possess maximum mobil- 
ity; those of prismoidal shape have maximum resistance to 
relative change in position. Round particles roll against each 
other, and their relative position in a group is easily changed. 
Angular particles slide against each other, and more effort is 
required to accomplish rearrangement. Flat, elongated, or pris- 
moidal particles tend to interlock with each other and behave 
in a manner similar to a log jam. The bridging and ke;ydng 
action of this latter type of particle imparts harshness and rela- 
tively poor mobility to a plastic concrete mixture. A particle 
of spherical shape also possesses maximum volume per unit of 
surface, whereas that of prismoidal shape is of the inverse nature. 
Because of these differences in shape and surface area, aggregate 
of the spherical type produces a minimum stiffening effect on a 
particular consistency of cement paste. Since for a fixed plas- 
ticity of concrete more spherical material may be added to the 
expensive paste than can be done with cubical or prismoidal 
particles, natural gravel is generally more economical than is 
crushed stone as a filler material for use in massive concrete 
construction. 

Consideration of particle size indicates that this factor also 
influences the economy of a concrete mixture. A single aggre- 
gate particle, cubical in shape and each side having a dimension 
of 1 in., has a surface area of 6 sq. in., and its volume is 1 cu. in. 
If the particle is physically divided by planes through the center 
of each face, the volume of material will still be 1 cu. in., but the 
number of individual particles will be increased to eight cubes, 
each of which measures | in, on each side. The total surface 
area of the material is increased to 12 sq. in. Further subdivision 
of these particles produces no increase in the spacial volume 
of the material, but the number of particles and the sum of their 
individual surface areas soon reach extremely large values. The 
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entire surface of each aggregate particle in a plastic concrete 
mixture must be coated and wet by cement paste, and for this 
reason a specific absolute volume of coarse particles would have 
less stiffening effect than an equal absolute volume of finer 
particles, because the coarse particles would possess less surface 
area. Since a greater absolute volume of large particles can be 
used as filler than can an equal spacial volume of smaller particles 
with less stiffening effect on the paste, the economy of a concrete 
mixture is greater as the maximum size of the aggregate is 
increased. 

The relative number of particles of various sizes of aggregate is 
a further factor influencing the economy of plastic concrete 
mixtures. For example, consider a cubical box of exactly 12 in. 
internal dimensions. If this box were filled with spherical 
particles, each 1 in. in diameter and each tangent to the other, 
there would be contained in the box 12 horizontal layers each 
consisting of 144 spheres. On first thought, it might be inferred 
that the box was completely filled, but further consideration 
indicates that there is air space between adjacent spheres. The 
sum of the individual absolute volumes of 1,728 spherical particles 
each 1 in. in diameter is 0.52 cu. ft. The volume of the inter- 
stitial space is 0.48 cu. ft. If the same number of spheres were 
more closely arranged in a system of hexagonal rather than 
cubical packing, the interstitial volume would be 44 per cent 
of the total volume that they apparently occupy. This inter- 
stitial space between aggregate particles is commonly termed 
voids. 

The foregoing uniformly sized particles, in their most compact 
arrangement, would require 0.26 cu. ft. of cement paste to fill 
the voids and cement them into a solid mass. If smaller aggre- 
gate particles were placed in each interstice, and the resulting 
voids further filled with even smaller particles, the amount of 
cement paste necessary to fill the remaining interstices would be 
greatly reduced. By using fine and coarse aggregates which are 
graded and consist of various sizes of individual particles, it is 
often possible to decrease the volume of the interstitial space to 
less than this 26 per cent of the apparent volume of the aggre- 
gate. To produce good concrete it is necessary to use sufficient 
cement paste to fill the aggregate voids, plus an additional 
amount of paste necessary to separate the particles at the points 
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of tangency or planes of contact and thus produce plasticity. 
Since graded aggregate possesses fewer voids, it requires less 
cement paste to produce a mixture of predetermined plasticity 
and is usually economically desirable. 

Specifications for fine and coarse aggregates should require 
that the material be clean, hard, strong, durable, and sound 
material free from injurious amounts of shale, loam, alkali, 
organic matter, or soft, friable, thin, elongated, or laminated 
pieces/’ In addition, the size of the aggregate should be specified 
in terms of permissible percentages of material greater or lesser 
in size than certain testing sieves. Where economy of cement 
or uniformity of grading is desirable, it is frequently specified that 
aggregates conform with particle-size distribution limits as 
measured by testing sieves. For examples of typical specifica- 
tion limits as to size of particle and particle-size distribution, the 
recommendations of the Joint Committee on Standard Specifica- 
tions for Concrete and Reinforced Concrete of the American 
Society of Civil Engineers, The American Society for Testing 
Materials, the American Railway Engineering Association, the 
Portland Cement Association, the American Concrete Institute, 
and the American Institute of Architects should be consulted. 

A specific example of somewEat rigid limitations of size and 
grading of fine and coarse aggregate is given in Table 1-1, the 
specification requirements of The Port of New York Authority. 
These limits require the production of aggregates of excellent 
grading and minimum voids. The New York metropolitan area 
is fortunate in that its major sources of aggregate supply are 
tremendous deposits of glacial sand and gravel and vast out- 
croppings of igneous and metamorphic rock. Most producers 
of commercial aggregates supplying the New York metropolitan 
area are generally able to furnish material in conformity with 
the requirements of The Port of New York Authority vithoiit 
undue hardship or expense. 

The student is cautioned against the unrestricted adoption of a 
specification as rigid in its limits as that in Table 1-1. Man}^ 
sections of the country are less fortunate than is New York Cit}^ 
in that their available deposits of material suitable for concrete 
aggregate may not be susceptible to such close limitation without 
a prohibitive increase in cost. Local sources must be investigated 
in order to arrive at a reasonably restrictive specification. In 



14 PROPERTIES AND MANUFACTURE OF CONCRETE [Art. 1-4 


any case, specification restrictions should be commensurate with 
the importance of the work. 


Table 1-1. — Grading of Concrete Aggregate, The Port of New York 

Authority 


Sieve size (square 
openings) 

Per cent passing by weight 

Fine aggregate 

f-in. coarse 
aggregate 

IJ-in. coarse 
aggregate 

2 in. 



100 

1| in. 



100 

95 to 100 

1 in. 


95 to 100 

55 to 75 

fin. 



60 to 80 

35 to 55 

fin. 


15 to 40 

5 to 20 

No. 4 

j 90 to 100 

0 to 5 

Oto 5 

No. 8 

80 to 95 

(Used for thin 

1 (Used for heavy 

No. 16 

45 to 80 

sections) 

sections) 

No. 30 

25 to 55 



No. 50 

13 to 25 



No. 100 

0 to 5 




Many systems of sieves for measuring the size and grading of 
aggregate particles are in use throughout the United States.^ 
Some state highway departments and other consumers of crushed 
stone use arbitrary sizes of round-opening screens for separating 
the various sizes of material for testing purposes. A more 
logical system of mechanical analysis widely used is that of 
sieves having square openings each related to the next larger 
opening in the ratio of IrV^- This system of square-mesh 
sieve sizes was first produced in 1910^ and is described in the 1913 
A.S.T.M. Proceedings, A practical application of the square- 
root series was first suggested by Prof. Abrams® in 1918. The 
Abrams system of classification expresses the grading of a par- 
ticular aggregate as an abstract number termed the fineness 
modulus which is one-hundredth of the sum of the percentages 
of material coarser than each of the following U.S. Standard 
sieves: Nos. 100, 50, 30, 16, 8, 4, f in., f in., li in., 3 in.^ Other 

^ Edmund Shaw, Sieve Testing of Aggregates, Rock Products, May 9, 1931. 

“ W. S. Tyler Company, Cleveland, Ohio. 

3 Lewis Institute, Structural Materials Research. Laboratory, Bull. 1. 

* A.S.T.M. Tentative Specifications for Concrete Aggregates (C33-36T). 
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sieves in addition to the foregoing series may be used to deter- 
mine maximum size and grading more accurately, but those 
given are the only ones used to determine the fineness modulus. 
The most modern system^ is one which is so arranged that suc- 
cessive sieve openings are related in size as 1 : 

The abstract number termed the fineness modulus is essentially 
a summation of the volumes of material coarser than certain 
prescribed sieves. It is an indication of the average surface 
area of the aggregate. Many combinations of various percent- 
ages of different-sized particles may possess similar fineness 
moduli, and, for any particular type of aggregate, sinailarity 
of fineness moduli is reasonable assurance of similar plastic 
properties when incorporated in a concrete mixture. For this 
reason, the fineness modulus of an aggregate is an excellent aid 
to inspection and readily discloses a change in concrete-making 
quality of material from a single source. 

It is a general practice to specify the maximum amount of 
deleterious substances such as clay, silt, shale, and organic matter 
that will be acceptable in a concrete aggregate. The methods 
of testing to determine the quantity of clay, silt, and shale 
present in an aggregate are of a flotation or elutriation nature. 
A dry sample of aggregate is weighed and washed with water 
(in the test for shale, with a high specific gravity liquid) until 
free of the undesirable materials. The amount present is then 
determined by difference in weight of the washed material as 
compared with the weight of the original sample. 

The presence of organic impurities may be detected by soaking 
aggregate for 24 hr. in a 3 per cent solution of sodium hydroxide. 
Harmful amounts of organic impurities may be estimated by 
using fixed amounts of aggregate and solution and comparing 
with a prepared color standard. Aggregate producing a deeper 
color than that of the prepared colorimetric standard should be 
used only after exhaustive laboratory tests have proved its satis- 
factory quality. 

Aggregate is tested for soundness by saturating the material 
with a concentrated solution of sodium or magnesium sulfate and 
permitting the saturated material to dry. These salts crystallize 
and during the process fix w^ater of crystallization as a physical 

^ A.S.T.M. Standard Specifications for Sieves for Testing Purposes 
lKll-39). 
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part of the sulfate molecule. The fixation of this water of 
crystallization, and the subsequent growth of additional crystals 
from solution absorbed within the mass of an aggregate particle, 
exert a disruptive force tending to burst the particle. Repeated 
cycles of saturation and crystallization simulate the action of 
freezing and thawing of absorbed water, and the number of such 
cycles withstood by a material is an indication of its soundness. 

Standard and tentative standard methods of performing these 
various tests to determine the quality of aggregates are included 
in the literature of the American Society for Testing Materials, 
the American Concrete Institute, and the Portland Cement 
Association. The Association of State Highway Officials and 
many individual state highway departments sponsor and use 
somewhat different methods of tests which are peculiarly adapt- 
able to concrete highway-construction materials. 

1-5. Compressive Strength of Concrete. Concrete is an 
artificial stone, and, as such, it has most of the principal assets 
of natural stone. The excellent resistance of hardened concrete 
to compression and its ready conformation during the plastic 
state to irregular rock and earth surfaces and to prearranged 
contours make it an ideal material for foundations and other 
structural members subject to compressive forces. Its quality, 
particularly with regard to compressive strength, may to a certain 
extent be predetermined by design, and as a consequence its 
cost need be no greater than is necessary for the service that it is 
required to perform. The compressive strength of concrete is 
customarily indicated in terms of its unit strength at the age of 
28 days unless specific reference is made to some other time 
interval. The ultimate strength of concrete in compression /' 
may range from approximately 1,000 to more than 7,000 lb. 
per sq. in. and is susceptible to approximate control during 
manufacture. 

Although there is no definite relationship between compressivcj 
strength and other physical properties of concrete, the strength 
in compression is, for concrete containing similar ingredients, a 
reasonable index of the quality of other physical properties. 
It is generally true that, for concrete made from similar materials, 
a greater compressive strength is accompanied by a greater 
tensile strength, a greater transverse strength, higher modulus of 
elasticity, greater density, lesser permeability, and greater 
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durability. It is further indicated that greater compressive 
strength has been attained at a greater materials cost per cubic 
yard of concrete. 

The ultimate compressive strength of concrete is influenced 
primarily by the richness in cement of the water-cement paste 
used to glue the aggregate into a solid mass. Factors such as 
aggregate type and quality, temperature and duration of water- 
cement reaction, treatment during the early hardening period, 
workmanship during mixing and placing, and age are of second- 
ary but definitely important influence. Those secondary factors 
which influence strength approach primary importance as the 
quantity of cement is reduced. In other words, a high-strength 
concrete, containing a large amount of cement per unit quantity 
of water, will tolerate a greater number and degree of unfavorable 
factors of secondary influence with less evident harm than will 
a low-strength concrete lean in cement content. These various 
factors influencing the quality of concrete will be discussed later 
in greater detail. 

Until the year 1918, the attainment of a predetermined com- 
pressive strength of concrete was a matter of chance. Empirical 
combinations of cement and aggregate were expected to attain 
certain strengths. For example, materials measured volu- 
metrically in the proportions of 1:2:4 were generally expected 
to produce concrete having a compressive strength of 2,000 lb. 
per sq. in. at the age of 28 days. Mixtures proportioned 1 :2J:5 
were expected to attain a strength of 1,500 lb. per sq. in. at the 
same age. In December, 1918, Duff A. Abrams, professor in 
charge of the Structural Materials Research Laboratory, Lewis 
Institute, Chicago, published a theory which has since revolution- 
ized the control of concrete quality, particularly with respect to 
compressive strength. Professor Abrams^ theory was derived 
from the results of many tests made under his supervision, and 
his original premise has been fully confirmed in practice. The 
basic concept of the theory as expressed by Abrams is that 
^‘With given concrete materials and conditions of test the quan- 
tity of mixing water used determines the strength of concrete, so 
long as the mix is of a workable plasticity.^’ ^ 

The research of Abrams was performed during a period when 
concrete ingredients were generally measured by volume. As a 

^ P.C.A. minutes of annual meeting, December. 1918. 
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consequence, Abrams' original theory and empirical equations 
expressed the strength of concrete as a function of the volumes 
of water and cement contained in the paste. A recent accidental 
discovery of Inge Lyse,^ then research assistant professor of 
engineering materials, Fritz Engineering Laboratory, Lehigh 
University, has simplified the application of the water : strength 
relation. Abrams expressed the compressive strength of con- 
crete as an equation wherein the ratio of water to cement by 
volume was expressed as an exponential independent variable. 

Gallons of Water Per Bag of Cement 



Fig. 1-2. — Relation of compressive strength to water content. 

Lyse, using weights of cement and water, discovered the rela- 
tionship to be linear in the first degree. Calculations made in 
the laboratory of The Port of New York Authority, by both 
methods, indicate that the sum of the squares of the residual 
errors is a minimum for the weight relationship, within the range 
of practical concrete mixtures. 

Figure 1-2 illustrates graphically the relationship of strength 
to water-cement content by both Abrams' and Lyse’s methods. 
Curve A conforms with Abrams' original equation, and curve L 
is the same plotted by Lyse’s method. Curves A' and U indicate 
the strengths obtained with various cements and aggregates of 
recent production. It should be noted that the compressive 
strength attained by concrete made with modern Portland cement 

1 Eng, News-Record, 1932. 
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is mucli greater than that obtained hj Abrams using cements 
manufactured during the period 1915-1918. 

The indicated improvement in compressive strength is the 
result of modified chemical composition, improved manufactur- 
ing processes, and greater fineness of grinding, voluntarily^ 
adopted by the Portland cement industry within recent years in 
order to compete with the contemporary production of high- 
early-strength cement. As a result of this improvement in the 
quality of cements, the engineer must modify his concept of 
concrete quality as measured by compressive strength. Con- 
crete, made with cement of recent manufacture, attains a com- 
pressive strength approximately one and one-half times greater 
than that of concrete made prior to about the year 1928. Other 
physical properties of concrete such as density and impermea- 
bility have been benefited to a certain extent by the improvement 
in cement quality, but it is overoptimistic to infer that these 
other properties of concrete have been improved to the same 
degree as has the compressive strength. The engineer should 
remember this when comparing modern concrete with that pro- 
duced prior to about the year 1928. 

1-6. Modulus of Elasticity of Concrete. The modulus of 
elasticity of concrete in compression Ec is the ratio of the unit 
stress in pounds per square inch to the deformation in inches 
per inch of gauge length. A typical stress-strain diagram is 
illustrated in Fig. 1-3. It should be noted that the locus is a 
curve and that Ee is of variable value depending on the magnitude 
of the stress. Many contradictory values may be assigned to the 
modulus of elasticity as is shown in the illustration. Of these, 
the secant modulus at the value of the unit stress used for pur- 
poses of design is the proper one to be used for Ec in the design 
of reinforced-concrete structures. 

The 193G Building Regulations for Reinforced Concrete, A.C.L 
501-36T, prepared by the American Concrete Institute, indicate 
that 

Ec = 1 , 000 /^. 

This value is an approximation but is reasonably correct. Vari- 
ous factors influence the elastic behavior of concrete, the primary 
one being the relative amounts of cement and water used to 
bind the aggregates together. The age and condition of curing 
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affect Ec in that both factors are of direct influence on the com- 
pleteness of combination of cement and water. The density and 
degree of saturation of the hardened concrete are also influential 
factors. 

In general, greater cement content, greater compressive 
strength, better curing conditions, greater age, and greater 
density of concrete tend to increase the value of the secant 
modulus Be, which approaches the value of the initial tangent 



Fig. 1-3. — Modulus of elasticity of concrete. 

modulus as a limit. Be varies slightly with the degree of water 
saturation of the hardened concrete mass, completely saturated 
concrete having a slightly higher modulus than the same concrete 
in a partially saturated condition. Specimens containing Port- 
land cement of current manufacture and having water contents 
of approximately 5 to 5i gal. per bag have been tested and found 
to have secant moduli closely approximating their tangent 
moduli over a major portion of their ultimate strength. Another 
factor having a pronounced influence on the value of Be is the 
type and quality of aggregate contained in the mavss. As a 
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general rule, the value of Ec is greater for concrete made wdth 
crushed stone aggregate consisting of prismoidal-shaped par- 
ticles as compared with concrete made with gravel largely com- 
posed of rounded particles. 

In the design of reinforced-concrete structures, it is assumed 
that concrete is an elastic material. For concrete of good 
quality the assumption is safe and practical, hut it is funda- 
mentally incorrect. In actual fact, concrete must be recognized 
as an extremely rigid plastic which is subject to progressive and 



100 200 500 400 

Time in Dcxys After Loading 

Fig. 1-4. — Plastic flow due to sustained load. 


cumulative deformation under load. This property, termed 
‘Aplastic flow,” is negligible inmost instances, but its existence 
should be recognized and considered in the design of unusual 
structures. Figure 1-4 shows the results of tests made by The 
Port of New York Authority to determine the magnitude of the 
permanent set or plastic flow under sustained load in connection 
with a study of the design of a reinforced-concrete arch crossing 
Eiverside Drive and connecting with the George Washington 
Bridge. 

The tests illustrated in Fig. 1-4 were made on concrete columns 
10 by 10 by 48 in. containing 1 per cent reinforcement. Curves 
C, and D indicate the permanent deformation over a period 
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of one year of specimens loaded with sustained loads of 100, 300, 
and 500 lb. per sq. in., respectively. It is readily seen that the 
permanent deformation is measurable and is proportional to the 
amount and duration of loading. 

1-7. Tensile Strength of Concrete. Concrete is poorly 
resistant to tensile loads, and, as a consequence, in the design of 
reinforced-concrete structures its tensile strength is assumed to 
be negligible. Tests of concrete having a relatively rich cement 
content and an ultimate compressive strength of 4,840 lb. per 
sq. in. at the age of 28 days indicated an ultimate tensile strength 
of 317 lb. per sq. in.^ 

1-8. Shearing Strength of Concrete. Pure, or ^'punching,” 
shear is the sliding of one plane upon an adjacent plane. It is 
difficult to determine the resistance of concrete to this condition 
of failure. Concrete is not a homogeneous material, and the 
interlocking and bridging action of the coarse aggregate particles 
within the mass is a complicating factor which tends to distribute 
a shearing load as a combination of tension, compression, and 
shear throughout the mass. This subject is discussed at greater 
length in Chap. 4. 

1-9. Miscellaneous Properties. The weight of ordinary con- 
crete ranges between 140 and 160 lb. per cu. ft. and is dependent 
on the proportions, the degree of consolidation, and the relative 
densities of its ingredients and, also, upon the amount of water 
physically absorbed by the mass. Concrete weighing as little 
as 90 lb. per cu. ft. may be made with special lightweight aggre- 
gates. It has been customary for many years to assume the 
average weight of plain concrete to be 145 lb. and that of rein- 
forced concrete 150 lb. per cu. ft. 

Concrete shrinks when stored in air and expands in water. 
The amount of volume change is a function of the chemical 
composition of the cement, the water-cement ratio of the paste, 
and the richness of the mixture. In general, the amount and 
condition of the magnesia and the amounts of uncombined lime, 
sulfur trioxide, alumina, and iron oxide constituents of the 
cement influence the permanent volumetric change. Temporary 
or reversible changes in volume are caused by colloidal swelling 
and contraction of the cementaceous calcium silicates as infiu- 

^ Gumensky and Whitman, Steel Stresses in Concrete Pipe, Eng. News- 
Record, Oct. 7, 1937. 
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enced by the degree of water saturation of the concrete mass. 
It is evident that volumetric variation of a concrete mass is the 
algebraic sum of permanent and temporary variation. It is 
exceedingly difficult, if not impossible, to predict or control the 
magnitude of these volumetric changes. 

The actual shrinkage of concrete of good quality, stored in air, 
ranges approximately between 0.0002 and 0.0005 in. per in. Con- 
crete stored in water may expand as much as 0.002 in. per in. 
within a period of one year. These volumetric changes must be 
considered in the design of long structural members such as 
pavement slabs, retaining walls, and dams, and provision must 
be made for a sufficient number of properly located expansion 
and contraction joints. In addition to the foregoing deforma- 
tions, the effect of temperature must also be considered. The 
coefficient of thermal expansion of concrete may, for all practical 
purposes, be assumed to be 0.000006 in. per in. per 

1-10. Proportioning of Concrete, Briefly, the formulation of 
proportions of materials for concrete of good quality is the 
process of determining by experience or by trial what quantities 
of fine and coarse aggregate to mix with a cement paste of a 
specific dilution. The following essential facts should be 
remembered: 

1. Dilution of cenaent paste with water influences the compressive strength 
and density of concrete. Less dilution results in greater ultimate strength 
and greater density, hence greater durability. 

2. The dilution of cement paste influences the cost of the mixture. 
Greater dilution permits the incorporation of a greater amount of aggregate 
filler to produce a predetermined consistency of mixture. The introduction 
of more aggregate into a mixture produces a greater volumetric yield of con- 
crete per unit quantity of cement used. 

3. The minimum volume of cement paste included in a mixture should 
be the amount necessary to fill completely the voids between aggregate 
particles, completely coat each aggregate particle, and separate each particle 
with a film of paste sufficient to produce the desired workability. 

4. The fine aggregate content of a mixture should be the minimum amount 
consistent with good plasticity. Because of greater surface area, less fine 
than coarse aggregate may be incorporated in a mixture, and as a result, 
for a given consistency, the economy is reduced as the ratio of fine to coarse 
aggregate is increased. 

5. Shrinkage during setting and volume changes after hardening are 
functions directly proportional to the paste content of a mix. Since greater 
fine-to-coarse aggregate ratios require more paste for a given plasticity, 
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oversanded mixtures are more susceptible to volume change and possible 
shrinkage cracking in service than are those of minimum sand content. 

6. Because more plastic mixtures require more paste to^ produce the 
greater workability, wet mixtures are more susceptible to shrinkage and to 
volume changes than are drier mixtures. 

7. Although more coarse aggregate can be incorporated in a mix of given 
plasticity than can fine aggregate, the substitution of coarse for fine as a 
measure of economy is limited in scope. The minimum fine-to-coarse 
aggregate ratio is that with sufficient fine material to produce a cohesive 
plastic mixture free from segregation and honeycomb. 

The object of fixing concrete proportions is to produce con- 
crete of a quality suitable for the required structural service and, 
at the same time, limit the cost of the concrete in a manner 
reasonably commensurable with the importance of the work. 
The first consideration in the use of any particular mixture should 
be its ability adequately to withstand the forces imposed upon 
it in service. Of practically equal importance is the necessity 
that the hardened concrete shall be durable. Three methods 
of insuring adequate structural strength and durability are in 
general use. The first, most widely used, is the specification of a 
minimum cement content such as five, six, or seven bags of 
cement per cubic yard of concrete. The second, preferable from 
a technical view, is the specification of a maximum permissible 
water content per bag of cement. The latter method is based on 
Abrams^ fundamental concept that the strength of concrete is a 
function of the relative amounts of cement and water used in 
the mixture. A third method, used on minor works and rapidly 
becoming obsolete, is the specification of arbitrary quantities of 
cement, fine aggregate, and coarse aggregate to be used in the 
mixture. 

A secondary factor which should be considered is the attain- 
ment of proper plasticity without sacrifice of either strength or 
durability. Modern cement is of such quality that excellent 
strength may be attained with less cement than is required for 
dense and durable concrete. During recent years, great stress 
was placed by many engineering organizations on cement econ- 
omy. This practice should be followed cautiously but never to 
the extent of sacrificing durability. The Joint Committee on 
Standard Specifications for Concrete and Reinforced Concrete, 
of the American Society of Civil Engineers and other affiliated 
organizations, have recommended in their 1940 report that the 
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water content, in gallons per bag of cement, be limited depending 
on the exposure condition. These recommendations vdth refer- 
ence to reinforced concrete are indicated in Table 1-2. 


Table 1-2. — Water Contents Suitable for Various Conditions of 

Exposure 

(Gallons per sack of cement) 


Type and location of structure 

Severe or moderate 
climate, wide range of 
temperatures, rain and 
long freezing spells or 
frequent freezing and 
thawing 

Mild climate, rain or 
semiarid, rarely snow 
or frost 


Thin. 

sections 

reinforced 

Moderate 

sections 

reinforced 

Thin 

j sections 
reinforced 

Moderate 

sections 

reinforced 

1. At the water line in water-front struc- 





tures where complete or intermittent 
saturation is possible but not where the 
structure is continuously submerged: 

In sea water 

5 


5 

51 

In fresh water 

5 ^ 

G 

51 

6 

2. Portions of water-front structures some 
distance from water line but subject to 
frequent wetting: 

By sea water 


G 

5 | 

61 

By fresh water 

6 

01 

6 

7 

3. Ordinary exposed structures, buildings, 
and portions of bridges not covered 
above 

G 

6-1 

G 

7 

4. Complete continuous submergence: 

In sea water 

G 

01 

6 

61 

In fresh water 

6 | 

7 

61 

7 

5. Concrete deposited through water 


51 


51 

6. Pavement slabs directly on ground: 

Wearing slabs 

Base slabs 

5 1 


c> 

i 



7. Special cases: 

a. For concrete exposed to strong sulfate ground "water, or other corrosive liquids cr 
salts, the maximum water content shall not exceed 5 gal. per sack, 
h. For concrete not exposed to weather, such as the interior of buildings and portions 
of structures entirely below ground, no exposure hazard is involved, and the water 
content should be selected on the basis of the strength and workability require- 
ments. 
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It is customary, on work of limited cost or minor importance, 
to specify arbitrarily selected volumes of materials such as 
1:2:3 or 1:2^: 5 for the manufacture of concrete. Batch quan- 
tities of aggregates are sometimes measured volumetrically in 
wheelbarrows, boxes, or hoppers adjusted to contain, the desired 
amount of material. It is a peculiar property of granular 
materials, and particularly so of small particles, that moisture 
influences the apparent volume of the material^ If a container 
having a capacity of 1 cu. ft, is filled with dry sand, it will be 
found to hold approximately 100 lb. of material. If this sand is 
dumped from its container and is moistened with water, all of 
it cannot be replaced in the container. An amount that may be 
as great as 25 lb. will remain. This bulking, or increase in 
apparent volume, is influenced in amount by the moisture con- 
tent of the material. The apparent volume of a specific weight 
of sand may increase 30 per cent or more as its moisture content 
increases from zero to approximately 8 per cent. Moisture in 
excess of about 8 per cent results in a reduction in the amount of 
bulking until, at the condition of complete saturation, the appar- 
ent volume is approximately equivalent to the volume of the 
sand measured dry. The same effect is evident in the volumetric 
measurement of coarse aggregate except that the maximum 
increase in apparent volume due to moisture seldom exceeds 
about 5 per cent. 

Small changes in moisture condition are accompanied by great 
changes in bulking, especially in the case of fine aggregate. 
When aggregates are measured by volume, it is necessary, in 
order to obtain a specific amount of material for the batch, to 
determine the bulked volume of the material and to adjust the 
measuring device accordingly. Such correction is seldom applied 
on small jobs, and even when made with extreme care it is of 
doubtful reliability, since the moisture condition of an aggregate 
supply may be quite variable over a small time interval. For 
this reason, concrete proportioned by volumetric measurement 
is usually variable in consistency, composition, and quality. 
When volumetric proportions are specified, and uniform quality 
of concrete is desired, it is preferable that the weight per unit 
volume of each aggregate be determined and used to convert 

^ A. T. Goldbeck, National Crushed Stone Association, Bull. 1, 1927. 
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the proportions into weight units and that the aggregates be so 
measured. 

In comparison with the foregoing method, it is desirable, even 
on unimportant work, to specify arbitrary proportions by weight 
such as 94:200:350. Such a requirement eliminates any pos- 
sible misunderstanding with regard to method of measurement. 
For example, about 98 lb. of well-graded gravel will fill a cubic- 
foot measure. If, during filling, the gravel is tamped and con- 
solidated, as much as 110 lb. of material may be required to 
fill the measure. Whether a cubic foot of the material should be 
measured in a loosely filled or in a partially or tightly consoli- 
dated condition is a matter of opinion, and, unless defined, the 
intent of the specification may be misinterpreted. This is not 
the case if proportions are specified by weight. A specific weight 
of material is not subject to misinterpretation. When 200 lb. 
of sand is required, it means just that and not 190 lb. of sand 
and 10 lb. of water. Because of its unquestionable precision 
of meaning, a weight specification is exceedingly advantageous. 

As a guide to the proportioning of concrete for minor work on 
the basis of damp weights, Table 1-3 has been calculated for 
fine and coarse aggregate having a saturated surface-dry specific 
gravity of 2.65 and average moisture conditions of 5 and 1 per 
cent free surface moisture, respectively. This tabulation ma^^^ 
be used in conjunction with Table 1-2 (Water Contents Suitable 
for Various Conditions of Exposure). It is based on the recom- 
mendations of the Joint Committee of the A.S.C.E. and affiliated 
committees in their progress report of 1937 and is intended to 
produce concrete having a consistency of 4 in. as measured bj^ the 
slump. ^ Table 1-3 may be used for other aggregates of known 
specific gravity, provided the indicated weights are multiplied 
by the ratio of actual specific gravity to the assumed value of 
2.65. The designer is cautioned that this tabulation represents 
approximations of correct weights and that slight changes in 
weight of fine or coarse aggregate, or volume of added mixing 
water, may be necessary to produce concrete of optimum quality. 

Since the volumetric measurement of aggregates is very imsat- 

^ qiie consistency as measured by the slump is the subsidence of a plastic 
concrete specimen, the original height of which was 12 in.; A.S.T.M, Desig- 
nation: 0138-32T. 
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isfactory, the practice is rapidly becoming obsolete.^ Current 
practice on work of any importance is the measurement of 
aggregates by weight, at the same time making allowance for the 
moisture carried by the damp aggregate. For example, if 
1,000 lb. of surface-dry sand are desired in a batch, and the 
available material contains 5 per cent of moisture by weight, 
then 1,053 lb. of sand weighed into the batch would contain 
0.95 X 1,053, or 1,000 lb., of dry sand and 53 lb. of water. 
Similar correction would be made for the amount of surface 
moisture carried by the coarse aggregate. The 53 lb. or 6.4 gal. 
of water weighed with the sand plus the water carried into the 
batch by the coarse aggregate should be deducted from the 
desired total water content of the batch, and the difference used 
as mixing water. 


Table 1-3. — Weights oe Materials for Concrete 


Total 

water, 

gal, 

per 

bag 

Probable 
strength, 
lb. per 
sq. in., 
28 days 

1- 

to 1-in. coarse aggregate 

u- 

■ to 2-in. coarse aggregate 

Ce- 

ment, 

lb. 

Fine 

aggre- 

gate, 

lb. 

Coarse 

aggre- 

gate, 

lb. 

' Mix- 
ing 
water, 
gal. 

Ce- 

ment 

factor, 

bags 

per 

cu. yd. 

Ce- 

ment, 

lb. 

1 

Fine 
aggre- 
gate, 
lb. : 

Coarse 

aggre- 

gate, 

lb. 

i 

, 

Mix- 

ing 

water, 

gal.. 

Ce- 

ment 

factor, 

bags 

per 

cu. yd. 

5 

4,250 

94 

147 

233 

3.8 

8.0 

94 

158 

273 

3.7 

7.4 

5| 

3,700 

94 

169 

263 

4.1 

7.2 

94 

179 

303 

4.1 

0.7 

6 

3,300 

94 

200 

273 

4.4 

C.5 

94 

210 

334 

4.3 

6.0 

6^ 

3,000 

94 

221 

314 

4.6 

6.0 

94 

242 

364 

4.6 

5.5 

7 

2,750 

94 

253 

334 

5.0 

5.6 : 

94 

253 

394 

5.0 

5.1 

7i 

2,500 

94 

274 

359 

6.3 

5.2 

94 

290 

420 

5.2 

4.8 

8 

2,250 

94 j 

295 

384 

5.7 

4.9 

94 

316 

445 

5.5 

4.5 


^ When one is faced with the necessity of using volumetric mcasurerncuits 
on a small, rush job, Fuller^s rule for estimating quantities required per 
cubic yard of concrete may be of some assistance in getting approxiiruite 
volumes. It is the following: 


a 


11 


S^CXsX 


3.8 


G -- C XgX 


c + s + g 27 “ 27 

where C ” bbl. of cement per cu. yd. of concrete, S - cu. yd. of fine aggre- 
gate per cu. yd. of concrete, 0 — cu. yd. of coarse aggregate per cu. yd. of 
concrete, c = volumetric ratio of cement, a = volumetric ratio of liiui 
aggregate, g — volumetric ratio of coarse aggregate. 

For example, a 1:2:4 mix is represented hy c:s:g. 

See Plain Concrete by Edward E. Bauer. 
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Accurate measurement of w^ter is necessary for the satisfac- 
tory control of concrete quality. Reference to Table 1-3 indi- 
cates that, for average moisture conditions, between 20 and 
30 per cent of the total water included in a concrete batch is 
introduced with the aggregates. So as not to exceed a pre- 
determined water content it is necessary to determine and 
compensate for the amount of water introduced with the aggre- 
gates. Water added in addition to that carried by the aggregates 
is termed '^mixing water.’’ For concrete of uniform quality, the 
total water and the cement contents of various batches must be 
maintained constant. This is best accomplished by regulating 
the mixing water with a metering device or with a calibrated 
measuring tank. It is current practice among progressive 
engineers who require concrete of good quality and uniformity to 
require that a water-measuring device be arranged so that it wall 
automatically contain or deliver various amounts of vrater with- 
out the personal attention of an operator except to charge or 
discharge the device. 

■The proportioning of concrete, for major structures of con- 
siderable size, is most economical when done on an experimental 
basis. Large structures, such as the Triborough Bridge in New. 
York City, require such volumes of concrete as to warrant special 
investigation of concrete proportions by laboratory methods. 
The A.S.T.M. in its Standard Method of Test for Compressive 
Strength of Concrete, A.S.T.M. Designation: C39-42, outlines an 
excellent program for such investigation. Such studies usually 
determine the desirable combinations of available aggregate 
necessary to produce maximum plasticity and maximum density 
of concrete. It is customary, at the same time, to determine the 
amount of water which will insure the desired structural strength. 

Two rules are of material assistance to the study of experi- 
mental concrete data. The first is that of Abrams as modified 
by Lyse: “The compressive strength of concrete is a function of 
the ratio hy weight of cement to water used in the mix so long 
as the mixture is plastic.” This relationship is readily demon- 
strated provided a sufficient number of observations are avail- 
able. The New York City Building Code indicates that not less 
than Lour observations at each of four different cement- water 
ratios should be used to determine this relationship. This 
number is without doubt a safe minimum, but a greater number 
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of observations should be used -^herever possible. The second 
rule of material assistance in the interpretation of test results 
was first disclosed, in principle, by Lyse. In its present modified 
form, as applied in the laboratory of The Port of New York 
Authority, it is stated that “ The consistency of concrete remains 
constant, regardless of the richness of the mix, if the general size 
and type of aggregate and the water content per unit of freshly 
mixed concrete remain constant. The problem of proportioning 
concrete mixtures on an experimental basis is much too involved 
for complete discussion in this chapter. For further information 
on the subject the reader is referred to the Recommended Prac- 
tices and Standard Specifications for Concrete and Reinforced 
Concrete by the Joint Committee of the A.S.C.E. and affiliated 
organizations (herein referred to as the “Code’’) published in 
June, 1940, by the American Concrete Institute, Detroit, Mich., 
and to current publications of the Portland Cement Association. 

1-11. Concrete Yield Computations. The computations pecul- 
iar to concrete proportioning consist of the arithmetical applica- 
tion of certain conversion factors of constant value and others 
whose value must be determined by test. The values assigned 
to cement and water are assumed to be constants. Those 
assigned to fine and coarse aggregate must be determined by 
test of the particular material in the condition being considered. 

The weights of one bag or one barrel of cement are standardized 
by specification and are 94 and 376 lb., respectively. One bag 
of cement weighing 94 lb. is generally assumed to have an 
apparent volume of 1 cu. ft. The specific gravity of cement 
may vary over a very limited range, but it is safe to assume 
that its value is 3.15. Water is generally assumed to weigh 
62.5 lb. per cubic foot and 8.33 lb. per gal. One cubic foot of 
water is equivalent to 7| gal. These assumed values are suffi- 
ciently correct to be within the limit of accuracy of measurement 
of batch quantities. 

The yield of a concrete batch and the amount of cement 
required for 1 cu. yd. of concrete are factors of great interest 
to the engineer. The most accurate method of determining the 
yield is to compute the absolute volume of each ingredient in a 
batch, including the water. The sum of the absolute volumes 
of all the ingredients is the theoretical yield and differs very 
little from the actual yield. From the yield of a specific quantity 
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of cement it is easy to determine the amount of cement required 
to produce 27 cu. ft., or 1 cu. yd. of concrete. 

For example, the cement required for the first mixture in the 
f-in. aggregate column of Table 1-3 is calculated as shown in the 
following table: 



Cement 

Fine ag- 
gregate 

Coarse 

aggre- 

gate 

Water 

Batch quantities 

941b. 

147 lb. 

233 lb. 

3 . 8 gal. 

Moisture content, % 


5 

1 

Amount of water in aggregate 


7.41b. 

2.3 lb. 

1.2 gal. 

Weight of dry material, lb ......... . 

94 

139.6 

230.7 


Specific gravity 

3.15 

2.65 

2.65 

1.00 

Absolute volume of material, cu. ft . . 

0.48 

0,84 

1.39 

0.67 


The sum of the individual absolute volumes of the various 
ingredients is 3.38 cubic feet of mixed material. If one bag 
(94 lb.) of cement yields 3.38 cu. ft. of concrete, then 7.99 bags, 
or practically 2 bbl., of cement will be required to produce 1 cu. 
yd. of concrete, {x bags: 1 bag : : 27 cu. ft. :3.38 cu. ft.) 

In the foregoing computation, a step that is sometimes mis- 
understood is the conversion of weight of dry materials to abso- 
lute volume. In order to make this conversion, the specific 
gravity of each material must be known or determined by test. 
By multiplying 62.5 (the weight of a cubic foot of water) by the 
specific gravity of a material, the weight of a solid cubic foot of 
that material is derived. This absolute or solid weight per 
cubic foot is the basis of conversion from weight to absolute 
volume. 

The quantities of materials required for a 1-cu. yd. batch of 
concrete are obtained by multiplying the quantities given for a 
one-bag batch by the cement factor per cubic yard. In the 
foregoing example, a 1-cu. yd. batch would require : 


Cement 

Damp fine 
aggregate 

Damp coarse 
aggregate 

1 

Mixing water 

752 lb. 

1,176 lb. 

1,864 lb. 

30.4 gal. 
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It is beyond the scope of this work to illustrate all of the 
computations involved in concrete proportioning. The calcu- 
lation of proportions of materials in terms of dry-rodded volume 
requires the determination by test of the apparent weight per 
cubic foot of the aggregates in the dry-rodded condition. So also 
does the computation of proportions by damp-loose volume 
require the actual determination of the damp-loose weights per 
cubic foot of the respective aggregates. For a more complete 
discussion of these and other computations, the student is 
referred to ^'Design and Control of Concrete Mixtures/^ pub- 
lished by the Portland Cement Association. 

1-12. Mixing Concrete. Except under very unusual circum- 
stances, concrete is mixed in a power-driven drum equipped with 
blades so arranged as to agitate, stir, and interfold the plastic 
mass. The size and shape of the drum, its speed of rotation, the 
arrangement and condition of the blades, and the duration of 
mixing all influence the quality of concrete. Of these factors 
it is customary for the engineer to control the rate and duration 
of mixing. From experience it has been determined that a 
concrete mixer should revolve at an approximate peripheral 
speed of 200 ft. per min. Speeds greater than about 225 and 
less than 100 ft. per min. are usually found to be unsatisfactory. 
As a general rule, the peripheral speed for greatest mixing effi- 
ciency is inversely proportional to the diameter of the drum. 

The quality of concrete is improved to a certain extent by 
longer and more thorough mixing, but, beyond an indefinite 
optimum time, further mixing may produce a reduction in 
quality. Experience indicates that in no instance should the 
duration of mechanical mixing be less than 1 min. after all the 
materials including the water are in the drum. Current prac- 
tice on projects requiring concrete of uniformly good quality is 
to require a minimum noixing time of min. for a mixer of 1 cu. 
yd. capacity and a greater time for larger mixers. A safe rule 
which may generally be used to indicate the desirable duration 
of mixing is to require min. for the first cubic yard of mixer 
capacity and an additional | min. for each additional cubic yard 
thereafter. 

It cannot be too strongly emphasized that the duration of 
mixing should be counted from the time when all the materials, 
including the water, have been introduced into the drum. A 
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batch of materials mixed with less than the designed amount of 
mixing water is prone to roll and ball up in the mixer and, except 
with continued mixing of abnormally long duration, will be 
nonuniform in composition when discharged from the drum. 
This condition is particularly evident in large mixers of the truck- 
mix type. 

Modern job mixers differ mainly in detail and not in type or 
principle. Their main abuse is one of overcharging. Alixers 
cannot efficiently or satisfactorily function when they are charged 
with a volume of material greater than one-half the gross volume 
of the mixer drum. They are designed by their manufacturers 
efficiently and properly to mix a specific volume of concrete. 
This design capacity is usually indicated by their catalogue num- 
bers. Thus a No. 54S mixer is designed to mix 54 cu. ft. of con- 
crete, whereas a No. 27E mixer is intended to mix 27 cu, ft. of 
concrete. 

Within recent years, the use of mixers mounted on truck bodies 
and used to deliver concrete or concrete materials from a remote 
central batcher plant to the site of the work has rapidly increased. 
These mixers range in capacity from 2 to 6 cu. yd. Early models 
of truck mixers were prone to produce concrete of variable 
quality throughout a single batch, but most truck mixers manu- 
factured since the year 1935 have been properly designed to 
produce uniform mixtures. The general trend in design has 
been to lower the ratio of drum length to diameter and to improve 
the interfolding action of properly arranged mixing blades. 
Improvement has also been made in water-transfer systems, and 
many truck mixers are equipped with mechanical w'ater pumps. 
Rapid transfer of water into the drum materially reduces the 
time required for satisfactory mixing and improves the uniformity 
of the concrete throughout the batch. 

Portland cement of recent manufacture is usually well pro- 
portioned and well calcined, but even today some underburned 
cement may occasionally be produced. Material of this nature 
is liable to form greater than normal amounts of laitance upon 
continued mixing. For this reason, the mixing of concrete for 
periods greater than approximately 20 min. should be discouraged. 

1-13. Handling and Placing of Concrete. A most thorough 
and careful design may be completely defeated by improper 
construction practices in the handling and placing of concrete as 
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well as of concrete ingredients. It is obvious that cement should 
be properly stored and protected from moisture, but it is less 
obvious that care must be observed in the storage and handling of 
aggregates. Aggregate storage should be arranged to protect 
the material from contamination with earth, coal dust, plaster, 
scrap lumber, and similar materials which are undesirable in 
concrete. In addition, fine and coarse aggregates should not be 
permitted to intermingle with, or contaminate, each other prior 
to batch measurement. 

Aggregates should be transported and stored in such a manner 
as fco preclude segregation of the material. This is particularly 
true of coarse aggregate which is especially susceptible to separa- 
tion of sizes if dropped through the air from a crane bucket or 
other conveyor. As a general rule, aggregates should be stored 
in properly constructed bins or in low stock piles, the slopes of 
which are less than the angle of repose of the material. Every 
precaution should be taken to minimize the dropping or rolling 
of aggregate through any appreciable distance. The unre- 
strained dropping of aggregate on the apex of a pile or on the 
slope of natural repose will result in the coarser particles segre- 
gating and concentrating at the toe of the slope. 

These same general considerations should be observed in the 
handling and placing of mixed concrete. Unrestrained dropping, 
steep chuting, and horizontal flow of concrete should not be 
permitted. Concrete should be transferred from the mixer to 
the forms with a minimum of handling, and persistent precau- 
tions should be observed to prevent segregation of the mixture. 
Concrete is analogous to an emulsion of materials of different 
specific gravities. Improper handling may result in separation 
of certain constituents. When concrete must be dropped from 
a height or slid down a chute, its fall or flow should be restrained 
by frequent deflecting baffles in such a manner that it continues 
to resemble a cohesive mass rather than a goblike shower. 

Concrete should be placed vertically in the form in its final 
resting place. Chuting into the form at an angle and flow of 
concrete in the form should not be tolerated. The movement 
of concrete in any direction except the vertical is a differential 
movement of its component ingredients. This tendency of 
coarse aggregate and mortar to come to rest at different i)lac(is 
when moved horizontally or on an incline must be minimized l^y 
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rigid observation of good construction practices. The placing 
of concrete in horizontal layers should be required, and any 
practice in handling or placing that tends to produce sloping 
planes of contact between successive lifts should be firmly 
disapproved. 

After placing, concrete should be thoroughly consolidated by 
tamping, rodding, and spading. During recent years, the intro- 
duction of mechanical vibration has greatly reduced the amount 
of tamping and spading of concrete. Vibration should be con- 
sidered only as an auxiliary method and not as a substitute 
for these earlier forms of consolidation. Spading, in particular, 
is necessary for the production of good form finishes and smooth 
exposed surfaces of optimum durability. The spading of con- 
crete should be done in such a manner as to work the coarse 
aggregate away from the form and not toward it. This insures a 
maximum of mortar against the form where it is needed to 
minimize possible honeycomb or air voids. The coarse aggregate 
worked away from a form during proper spading will tend to 
return to the face because of semifluid pressure of other coarse 
particles within the plastic mass. 

The proper use of mechanical vibration is beneficial to the 
density, compressive strength, bond strength between concrete 
and steel, and economy of the mixture. The improper use of 
vibrators or use on the wrong type of concrete may result in 
greater harm than would occur if the concrete were placed with- 
out any special effort toward consolidation. The most serious 
abuse of vibration is its application to concrete of too great 
workability. The consistency of concrete to be vibrated, as 
measured by the slump test, should be not greater than 3 in., 
and drier mixtures are desirable. In addition, the mixture should 
definitely possess a minimum sand content to the extent of being 
harsh. Another serious abuse of vibration is the prevalent 
tendency to overvibrate. Workmen soon observe that con- 
crete can be guided as a stream by leading the mass with a 
vibrator. This requires much less effort than does the use of a 
shovel, so they usually move the concrete horizontally with the 
machine, thus causing decided segregation. 

Continued vibration moves the ingredients of lower specific 
gravity vertically toward the surface of the mass. This produces 
differential water gain in the forms. The cement-water ratio 
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of the concrete in the upper section of a lift is adversely affected, 
and a plane of low durability is usually produced at the top of the 
lift. In addition, the vertical movement of water upward and 
cement downward produces pockets reasonably devoid of cement 
on the undersurface of horizontal reinforcement and on the under- 
face of many aggregate particles. These pockets frequently 
can be seen with the naked eye in sawn sections of overvibrated 
concrete. Only with competent and rigid inspection is the use 
of mechanical vibration a desirable aid in the consolidation of 
concrete. 

Concrete, during the period of its plastic life before initial set, 
shrinks appreciably in volume. A well-proportioned mixture of 
reasonably stiff consistency, made with aggregates of favorable 
texture, ordinarily shrinks much less than 1 per cent. In some 
instances, particularly in the case of oversanded mixtures of wet 
consistency containing less desirable types of fine aggregate, the 
volumetric shrinkage prior to initial set may be greater than 
2 per cent. Plastic concrete is a suspension of solids in water. 
The component ingredients have different relative densities. 
Because of the difference in relative density, the heavier con- 
stituents tend to settle and thus consolidate themselves to a 
greater extent than can be done with any known method of 
mechanical tamping or vibration. Because of this tendency 
toward slow vertical segregation, the upper surfaces of fiat slabs 
and the upper sections of deep lifts are usually weaker and less 
durable than are the lower portions. This tendency toward 
volumetric consolidation at the expense of the vertical dimension 
frequently requires that surface finishing be delayed until the 
shrinkage has considerably progressed. 

In order to minimize the undesirable effects of wet shrinkage, 
the workability of concrete should be maintained at the minimum 
plasticity consistent with the sectional size of forms and desired 
form finishes. All concrete, and especially that in pavement 
slabs, should be tamped, spaded, vibrated, and worked only in 
an amount sufficient to produce satisfactory consolidation and 
fiiiish. This is particularly true of concrete of wet consistency, a 
type that should be protected against all unnecessary working 
in the forms. 

1-14. Curing. The reaction of Portland cement and water is 
one requiring time and favorable temperature conditions for its 
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completion. It may be considered essentially as a progressive 
reaction of a liquid phase (water) and a reasonabl}" insoluble phase 
(cement). It is true that cement constituents are partly soluble 
in water, but a condition of complete saturation of the solute is 
soon reached without much diminution of the amount of cement 
available for solution. The reaction actually occurs in this 
saturated or possibly supersaturated solution. As in practically 
all chemical reactions, the process approaches equilibrium unless 
the products of reaction are removed from the field of action. 
Water must be available in order that the successive solution, 
reaction, and deposition of reaction products by crystallization 
or precipitation may repeatedly occur. 

As in other chemical processes, the reaction of cement and 
water is influenced by the prevailing temperature. It is logical 
to infer that, like most other soluble or partially soluble sub- 
stances, the solubility of cement in water is less at lower temper- 
atures. Lower solubility is productive of lesser concentration 
of material available for reaction. It is a well-established fact 
that the velocity of a chemical reaction becomes less as the 
concentration of the reactive materials is decreased. In all 
probability, the effect of lower solubility of cementaceous mate- 
rial and the resulting lesser concentration of reactive agents on 
the velocity of reaction at reduced temperatures are the most 
logical explanation of the fact that concrete cured entirely at 
low temperature is inferior in quality. This probable explana- 
tion is further confirmed by the fact that, after prolonged curing 
at low temperature and further storage at normal temperatures, 
in the presence of favorable moisture conditions, the reaction 
continues at a normal rate, and the concrete improves in com- 
pressive strength and other qualities. 

Freshly placed concrete should be protected from reduced 
temperatures and from loss of water by evaporation. An 
amount varying between 35 and 75 lb. of water per 9-i-lb. bag 
of cement is included in a concrete batch. From tests reported 
by F. R. McMillan,^ director of research of the Portland Cement 
Association, it is indicated that approximately 20 lb. of this 
water is chemically combined with the cement in hardened 
concrete. Water in excess of this amount is the medium within 
^ “Basic Principles of Concrete Making,” McGraw-Hill Book Company, 
Inc., 1929. 
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which the chemical reaction occurs. Since the reaction is very 
slow and requires much time for its completion, it is necessary 
to maintain the presence of this reacting medium within the mass 
in order that the reaction may continue. It is further desirable 
that the temperature of the mass be maintained above a minimum 
limit favorable to chemical action. 

The maintenance of the foregoing condition is called ^'curing.” 
Loss of water (the reaction medium) from the mass may be 
minimized by leaving the forms in place, by interposing wet 
burlap or earth between the hardened mass and the atmosphere, 
by frequently wetting the mass to replace evaporation loss, or by 
sealing the surface of the mass with a waterproofing film. Cur- 
ing, or the conservation of the reaction medium within the mass, 
should be observed for a period of approximately 10 days in 
order to insure that the reaction progresses sufficiently. If 
conservation of moisture within the mass is not observed, the 
concrete may be weak, porous, and of poor durability. 

Conservation of moisture is easily attained with determined 
supervision, but the maintenance of proper temperatures is more 
difficult. Concrete may be safely mixed and placed during 
winter temperatures provided the aggregates and water are 
heated to a temperature of between 50 and 100°F. The temper- 
ature of the freshly placed concrete should be maintained above 
50®F. for at least 7 days in order that chemical reaction may 
progress. This is especially true of thin sections usually existent 
in reinforced structures. The reaction of cement and water 
generates some heat, and in massive construction the liberated 
energy may be sufficient to maintain a favorable temperature 
wdthin the mass, but the radiation from thin sections is greater 
in amount than the heat energy supplied by chemical reaction. 
For this reason heat must be conserved or supplied from some 
external source. The insulating value of salt hay covering is 
sometimes sufficient to conserve heat energy, but, in most 
instances, artificially heated tarpaulin enclosures are used to 
protect the work properly. 

The reaction of cement and water ceases, for all practical pur- 
poses, at a temperature of about 35®F. Concrete maintained 
at that temperature will possess little strength but is not neces- 
sarily damaged by such exposure. If its temperature is increased 
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to 50'^F., or more, the reaction will progress at a greater rate, 
and the concrete will gain in strength. The greatest danger of 
cold-weather concreting to be avoided is the possibility of par- 
tially or recently set concrete being frozen. The freezing of the 
water contained in a recently hardened mass produces disruptive 
forces at a time when the hardened paste is too weak to resist 
the condition, and as a result tensile failures of aggregate bond 
and possibly complete fractures of interstitial paste will occur. 
Although these fractures may partially recover at later dates by 
what is termed autogenous healing, they cannot recover com- 
pletely, and the existent structure is irreparably weakened. In 
most instances, concrete that has been frozen shortly after final 
set must be replaced with satisfactory material. 

For a more complete description of the effect of curing on the 
physical properties of concrete, the studies of H. F. Gonnerman, 
published in the A.C.I. Proceedings, Vol. XXVI (1930), p. 359, 
and the observations of H. J. Gilkey on the Moist Curing of 
Concrete reported in Engineering News-Record, Oct. 14, 1937, 
should be consulted. Gilkey has found that the compressive 
strength of concrete at the age of one year may vary between 45 
and 135 per cent of the value obtained on concrete cured at 
70°F. and completely saturated, the variation depending on the 
degree and duration of moist curing and the moisture content at 
the time of test. 

1-15. Forms. Forms are intended to define the contour and 
locate the position of individual members vfith reference to the 
structure as a whole. In order for them to limit satisfactorily 
the size, shape, and position of these members, it is necessary that 
they be built to resist the forces imposed upon them. Freshly 
mixed concrete is a fluid and is generally assumed to exert a 
horizontal pressure equal to the hydrostatic head of a liquid 
weighing 145 lb. per cu. ft. 

Concrete that is subjected to high-frequency vibration acts as 
a fluid throughout its depth, and, as a consequence, the full 
hydrostatic head must be considered. Concrete placed without 
the aid of vibration exerts a fluid pressure for a depth depending 
on the rate and temperature of placing. The consolidation and 
interlocking of aggregate and the initial setting of cement tend 
to neutralize fluidity, and, as a consequence, the horizontal pres- 
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sures are somewhat less than the full hydrostatic head. From 
literature of the Universal Form Clamp Company^ it is indicated 
that concrete having a temperature of 50°F. and placed at the 
rate of 6 vertical ft. per hour exerts a maximum horizontal thrust 
of 1,030 lb. per sq. ft. at a 9-ft. depth of head. At greater depths 
the horizontal pressure is reported to be less until, at a head of 
12 ft., it is given as 870 lb. per sq. ft. The maximum pressure 
indicated above is approximately 80 per cent of the theoretical 
fluid pressure. 

Construction practices that are favorable to the early setting 
of the concrete mass result in smaller maximum fluid pressures 
and lesser effective hydraulic head. For example, it is indicated 
in the literature referred to in the preceding paragraph that con- 
Crete poured at a temperature of 70°F., and at a similar rate to 
that given above, produces a maximum fluid pressure of 740 lb. 
per sq. ft. at a depth of 7 ft. This value is approximately 73 per 
cent of the theoretical fluid pressure, but its depth of maximum 
action is 22 per cent less than that of concrete having a tempera- 
ture of 50°F. 

The foregoing is sufficient indication of the problems involved 
in the design and construction of adequate forms. A discussion 
of other data regarding forms will be found in Chaps. 15 and 16. 

1-16. Reinforcing Steel. Concrete cannot be relied upon to 
withstand appreciable tensile stress. This deficiency is overcome 
by embedding steel rods in those parts of a section that are sub- 
jected to tension. The two materials act in conjunction with 
each other, each doing the work for which it is best suited. The 
combination acting as a unit, concrete resisting compression and 
steel resisting tension, is called “reinforced concrete.'' It is a 
strong, durable, and economical system of construction, and it 
has proved satisfactory for a large variety of structures. 

Much has been said about concrete, and little about steel. 
The latter is of equal interest and importance.. Because of greater 
knowledge and better control during manufacture, reinforcing 
steel is a standardized material of dependable uniformity. It is 
ordinarily manufactured in the form of plain, deformed, or twisted 
rods or bars of various cross-sectional areas, ranging from i in. 
round to in, square. It is regularly available as wire and wire 
mesh in various sizes and combinations of weave. 

^ P.C.A., Forms for Architectural Concrete. 
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Reinforcing bars are hot rolled from car axles, tee rails of 
standard section, and new steel billets. Because of greater 
dependability from the standpoint of uniformity, it is usual, in 
the case of important structures, to require the use of bars manu- 
factured from new billets. Billet-steel and axle-steel bars are 
produced in what are termed structural, intermediate, and hard 
grades. Rail-steel bars are similar in properties to the billet 
and axle types of hard grade. The essential differences in prop- 
erties of the structural-, intermediate-, and hard-grade materials 
are, respectively, greater ultimate strengths and higher yield- 
point values accompanied by progressively lower ductility. 
Higher yield-point values are desirable because of greater per- 
missible working stresses but are accompanied by lower ductility 
and result in greater cracking of concrete in regions of tension. 
The desirable balance between these properties is a matter of 
personal opinion and professional judgment. 

Wire and wire mesh are ordinarily available in sizes ranging 
from No. 4-0 to No. 14 gauge and are manufactured from cold- 
drawn steel wire. It is fabricated as mesh by welding in a large 
variety and combinations of weave. The ultimate strength of 
cold-drawn reinforcing wire is approximately equal to that of 
hard grades of hot-rolled bars, but the yield point of this material 
is appreciably greater than that of rolled bar steel. Table 1-4 
indicates the comparative physical properties of these various 
grades of steel as specified by the A.S.T.M. 

The modulus of elasticity in tension of plain carbon steel may 
vary between 28,000,000 and 31,000,000 lb. per sq. in. It is 
generally assumed to be a constant having a value of 30,000,000 
lb. per sq. in. At normal atmospheric temperatures, steel is 
considered to be a truly elastic material throughout a loading 
range below a certain value termed the proportional, or elastic, 
limit. The proportional limit is not coincident with the yield 
point as determined by ordinary acceptance tests but is suffi- 
ciently close for all practical purposes. 

Reinforcing steel should be well embedded within the concrete 
mass in order to protect it from corrosion and from damage by 
fire. General experience has proved that a minimum cover of 
2 in. is sufficient protection except for structures that are con- 
tinuously wet, in which case a 3- or 4-in. cover is desirable. 
Embedment of steel within the basic concrete medium serves to 





Akt. 1 - 17 ] ALLOWABLE UNIT STRESS AND SAFETY FACTOR 43 

iahibit oxidation and corrosion. In many instances, the demoli- 
tion of old structures has shown that the steel was well protected 
and in excellent condition. 

1-17. Allowable Unit Stress and Safety Factor. The allowable 
unit stress and the safety factor are interdependent and are based 
on experience. The safety factor is the proportional amount by 
which the ultimate strength exceeds the permissible unit stress 
used in the design. The values shown in Table 1-5 are the 
permissible unit stresses based upon the 1940 report of the Joint 
Committee on Standard Specifications for Concrete and Reinforced 
Concrete — the Code. 

The problems given in the text are for the purpose of demon- 
strating the design of reinforced concrete as encountered in prac- 
tice. For that reason, a wide range of allowable unit stresses is 
used in order to illustrate that the quality of the materials, the 
uncertainties of construction, and the nature of the w^ork are 
factors that must all be considered. 

The permissible unit stress in steel reinforcement for design 
purposes varies with differences of the applicable codes, the 
quality of steel, wartime or other necessity for economizing on 
steel tonnages used, as well as with the individual opinion and 
professional judgment of the designer. As examples of varia- 
tions due to individual conditions and illustrating the need of 
good judgment, the following may be cited: 

1. Culverts or tunnels under deep embankments, bins designed 
for maximum filling, foundations supporting massive super- 
structures, and, in general, most structures carrying relatively 
large determinable loads compared with any possible future 
increases— these may take advantage of higher allowable design 
unit stresses provided the accompanying cracking of the concrete 
in the regions of tension is not objectionable. 

2. Bridges, crane girders, some floors and other structures or 
members that may be subjected in the future to large increases 
of loads, impacts, earthquake shocks, and other things causing 
forces of unknown magnitude — these should be designed con- 
servatively. This should also be done in the case of important 
structures whose failure may cause great loss of life or of economic 
values. 

In this connection, all should realize that the saving of steel 
due to an increase in the unit stress permissible in design is not 
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proportional to that increase. In fact, in most large structures 
properly designed, the saving is likely to be in the neighborhood 
of 5 to 10 per cent of that relative increase. Obviously, this is a 
small part of the cost of the reinforcement which, in turn, is 
usually a rather small percentage of the cost of the job. How- 
ever, the safety of the structure may really decrease as the per- 
missible unit stress is raised, hence the need for good judgment 
in determining these matters. 

These comments are generally applicable to the concrete also, 
although the strength of the concrete is not so likely to be critical 
and the percentage of saving in the cost due to increasing per- 
missible unit stresses in the concrete is usually far less than in 
the case of the steel. 

1-18. Importance of Workmanship, The need for honest and 
intelligent workmanship in the field during the building of a 
concrete structure has been emphasized herein. It should be 
emphasized again and again. The best of designs can be ruined 
if the intent of the plans is not carried out in the field. Proper 
reinforced-concrete construction depends upon men — men who 
understand the action of structures, men who know the charac- 
teristics and the limitations of the material that they are handling, 
and men who are conscientious and determined to conduct their 
work with honor to themselves and with credit to their profession. 



CHAPTER 2 

STRESSES IH BEAMS DUE TO BENDING 

2-1. Introduction. In general, a beam is a member which 
carries loads that act transversely with respect to its longitudinal 
axis so as to cause the member to bend. The most simple rein- 
forced-concrete beams are those whose cross sections are rectangu- 
lar in shape. In fact, an ordinary floor slab, like that shown in 
Fig. 2-1, may be thought of as a series of such beams of unit 
width h (usually 12 in.), represented by the piece ABCD having a 
depth equal to t and a span equal to L. 



The effective span of a beam should be taken equal to the clear 
distance between supporting members plus some allowance for 
end bearing but not more than the distance betw^een the centers 
of the supports. Some engineers assume the span to be the cleai 
distance plus about 4 in. for light members or plus 12 in. for heavy 
construction. When a beam rests upon a heavy wall, the end 
of the span may be assumed to be near the inner edge of the \vall ; 
when it is supported by an edge beam or in a manner thal 
restrains it only slightly, assume the end to be at the center of 
the support. 

In dealing with such a beam there are tw^o types of problem to 
consider. One is the analyzing or testing of existing and assumed 
beams of given dimensions to compute what forces they can with- 
stand or what stresses they will have when subjected to specific 
loads; the other is the designing or proportioning of beams to 
support certain given forces or loads. The fundamental theories 
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by which these problems may be solved will now be explained, 
and formulas for use in connection therewith will be developed. 

A good training in theory is essential for any designer. How- 
ever, when one enters practical engineering work he will find that 
the design of reinforced-concrete structures is influenced to a 
large extent by general specifications, codes, and customary 
practices. Such codes may change — and they should do so as the 
art progresses and our knowledge increases. Each engineer 
should have a copy of the latest report issued by the Joint Com- 
mittee. References to their report of June, 1940, herein called 
the Code, will appear when applicable to the subject matter in 
the text. Of course, there are many other specifications, building 
codes, and regulations in use: e.g., the Building Code of the City 
of New York; and United States Navy Department, Bureau of 
Yards and Docks, Standards of Design for Concrete, No. 3F6. 
The designer should be careful to comply with whatever ones 
govern his work, bearing in mind that they are general rules to be 
followed unless he has important reasons for making the construc- 
tion even better and safer. 

2-2. Table of Symbols and Their Meanings. The symbols 
which are used in the 1936 Specifications of the American Con- 
crete Institute have been adopted for this text as far as it has 
been practicable to do so. An explanation of those that are used 
herein is given generally wherever they are first encountered. 
However, those which are utilized in this chapter are grouped for 
convenience. They are fundamental symbols for use throughout 
the work. Their meanings should be memorized. 

The list is as follows : 

As ~ area of steel in tension, square inches. 

A[ = area of steel in compression, square inches. 
h = width of rectangular beam or flange of T-beam, inches. 

b' — width of stem of T-beam, inches. 

C or Ce = total force of compression in concrete, pounds. 

C' or Cs = total force of compression in steel, pounds. 

d = depth from compression face of beam or slab to the center of 
gravity of the longitudinal tensile reinforcement, or to the 
center of the longitudinal tensile reinforcement which is 
farthest from the neutral axis, inches (called ^‘effective 

depth”)* 

d' = depth from compression face of beam or slab to center of 
longitudinal compressive reinforcement which is farthest from 
the neutral axis^ inches. 
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D = total over-all depth of a beam, inches. 

Ec = modulus of elasticity of concrete in compression, pounds per 
square inch. 

Es — modulus of elasticity of steel in tension or compression, 
pounds per square inch. 

/c = compressive unit stress in extreme fiber of concrete, pounds 
per square inch. 

fc = ultimate compressive strength of concrete — usually at age of 
28 days — pounds per square inch. 

fa — tensile unit stress in longitudinal reinforcement, pounds per 
square inch. 

= compressive unit stress in longitudinal reinforcement, pounds 
per square inch. 

Iff = moment of inertia of transformed section in terms of concrete, 
in.^ 


j — ratio of distance between centroid of compression and center 
of gravity of tensile reinforcement or the extreme row of 
tensile reinforcement to the depth d. 
k — ratio of distance between the compression face of the beam 
and the neutral axis to the depth d. 

kip = 1,000 lb. (sometimes abbreviated as *‘k.”)* 

L — span of beam or slab, usually in feet. 

Me — internal resisting moment in terms of the strength of the 
concrete, inch-pounds. 

M a = internal resisting moment in terms of the strength of the steel, 
inch-pounds. 

n = ratio of modulus of elasticity of steel to that of concrete, 
p = ratio of area of tensile reinforcement to the effective area of 
concrete in beams and slabs. 

Sc = section modulus of transformed section in terms of concrete, 
in. 3 

;S’s = section modulus of transformed section in terms of steel, in.^ 
i = thickness of slab or flange of T-beam, inches. 

T or T a = total force of tension in steel, pounds. 

hd — effective area of a beam or slab, square inches. 


2-3. Distribution of Stresses in a Reinforced -concrete Beam. 

A beam must curve if it is subjected to a bending moment; the 
fibers that are in compression must shorten; those which are 
subjected to tension must elongate. The typical method which 
is used herein to enable one to visualize these actions is shown in 
Fig. 2-2(a). The short, irregular lines represent cracks. They 
are drawn in the regions where tension exists — the weak portions 
of the concrete which must be reinforced with steel. No cracks 
are shown in the portions that are subjected to compression 
because these are the regions in which the concrete is effective by 
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itself. Such pictures do not mean that concrete beams always 
crack so excessively; they are to indicate the condition that the 
beams may reach if they are loaded sufficiently. 

When a load is applied gradually to a reinforced-concrete beam, 
the entire cross section of the member resists the bending moment 
until the tensile strength of the concrete is exceeded. During 
this initial stage, the deformation of the longitudinal reinforce- 
ment is the same as that of the concrete beside it; but as soon as 
the concrete cracks, the entire situation changes because the ten- 
sile forces are then mostly dependent upon the reinforcement 
which must act as a chain or tie that keeps the beam from being 
ruptured. If the reinforcement is not parallel to the tensile 
force, it is satisfactory to assume that the effective area of a rod 



is its normal cross-sectional area times the cosine of the angle 
between the longitudinal axis of the rod and the direction of the 
force. 

To illustrate the distribution of the stresses in the beam at this 
stage, let Fig. 2-2 (a) represent a small portion of a reinforced- 
concrete beam as seen in side elevation. Let Fig. 2-2(5) show the 
cross section AB oi this beam. Remember also that the member 
is bent because of the application of the external loads. Let the 
couple M represent the magnitude and the direction of the bend- 
ing moment which is caused by these forces. Inasmuch as the 
beam is in equilibrium, this portion of it may be considered as a 
free body in space which is acted upon by the external couple M 
and by a second couple of equal moment but with opposite direc- 
tion. Obviously, this second couple must be provided by the 
strength of the materials composing the beam itself. 

As previously explained, the tensile strength of concrete is 
rather low and unreliable. Although its effect is considerable in 
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many instances, it is advisable to assume that the tensile strength 
of the concrete is zero. Therefore, the tensile force T [Fig. 2-2 (a)] 
is assumed to be provided by the steel alone. 

Although the intensity of the stress in a rod may vary slightly 
across its area, increasing with the distance from the neutral 
axis, it is sufficiently accurate to assume that it has an average 
intensity of stress fs which is equal to the unit stress at its center. 
This value, multiplied by the area of the steel, gives the tensile 
force 

T = AsU (2-1) 

On the other hand, the concrete of the upper portion of the 
beam resists the compression, but this force is spread over the 
affected area with varying intensity. Although this distribution 
may not vary uniformly, it is generally satisfactory to consider 
that it does so under ordinary working conditions, for simplicity 
of calculation. Therefore, the maximum compression occurs 
at the top fibers, and the stress decreases to zero at the line 0-0, 
the neutral axis. The height of this area which is in compression 
is called kd. Since this pressure diagram of the compressive 
forces is a triangular wedge, the resultant force C must equal the 
volume of the wedge, and it must be located at the center of 
gravity of this imaginary solid, which is at a distance kd/S from 
the top fibers. It is therefore clear that 

C = ifcmih) = ifMd, (2-2) 

It is also apparent that the magnitudes of these forces C and T 
must be equal in order to have equilibrium, for which 2H = 0. 
Therefore, 

ifokhd = Asfs, (2-3) 

From Fig. 2-2 it is easily seen that the lever arm of the internal 
resisting couple with forces C and T is the distance between the 
points of application of these forces, jd. Thus, 

jd = d -Y’ or y = 1 - (2-4) 

Inasmuch as the moment of a couple equals the magnitude of 
either of the equal, opposite forces times the lever arm between 
them, 
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Me = ^fekhdm = ifckjhd^ = Khd^* (2-5) 

and 

M, = Asfejd. ( 2 - 6 ) 

Formulas (2-5) and (2-6) are fundamental in the analysis and 
design of rectangular beams with steel for resisting tension only. 
Both formulas are needed because reinforced concrete is not a 
homogeneous material. 

If the beam of Fig. 2-2 is progressively loaded to failure, the 
concrete may yield under compression before the steel gives way 
under tension. If so, the beam is said to be overreinforced 
because it has more than the necessary amount of steel. In case 
the reverse is true, and the steel fails first, the beam is under- 
reinforced. From the standpoint of the efficient use of materials, 
the best design is one that results in a beam in which the maxi- 
mum safe working strength of the concrete and that of the steel 
are reached simultaneously — a balanced design. However, cost 
and other practical matters affect one’s designs. Sometimes it 
is wise to use more than the theoretical amount of reinforcement 
in order to simplify the details by making the rods in many 
different beams alike; sometimes it is advisable to use more 
concrete than needed for strength alone because of mass or general 
dimensions desired; often it is best to avoid an excessive variety 
of sizes which increases the formwork because the cost of a rein- 
forced-concrete structure does not vary directly with the volume 
of concrete used in it. 

By definition, 

V = or As = phd. 


Substituting this value of in Eq. (2-6) gives 


M, = pfjbd^ = Kbd\* 

Equations (2 -5) and (2-7) may be restated as 

(2-7) 


= K- 

(2-8) 



p/.i K 


* K is computed as a coefficient which can be tabulated 
designs. For such data, see Tables 5 and 6 in the Appendix. 

for balanced 
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Another convenient forna for Eq. (2-6) is 


Isk- 

Fig. 2-3. 


Equations (2-5), (2-6), and (2-7) are in convenient form for 
analyzing beams, whereas Eqs. (2-8), (2-9), and (2-10) are handier 
for use in designing them. 

2-4. Compressive and Tensile Stresses and Location of 
Neutral Axis, Let line AB (Fig. 2-3) represent a plane cross 
section through a beam before the external loads 1 ^. 

are applied. If this section is considered to _?1 A 

remain a plane after bending has taken place, it 

will move to A'BC The shortening due to com- j 0 ^ 

pression at the top can be represented by le ; the \ 45 

elongation of the rods caused by tension can be \ ^ 

represented by l^. i- 

For any material that is not stressed beyond ^ 
its elastic limit, the modulus of elasticity equals 
the stress per square inch divided by the corre- 
spending deformation in inches per inch of length, or B — f/L 
Therefore, 

Ec = A, and E, = L 

Lcl Isl 

where loi and I si represent the strains per unit of length. From 
Fig. 2-3, by the use of similar triangles, it is found that 

k 1 

Ts’' d -kd'~ I - k 

The ratio of the modulus of elasticity of steel to that of con- 
crete is 

n = ( 2 - 12 ) 

n = /4i ^2-13) 

Referring to Eq. (2-13), it is clear that, if the deformations of the 

steel and of the concrete are equal, then 


Js = njc. 
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These equations show that, once the qualities of the steel and of 
the concrete to be used are determined by tests, Esj Ec, and n 
will have definite magnitudes, and maximum permissible values 
may be specified for/s and/c- The usual values for the foregoing 
quantities are 

Es = 29,000,000 to 30,000,000 lb. per sq. in. 

Ec = 2,000,000 to 3,500,000 lb. per sq. in. 
fs == 16,000 to 20,000 lb. per sq. in. 
fc = 800 to 1,200 lb. per sq. in. 
n = S to45. 

Equation (2-14) explains why EB of Fig. 2-2 (a) is labeled 

To some scale, AG and EB represent stresses in the concrete for 
a straight-line variation of stress. The real stress in the steel 
would have to be n{EB), which is plotted as FB. 

In order to assist in determining a value for n, the Code gives 
it the following approximate magnitude: 

30,000 

m — r L 


Obviously, the qualities of the steel and the concrete should be 
known or decided upon before making the calculations. 

Several other formulas that are useful in developing office 
standards and tables or diagrams for analysis and design can be 
derived from Fig. 2-2 and the formulas already given. They are 
the following: 


fjz 

foil - k) 

(2-15) 

^ or fc = — 

+ 1+4 

Jo nfa 

(2-16) 

n/.(l - fc) 

(2-17) 

k 

fok 

n(l — fc) 

(2-18) 

2AJ, 2pf, 
fobd fo ■ 

(2-19) 
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k — ■\/2pn + (pny — pn. 
, 2A.f, _ 

kbd ~ k ' 
k^ 

^ 2«(1 - k) 


( 2 - 20 ) 

(2-21) 

(2-22a) 


The assumptions upon which these formulas are based should 
be studied carefully d It must be remembered that they are for 
beams with tensile reinforcement only, additional methods of 
calculation for other cases being derived in subsequent articles. 
They also assume that the concrete cracks so that it cannot with- 
stand the tensile forces. This is equivalent to saying that, 
before the member will fail, these conditions will occur, and the 
beam will be safe in spite of them but that any resistance to ten- 
sion that the concrete may provide will merely add to the safety 
of the structure. Then, finally, the value of n for concrete is 
considered to be the same for tension as it is for compression — an 
assumption that will be made use of later in Art. 2-8. 

2“6. Problems in the Analysis and Design of Beams. Man}’^ 
of the problems to be illustrated in this text are solved by the 
use of the slide rule. Its accuracy will be sufficient for practical 
purposes, although differences may appear in the third significant 
figure. The student will find that, in many cases, the calcula- 
tions are not carried out to unnecessary extremes but are limited 
in accordance with good judgment. 

Generally, Ec is assumed to be equal to 1,000/' and this value 
is used in the determination of n. However, the allowable w^ork- 
ing stress in the concrete /c is much less than the ultimate strength 
/'. The ratio of /' to fc is called the safety factor. Tor beams, 


^ A different basic assumption regarding the distribution of the compres- 
sive stresses in reinforced-concrete beams is presented by Charles S. Whitney 
in Plastic Theory of Reinforced Concrete Design, A.S.C.E., Trans., Vol. 68, 
1942. In reality, the differences presented therein are not of great impor- 
tance in practical design at ordinary allowable stresses because the steel is 
the critical part of most reinforced-concrete beams. Varying assumptions 
of the distribution of the concrete stresses have a minor effect upon the 
lever arm of the steel, as the reader will realize after thinking over the matter 
carefullv. 



56 


STRMSSMS IN BEAMS DUE TO BENDING [Aht. 2-5 


the Code gives it a magnitude of about 2.5. For purposes of 
illustration in problems, different allowable unit stresses will be 
utilized for the concrete. 

Furthermore, an examination of Fig. 2-2 (a) will remind one 
that a high working stress in the longitudinal reinforcement will 
be accompanied by correspondingly severe cracking of the con- 
crete in the vicinity of the steel. Therefore, the designated 
values of are not constant but are varied in order to remind one 
that the specifications and good judgment may limit its magni- 
tude to suit any special case. 

For use in the solution of problems, the weight of concrete 
will be taken at 150 lb. per cu. ft. The areas and perimeters of 
reinforcing rods of the ordinary sizes are given in Table 1 in the 
Appendix. 

Analysis of Beams. 

Problem 2-1. If the beam shown in Fig. 2-4 is subjected to a bending 
moment of 300,000 in.-lb., and n — 15, find fa and /c. 






T 



TS 


1 

1 

1 

1 


'4, 

liT 

t 

■; rodsi 

CM 

Fig. 2-4. 

\ i 

1 CM 1 

Cvj 

Fig. 2-5. 


Incidentally, the designer is not so much interested in the magnitudes of 
and fa for any given case for their own sakes as he is in comparing them 
with the allowable unit stresses to see whether or not the member is safe 
on the one hand and economical on the other. 


: 0.44 == 1.32 sq. in. (See Table 3, Appendix.) 

As 

■ ™ = 1.32 10 X 14 = 0.0094 

od 

k = 'x/ 2pn -h ipny — pn = 

\/2 X 0-0094 X 15 + (0.0094 X 15)2 _ 0.0094 X 15 = 0.408 
(See Fig. 10, Appendix.) 



0.408 

3 


= 0.864 
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2M 2 X 300,000 

“ hjbd^ ” 0.408 X 0.864 X 10 X \4? ~ 

^ M 300,000 

^^^Ajd- 1.32 X 0.864 X 14 “ 

Problem 2-2. Assume E, and Ec = 30,000,000 and 2,500,000 lb. per 
sq. in., respectively; also, the allowable and /c = 18,000 and 900 lb. per 
sq. in., respectively. Find the safe resisting moment of the beam shown in 
Fig. 2-5. 


Es 30,000,000 
~ Ec~ 2,500,000 ~ ^ 

As — 4: X 0.79 = 3.16 sq. in. 

As 

V = Tl ^ 3.16 15 X 28 = 0.0075 

bd 

k = ■\/2pn + (pn)“ - pn = 1/2 X 0.0075 X 12 + (0.0075 X 12)= - 

0.0075 X 12 = 0.344 


i = 1 - - = 1 


0.344 


= 0.885 


M, = A4,jd = 3.16 X 18,000 X 0.885 X 28 = 1,410,000 in.-lb. 

Me = ifckjbd^ = i X 900 X 0.344 X 0.885 X 15 X 28" = 1,610,000 in.-lb. 


C //6 

froi 



1 -j- 

.kiii 

:.l i- 


y'crcrx I 

Fig. 2 - 6 . 




1 

t-U' ■ 


-X 

I 

I 


04 

Fig. 2 - 7 . 


From the fact that the foregoing figures show the safe value of Ms to be 
less than Me, it is apparent that this beam is somewhat underreiiiforced. 
Using the magnitude of Ms and solving for the simultaneous value of fr gives 

1,410,000 = iX fa X 0.344 X 0.885 X 15 X 28‘h 
fc = 788 lb. per sq. in. 

It can also be said that /c varies as the magnitude of the resisting inoinent, 


/e:900 : : 1,410,000:1,610,000. 

Problem 2-3. Assume a simply supported slab 9 in. thick with f-in. 
round rods 5 in. c.c. (center to center) located 2 in. above the bottom as 
shown in Fig. 2-6. Find the safe uniform live load for this beam if the 
span = 9 ft., n = 12, and the allowable and fc — 20,000 and 900 lb. per 
sq. in., respectively. 
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First, imagine a slice 12 in. wide to be cut out of the slab from one support 
to the other, parallel to the reinforcement. Each such piece will be a 
rectangular beam. It will contain an equivalent of rods.^ Thus 


^ 12X0.31 

_ 0.74 sq. m., 


d=7in., fc-12in. 


^ Aa ^ 0.74 
^ ~ bd “ 12 X 7 


= 0.0088 


k = ■s/2-pn + {pny‘ - cn = V2 X 0.0088 X 12 + (0.0088 X 12)^ - 

0.0088 X 12 = 0.37 



M, = A.f4d = 0.74 X 20,000 X 0.88 X 7 = 91,200 in.-lb. 

Me = ifck'bd^ = i X 900 X 0.37 X 0.88 X 12 X 7^ = 86,200 in.-lb. 


The strength of the concrete, in this case, limits the safe resisting moment, 
and the slab is slightly overreinforced. The actual magnitude of is 


fs “ 20,000 X = 18,900 lb. per sq. in. 

Considering that the weight of concrete is usually assumed to be 150 lb. 
per cu. ft., the dead load of the slab is 150 X iV * 112 lb. per sq. ft. of 
horizontal area. Assuming that M = wL^/S for a simply supported beam 
and that the safe live load is the reserve supporting capacity of the slab over 
and above that required for the dead load, it is apparent that 


M = 86,200 


-0? X 9^ X 12 
8 


> or w = 710 lb. per sq. ft. 


Therefore, the live load permissible in this ease is 710 — 112 = 598 lb. per 
sq. ft. 

Design of Beams, The term ^Mesign of a beam’^ is used to 
denote the determination of the size and the materials that are 
required to constitute a beam that can safely support specified 
loads under certain definite conditions of span, stresses, etc. 
Ordinarily, there are many beams of varying proportions which 
can safely serve the same purpose. However, it is generally 
reasonable and economical to proportion a rectangular beam so 
that its depth equals about twice its width unless these dimensions 
are controlled by other conditions. Sufficient lateral stiffness, 
economy and efficiency in the use of materials, strength in shear 


^ See Table 2, Appendix. 
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as well as in bending, space for proper placing of rods — these are 
some of the practical reasons for using such proportions. 

The Code specifies the following relationship between the 
allowable unit stress /«, the distance between lateral supports L, 
and the least width of the compression face of a reinforced-con- 
crete beam: If L/b = 24, fc = full allowable value. Max. 
L/h — 36, whereat /c = 50 per cent of full allowable value. For 
intermediate values of L/h, fc is reduced proportionately. 

Problem 2-4. Design a beam to carry a bending moment of 400,000 
in.-lb. if u = 10 and the allowable fa and fe =* 18,000 and 1,100 lb. per 
sq. in., respectively. 

From Eq. (2-16) the theoretical value of k should be 


k = 


n 




10 


10 + 


18,000 

1,100 


0.38. 


0.38 

1 - — « 0.873. 


Using Eq. (2-8), 


= 


2 X Ma 

fckj 


2 X 400,000 
1,100 X 0.38 X 0.873 


2,190. 


The problem now resolves itself into a case of “ cut and try.” There are a 
multitude of possible values for the width and the depth of the beam. 
However, one way is to assume d and test for h, changing the assump- 
tions until proper and reasonable dimensions are found. Assuming d - 18 
in. gives 


. 2,190 ^ . 

h = - — == 6.75 in. 

182 

Experience will soon show that this value of h is so small that it will be 
difficult or impossible to place the reinforcing rods properly. However, 
assuming d — 15 in. gives 

2 190 

h = 9.75 in., or, say, 10 in. 

15 ^ 

Taking this value of d = 15 in. and substituting it in Eq. (2-10) yields 
Ma 400,000 


A. = 


Ajd 18,000 X 0.873 X 15 


= 1.7 sq. in. 
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If three J-in. round rods are used, A* = 3 X 0.6 — 1.8 sq. in. Placing these 
rods in the assumed beam gives a section as pictured in Fig. 2-7. The 2i in. 
of concrete below the steel provides slightly more than the minimum required 
cover of 2 in. 

Ordinarily it would be unnecessary to test this beam further because the 
width of the member and the area of the steel used are slightly greater than 
the minimum required by the calculations. However, the actual values of 
fs and fc will he found by analyzing the beam as follows: 


p = ^' = 1.8 -f (10 X 16) = 0.012 

od 

k - '\/2pn -f ^ pn = '\/2 X 0.012 X 10 + (0.012 X 10)^ — 

0.012 X 10 == 0.383 


= 0.872 

3 3 


Ms 


400,000 


Asjd 1.8 X 0.872 X 15 


= 17,000 lb. per sq. in. 


2ikfc _ 2 X 400, 000 

“ kjh(B 0.383 X 0.872 X 10 X IS^ 


1,066 lb. per sq. in. 


Solving Eq. (2-20) for the theoretically best percentage of steel gives 


18,000 / 18,000 ^ 

1,100 \10 X 1,100 

instead of the value 0.012 actually used. Since the latter exceeds the per- 
centage for a balanced design (0.0116 in this case), the beam is slightly over- 
reinforced, a fact which is also shown by the relative magnitudes of /, and 
fc given above. 

In assuming depths of beams for designing ordinary structures, 
the following may be of some service as a general guide or starting 
point, d being in inches and the span L in ft. : 

1. For slabs for roofs and floors, assume d = 0.51/ in. (if X ~ 8 ft., d = 
4 in.). 

2. For light beams and heavy slabs, assume d = 0.81/ in. 

3. For heavy beams, and headers or girders supporting cross-beams, 
assume d — l.OL to 1.25L in., depending upon the severity of load.s and 
lengths of spans. 

4. For ordinary continuous beams and girders, assume d somewhat less 
than given above. 

Many times it is desirable to use approximate formulas when 
making a first try at the design of a beam in order to minimize 
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time and labor. This tentative design can be checked later by 
more theoietically correct methods. A casual inspection of 
Tables 5 and 6 in the Appendix shows that the value of k generally 
lies somewhere between 0.3 and 0.45, hence j is somewhere from 
0.9 to 0.85. Therefore, assumed = 0.38 and j = 0.88, as average 
values. Then Eq. (2-5) gives 

M = i/c X 0.38 X 0.88hd^ = or /c = (2-5a) 

and Eq. (2-6) becomes 

M = 0.88A.fd or .4. = (2-6a) 


These formulas will be labeled as shown to denote that the}' are 
approximations of the original ones. They are easily remem- 
bered and are useful if one wishes to get a scale on sizes required, 
especially when he has no books to which he can refer. 

The values of K shown in Tables 5 and 6 in the Appendix are 
also very useful in expediting the design of rectangular beams. 
To illustrate this, assume the following problem: 

Design a beam along the edge of a large hatch in a floor. It is simply 
supported and has a span of 22 ft. It carries a uniformly distributed live 
load of 1,500 lb. per lin. ft., as well as its own weight. An intersecting beam 
at its center delivers to it a reaction of 20,000 lb. x4ssume u = 8 and the 
allowable fc and /« = 1,200 and 20,000 lb. per sq. in., respectively. 

This is a girder with a very heavy load. From the ratios of depths to 
spans previously given, assume d = 1.2 X 22 = 26.4 in., or call d — 27 in., 
D = 30 in. and 5 = 18 in. The dead load of the beam is 

150 = 560 lb. per lin. ft. 

002 22 

M = (1,500 -I- 560)— + 20,000 X — = 235,000 ft.-lb. 

8 ** 


( X 39 

\ 144 


From Table 6, K = 173, then 

^ or, using the assumed d, h 
K 


235,000 X J2 
272 X 173 


22.4 in. 


This is greater than the assumed b of 18 in. It seems wise to deepen the 
beam; hence assume d — 30 in., D = 34 in., and h — 20 in. The new dead 
load is 710 lb. per lin. ft., and M = 244,000 ft.-lb. Testing for 6 again, 

M 244,000 X 12 

: ; 18.8 in. 

d^K 30^“ X 173 
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This shows that h might be 19 in., but the 20-in. dimension is conservative, 
satisfactory, and simple for use in formwork. 

Technically, k and j should be computed for these conditions, but the 
magnitude of j would change but slightly, being a little more than the 0.892 
given in Table 6. Therefore it is conservative and close enough for practical 
purposes. Using j — 0.892, 


As 


M 


244,000 X 12 


fsjd 20,000 X 0.892 X 30 


5.47 sq. in. 


Table 3 in the Appendix shows that nine f-in. round, seven 1-in. round, 
sbc 1-in. square, five IJ-in. square, or four IJ-in. square rods may be used. 
Next, considering Table 8 in the Appendix, and assuming |-in. aggregate, 
seven 1-in. round rods with five in the bottom row and two in a second row 
3 in. above it gives a satisfactory spacing and arrangement of rods. 

Checking this beam, if considered necessary, and assuming that the rods 
are concentrated at their center of gravity (f in. above the bottom row), the 
following are found: 

Minimum depth = 30 -f I + i + say 2i for cover = 33 f in. The 
assumed 34-in. figure is satisfactory. 


5.53 

■ 20 X 30 


= 0.0092 


= -\/2 X 0.0092 X 8 + (0.0092 X 8)“ - 0.0092 X 8 - 0.309. 
(Check this with Fig. 10 of the Appendix.) 


i == 1 - 0.103 - 0.897 
244,000 X 12 


As - 
Ic = 


20,000 X 0.897 X 30 
2 X 244,000 X 12 


0.309 X 0.897 X 20 X 30^ 


5.43 sq. in. 

1,170 lb. per sq. in. 


2-6. The Transformed-sectioii Method. The method of 
analysis and design that has just been explained has treated the 
concrete and steel as two separate materials which act together 
in the beam. It has also been stated that if concrete and steel 
are deformed equally, the unit stress in the steel is n times as 
great as that in the concrete. This fact can be utilized to good 
advantage because 1 sq. in. of steel may be considered equivalent 
to n sq. in. of concrete, as far as its resistance to deformation is 
concerned. Therefore, if all of the rods in a beam are assumed 
to be replaced in the cross section by the equivalent square inches 
of concrete in the same location with regard to the neutral axis, 
an imaginary beam is obtained in which the steel is said to be 
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''transformed'’ into concrete. Thus, for any beam of given 
shape, dimensions, and make-up, there is a definite substitute 
beam of homogeneous material which can be used in its stead for 
the purpose of calculation. Such a substitute beam will have a 
definite location for its neutral axis, which is at the center of 
gravity of the section; it will also have a definite moment of 
inertia. Therefore, these values can be substituted in the equa- 
tion M = sl/cin order to find the resisting moment of the beam. 

Figure 2-8 (a) shows the cross section of a reinforced-concrete 
beam. The substitute, or transformed, beam is pictured in 
Fig. 2-8(6). The neutral axis of this "transformed-concrete" 
beam is represented by the line 0-0. 

The location of this axis is found by utilizing the fact that, for a 
beam of homogeneous material but of any shape, the static 
moment of the area of the cross section about the neutral axis 
is zero. Then the area above the neutral axis times the lever 
arm to its own center of gravity must equal the area below the 
neutral axis times the lever arm to its particular center of gravity. 

Furthermore, to find the moment of inertia of the transformed- 
concrete beam about this neutral axis — called Ic — it is merely 
necessary to make the usual calculation for 2Ax^ about the line 
0-0. Then the section modulus of this transformed beam will 

naturally have two values, viz., ~ for the top and 

for the bottom. With these values, the compressive stress in 
the concrete is simply 

^ ( 2 - 23 ) 

whereas the tensile stress in the steel is 

^ 

Although the method of finding /c and/s that is indicated above 
is satisfactory, it is sometimes hard to visualize what is going on 
and to avoid errors resulting from improper use of n or of the 
distances to the extreme fibers. On this account it is an advan- 
tage to have the section modulus for use in determining the com- 
pressive stress in the concrete differentiated from that utilized 
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in finding the tensile stress in the steel. Therefore, call the 
former Sc and the latter Then 


and 



(2-25) 



(2-26) 


Equation (2-26) is found from Eq. (2-24) as follows: 


nM __ M _ ^ 

"zT"" "" 

d — kd n{d — kd) 


Therefore, by finding Sc and Ss immediately after calculating 
Jc, the designer can realise thereafter that the one with the sub- 
script c goes with the concrete and the one having the subscript 5 
is for the steel-stress calculations. However, Eqs. (2-23) and 
(2-24) will also be used in later problems. Curves for use in 
practical design are given in Figs. 4 and 5 of the Appendix. 
When working to any given specification as to /^, and therefore 
12 , tables or curves giving section moduli can be prepared for a 
variety of beams so that these properties can be used in designing 
without repeated computations. 

In general, the transformed-section method is so simple and 
understandable that it will be used extensively in subsequent 
calculations. The general procedure is to assume a section for 
the beam and then to analyze it. The transformed-section 
method will be explained further by direct application to a 
problem. 

Problem 2-6. Let Fig. 2-8(a) represent the cross section of a beam with 
dimensions and make-up as shown. Assume that this beam carries a bend- 
ing moment of 300,000 in.-lb. and that the materials are such that n equals 
15. Find and fs. 

The area of the rods is 3 X 0.44 — 1.32 sq. in. They carry a total tensile 
force of Asfs which, with the compressive forces, is needed to hold the beam 
in equilibrium. Since the steel is n times as effective as the same area of 
concrete, the rods are replaced by an area of concrete that will hen A., = 15 
X 1.32 — 19.8 sq. in. If this area is arbitrarily assumed to have a depth 
equal to the diameter of the rods, its length will be 19.8 -^ 0.75 - 26.4 in., 
as shown in Fig. 2-8(5), which pictures the transformed section of the beam 
of Fig. 2-8 (fl) in terms of concrete. 
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On the other hand, replacing the concrete of the area in compression above 
the neutral axis 0-0 by steel will produce an equivalent area of steel in 
compression equal to hhd n - 10 X kd lb ~ 0.667A:d. Since the real 
neutral axis 0-0 does not shift because of this juggling of figures, the distance 
kd must remain unchanged, and the width of the substituted steel area must 
become 0.667 in. as shown in Fig. 2-8(c). This last figure may be called a 
‘Hransformed section” of the beam of Fig. 2-8 (a) in terms of steel. This 
procedure is not necessary but is given here merely to show the student 
that it is possible to substitute an equivalent steel beam instead of the 
concrete one. Hereafter, the substitute steel beam will be discarded in 
order to adhere to one standard system — the transformed section in terms 
of concrete. 




T'T 

■i i 

n I 


i 

CNJ / 


n-U 0 

"C; /Neutral 




S-f"^rods' 
As“/. 52°" (a) 



(b) 

Fig. 2-8. 


bkd 
n '■ 


2'" 

ii 


- 3 - 


'Ac 


(c) 


The value of kd is found by taking moments of the equivalent areas of 
Fig. 2-8 (b) about the neutral axis 0-0, where the sum of these moments is 
zero. 

Solving for kd gives 


hkdikd) 


nAAd — kd) 


lO(kd)^ 


= 15 X 1.32(14 - kd) 


kd — 5.72 in., and d — /cd = 14 — 5.72 == 8.28 in, 

7, = -1- nAM - kdy- = — -I- (15 X 1.32)(14 - kdy = 

3 d 

L9S4 in.-* 


Notice that I of the transformed section of the rods about their own axes is 
neglected. 

From Eq. (2-25), 


,8, = 1,984 -r- 5.72 = 347 in.^ 
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From the ordinary flexure formula, M — bI/o, with s « /c, the value oifc is 
found. Thus, 


fo - 


M 

Sc 


300,000 

347 


865 lb. per sq. in. 


The section modulus to use in finding the stress in the rods, using Eq. 
(2-26), is 


Ic __ 

n{d kd) 

M _ 300,000 
Ss ” 15.9 


1,984 
15 X 8.28 


15.9 in.® 


18,900 lb, per sq. in. 


2-7. Effect of n and Tension in Concrete. In order to show 
the effect of a change in the value of n upon the location of the 
neutral axis and upon the magnitude of the calculated unit 
stresses, the previous problem should be computed again, 
using n = 10. If this is done, it is found that kd = 4.9 in., 
d - hd 9.1 in.. To = 1,484 inJ, Sc = 303 in.^ Sc = 16.3 
in.^ fc = 990 lb. per sq. in., and/, = 18,400 lb. per sq. in. Thus, 
the neutral axis rises, the stress in the concrete increases, and the 
stress in the steel declines. This is exactly what Eq. (2-21) 
indicates, but it shows more clearly that the strength of the con- 
crete — of which n is a measure — affects the location of the neutral 
axis and the relative distribution of the stresses. 

It is important to notice that, if a structure is designed upon 
the basis of a concrete with a certain strength^ — and hence with a 
certain value of n — and if a stronger concrete is used later on in 
the real building of the structure, the computed stresses in the 
concrete will exceed the calculated values of /c. However, this 
excess will not be greater than the proportionate increase in the 
ultimate strength of the concrete. On the other hand, this 
increase in concrete stress and this decrease in k relieve the steel 
of a small part of its calculated stress. Therefore, no structural 
harm will result from the substitution. 

There is considerable uncertainty as to the value of n, and as 
to the use of different magnitudes for it, especially at the ordinary 
working conditions and unit stresses. However, with the present 
state of knowledge of the actions of the materials concerned, and 
combined as they are, it seems desirable to continue its use when 
one considers that the service and safety records of almost count- 
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less structures indicate that the results have been satisfactory. 
However, further research along these lines is desirable. 

There is still another important matter which should be con- 
sidered. It concerns the case of the reinforced-concrete beam 
which supposedly does not crack. For instance, take the beam 
of Fig. 2-8, and analyze it on the basis that the concrete can 
withstand tension. Assume n = 15. 

The principles of the transformed-section method can again be used in 
solving this last problem. The concrete above the neutral axis will be in 
compression as usual, but all of the concrete below that axis — and the rods, 
too — ^will be in tension. Of course, the neutral axis will be in a new position 
which is found as follows: 


hQzdy 

2 

10(M)2 

2 

kd 


h(t - kdy 


+ (n - l)AAd - M). 


10(16 - hdy 


+ 14 X 1.32(14 


^ 8.6 in., and d -j- 2 — 


kd) 

« 16 " kd = 7.4 in. 


Continuing the solution, using the same principles as those of the previous 
problems, 


« Jc = — I h h (^ - IjAXd “ 


7^ = ^ ^ + 14 X 1.32 X 5.4» = 4,010 in.* 

3 3 

S.fortop=^^ = ^g°=460in.^ 


, Ic 4,010 

S. for bottom = ^—2 3 ^ = ^ = 542 rn.3 

M 300,000 

fe at top = — = — = 643 lb. per sq. in. 
Oc 4oo 

M 300,000 

fc at bottom = = 553 lb. per sq. m. 

S. 542 


Of course, the steel has the same deformation as the concrete which is at the 
same distance from the neutral axis, but its unit stress is n times that of the 
concrete. The stress in the latter at the location of the rods is 


f^:fe at bottom: : (d — kd) : {t — kd) 

/x: 553:: 5.4: 7.4, or/* = 4041b. per sq. in. 
= n/* = 15 X 404 = 6,050 lb. per sq. in. 
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An analysis of the results of this last problem shows that if 
the concrete does not crack, the compressive stress in it will be 
643 lb. per sq. in. instead of 865 lb. per sq. in., but the tensile 
stress in the concrete will be 553 lb. per sq. in. This tension is 
very high because, using a concrete with an ultimate compressive 
strength of 2,000 lb. per sq. in., the limit of its tensile strength 
will probably be about 0.10 X/c == 0.10 X 2,000 = 200 lb. per 
sq. in. Therefore, the concrete must surely crack under a stress 
that is nearly three times this value. The action cannot be that 
of a homogeneous solid beam, but, before the member will fail, 
it will behave in the general manner that has been assumed for 
such beams; that is, it will crack; the concrete will resist the 
compression; and the steel will withstand all, or nearly all, of 
the tension. 

No doubt there are cases in which reinforced-concrete beams 
have not cracked — ^not even having the ^^hair cracks'^ which are 
the usual kind. This is generally due to a partial arch action 
of the member, the continuity of the structure beyond the extent 
that was assumed in the design, the absence of the anticipated 
loads, or the use of a concrete with greater tensile and compressive 
strengths than those which were expected. However, the tensile 
strength of the concrete is too unreliable to permit the designer 
to depend upon it, even when the calculations may appear to 
warrant it. Furthermore, a construction joint or an uninten- 
tional delay in placing adjacent concrete until after the initial 
set has occurred may result in a member that cannot withstand 
tension effectively. Therefore, because life and property are 
frequently at stake, reliance upon the tensile strength of the 
concrete should be avoided. 

2-8. Beams with Compressive Reinforcement. In the case of 
continuous rectangular beams and T-beams, it is general practice 
to have some of the steel run through the bottom of the beam at 
the support where the lower portion of the beam is in compression. 
Sometimes it is necessary or advisable to place rods in a beam so 
as to reinforce its compressive strength, as well as to have other 
rods which carry tension. For cases like these, it is necessary to 
realize that both the steel and the concrete will work together 
in withstanding the compression. The fundamental principles 
set forth in Arts. 2-3, 2-4, and 2-5 apply here, but the presence of 
the compressive steel modifies the formulas. In fact, they 
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become rather cumbersome. Therefore, the transformed-section 
method will be used in solving such problems because it is a 'v^ddely 
adaptable method of analysis. 

Let Figs. 2-9 (a) and (h) represent a piece of a beam that has 
compressive reinforcement and is subjected to bending. 

Let Ag = the area of the compressive reinforcement in square 
inches and fi = its unit stress. It is apparent that the internal 
resisting couple is made up of the tension T and the resultant of 



Ca) (b) (c) 

Fig. 2-9. 


4-f^roc/s,As- 




Fig. 2-10. 

the two compressive forces C and C', with the proper lever arm. 
Figure 2-9(c) shows the imaginary transformed cross section of 
this beam with the steel replaced by its equivalent amount of 
concrete. The area of the concrete that is displaced by the rods 
should be deducted from the cross section of the concrete. This 
is equivalent to saying that the aiea that is substituted for the 
compressive steel outside of the solid rectangle hkd should be 

- i)a:. 

The values of H,. Lj Sc, and & can be found as before and as 
illustrated in the following problems. Figures 6 to 9 in the 
Appendix are also useful for design and checking purposes. 

Problem 2-6. Find the 'safe resisting moment of the beam shown in 
Fig. 2-10, assuming that v equals 10 and that the allowable f, and fc equal 
18,000 and 1,000 lb. per fo[. in., respectively. 
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As = 4 X 0.44 = 1.76 sq. in. 

A' = 2 X 0.44 = 0.88 sq. in. 
nAs - 17.6 and (n — l)As = 7.92. 

Taking moments about tbe neutral axis, 


12(H)2 

2 


+ 7,92ikd - 2) = 17.6(14 - kd). 


kd “ 4.8 in., and (d — kd) = 9.2 in. 


Taking the moments of inertia about the neutral axis, 


4 82 

Jc « 12 X + 7.92(4.8 - 2)2 + 17.6(14 - 4.8)2 = 1,994 
o 



1,994 


Sc = ■■ 


=« 415 in.s 

kd 

4.8 


Of 


1,994 

' n{d 

-kd) ' 

“ 10 X 9,2 


Since the moment equals the allowable unit gtress times the section modulus, 


Me = 1,000 X 415 = 415,000 in.-lb. 

Ms - 18,000 X 21.7 = 391,000 in.-lb. 

Therefore, Ms controls the design. The compressive stress in the top rods is 


2 8 

= 18,000 X ^ = 5,480 lb. per sq. in. 

y.ji 


This last equation for fl is based upon the fundamental assumption that 
the stresses vary directly as their distances from the neutral axis. The 
distance of the compressive reinforcement above 0-0 is 2.8 in. 


The magnitude of j for this beam is not quite equal to 1 — - because the 


stress in the top rods shifts the centroid of compression slightly away from 
the center of gravity of the triangular wedge that would apply for the con- 

k 

Crete alone. However, it is safe to assume ^ = 1 - - in most cases. 

s 


The preceding problem shows the analysis of an existing or assumed beam. 
In practical design work it is important to be able to determine tentative 
sections by approximate methods which yield results that will serve as fairly 
good trial sections. Obviously, it is tedious to make a wild guess and then 
to have the analysis of the beam show that the guess was not even approxi- 
mate. Therefore, the following procedures are recommended, being based 
upon the fundamental action of a beam with compressive reinforcement : 

A. For design: 

1. Assume k = 0.38 and j = 0.87 or 0.88. 

2, Solve for A « as in the case of beams with tensile steel only. Then 
find fa for the same case. 



Abt. 2-8] BEAMS WITH COMPRESSIVE REINFORCEMENT 71 

3. The value of /c just found minus the allowable value gives the 
approximate amount of overload of stress in the concrete. One-half of this 
overload times the area under compression bkd gives the total excess force 
that the steel may be assumed to withstand. 

4. The unit stress in the compressive steel can be approximated 
by dividing the allowable /. by (d - kd) and multiplying by {kd - d'). 
The total excess force divided by this value off, gives the trial value of A',. 
(Then add perhaps 25 per cent to it.) 

B. For analysis: 

1. Assume k = 0.38 and j = 0.88. 

2. Solve for /« = If O.SBAsd. 

3. The total compressive force C = the tensile force T - fAs. 

4. The compressive force in the steel Cs « A'j,{kd ~ d') (d - kd). 

5. C — Cs *= total compressive force in the concrete =* approximately 

c. Solve for fc. 

These trial procedures are based upon an assumed value of kd. 

Another useful approximate formula for trial design and analysis of such 
beams may be derived by assuming k = 0.36, j = 0.88, and n « 10. Also 
assume that the compressive reinforcement is ffcd from the neutral axis. 
Then the total compressive force 


C 


M 

0.88d 

M 

0.88d 


hkdfc 


(n - DA'^U 


= /c(0.186d + 6A'). 


(2-27) 


The first trial method will now be applied to a particular problem. 
Problem 2-7. Assume that a simply supported beam must be limited to 
a width of 12 in. and a total depth of 18| in. It must resist a bending 
moment of 600,000 in .-lb. Assume also that n equals 12, the cover over the 
rods equals 2-| in., and the allowable and A equal 18,000 and 900 lb. per 
sq. in., respectively. Design the beam. 

Using the trial method for design given under A, 

kd = 0.38(18.5 - 2.5) 6.1 in. and (d - kd) == (16 - 6.1) = 9.9 m. 

M 

600,000 (18,000 X 0.88 X 16) - 2.4 sq. m. 

fsjd 

^ 2^ = 2 X 600,000 -r- (0.38 X 0.88 X 12 X 16‘) = 
hjb<P 

1,170 lb. per sq. in. 

Then the excess force = J (1,170 — 900) X 12 X 6.1 = 9,900 lb. 

Approx./^ = 18,000 (6.1 - 2.5) h- 9.9 = 6,500 lb. per sq. in. 

, 9,900 

Approx. A, ^ = 1.52 sq. in. 

OjOOU 
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Try two l-in. round rods in the top and three of the same size in the 
bottom. Using these, the student can analyze this trial section, finding 

fcd = 6 in., and d — kd = 10 in. 

Ic = 3,920 in.4 
Sc — 653 in.® 

Sc - 32.7 in.® 

fo == 920 lb. per sq. in. 

fs == 18,400 lb. per sq. in. 

/' = 6,450 lb. per sq. in. 

These show that the assumed rods are sufficient for the purpose. 

As far as the relief of the concrete in compression is concerned, it is some- 
times possible that the use of the same weight of steel added to the tensile 
reinforcement may shift the neutral axis and increase kd so that the concrete 
alone may be able to resist the compressions safely without the use of com- 
pressive reinforcement. However, such reinforcement is often used for 
practical reasons rather than for the purpose of adding compressive strength 
to beams. It is probably most useful over the supports of continuous 
beams. Figure 3-7 (c) pictures the rods in such a beam. Note the presence 
of one pair of rods running full length through the top whereas another pair 
does likewise in the bottom. Incidentally, if the lap of the bottom rods 
above the column were made long enough, four rods could be counted in the 
section as compressive reinforcement. 

2-9. T"beams. The use of simple concrete slabs of moderate 
depth and weight is generally limited to spans of 10 to 15 ft. 
Where it is desired to use concrete for long spans without exces- 
sive weight and material, a common type of construction is that 
shown in Fig. 2-1 1(a). It consists of a relatively thin slab with 
deep, haunched portions or stems at intervals. Figure 2-11(6) 
gives an exaggerated picture of the action of the slab under 
vertical loads, whereas Fig. 2-1 1(c) shows the action of the stem 
if it is simply supported. Instead of considering the stem to be a 
rectangular beam which carries the load by itself, it is better to 
realize that all parts of the structure must act simultaneously. 
In general, the stem and the slab near it can be assumed to act 
as a unit, forming a “T-beam’’ as shown in Fig. 2-12. 

In this type of construction, there are two general cases to 
consider. In the first, the neutral axis is located in the slab or 
flange section as shown in Fig. 2-12(a). The problem is then the 
same as for a rectangular beam of the size shown by the dotted 
lines, since direct tensile stress in the concrete below the neutral 
axis is neglected anyway. The second case is one in which the 
neutral axis lies in the stem as pictured in Fig. 2-12(6). The 
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diagram representing the compressive unit stresses in the flange 
is a trapezoidal wedge instead of a triangular one. This is shown 
in Fig. 2-12(c). The small portion of the top of the stem ABB' A' 
which is subjected to compression is generally neglected. 



Fig. 2-11. 



When a T-beam carries a negative bending moment (as at a 
support), it is treated as a rectangular beam the width of which 
is h' because the flange concrete should not be relied upon to 
withstand tension. 

It is possible to derive formulas for A:, Me, il/s, etc., for 
T-beams, but they are rather complicated. It is therefore con- 
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sidered advisable to use the transformed-section method in this 
text in the same manner as for more simple beams in order to 
illustrate the action more clearly. 

The Code states that the maximum effective width of the flange 
on each side of the stem can be assumed to equal eight times the 
thickness of the flange or one-half the clear distance between 
adjacent stems. The total flange width must not exceed one- 
fourth the span of the beam. 

k 

The magnitude of j for T-beams is not exactly 1 — g when the 

neutral axis lies below the flange. However, it is sufficient for 
one to assume this value for j in most cases. Figure 11 in the 
Appendix is sometimes useful in finding k and j. 

The tensile steel is almost always the critical part of such 
beams when subjected to positive bending moments. It is 
generally sufficient to assume j = from 0.87 to 0.9, then test or 
design the tensile reinforcement only. However, the analysis 
of such beams by means of the transformed-section method will 
be given for purposes of illustration. 


Problem 2-8. The T-beam shown in Fig. 2-13 is to carry a bending 
moment of 1,300,000 in. -lb. If n equals 12, find and fe. 

nAs = 12 X 1.32 = 15.8 for each set of rods. 

48 X Hkd - 2) =- 15.8(30 - -f 27 - M). 
kd = 5.7 in. and d -- kd 24.3 in. 


K 

; 1 

-46”~ 

H 

1 ^ 

4" 


kd ^ 

* 7 — 


— ‘“T j 

Neufra/-J 

axis 

* ir 

■A*; /'j 

! ‘‘I 

^ ‘T) 

i 

zrfr i_± 


\ 

<N 


Fig. 2-13. 


It should be noted that d is 
measured to the bottom row of rods 
rather than to the center of gravity 
of the group of rods. Although this 
differs from the usual custom of the 
past, it is more accurate, and, when 
the transformed-section method is 
used, it is not particularly trouble- 
some. 

The moment of inertia, computed 
about the neutral axis, is 


4 ^ 

Jc = 48 X — -f 48 X 4 X 3.72 + 15 . 8 ( 24.32 -f 21 . 32 ) == 19,390 in. 


In computing the moment of inertia of the flange, it must be remembered 
that the moment of inertia of a section about any axis equals the moment 
of inertia about its own center of gravity plus the area times the square of 
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the distance between the two axes. However, I for a set of rods about its 
own center of gravity is so small that it can be neglected. 


„ Ic 19,390 


8 , = 


= 19,390 ^ (12 X 24.3) = 66 in.’ 


, M 1,300,000 

^ M 1,300,000 

^ = 19,700 lb. per sq. in. 

Wg uu 


Problem 2-9. Design a simply supported T-beam to span 25 ft. and to 
carry a uniformly distributed live load of 300 lb. per sq. ft. plus the dead 
load. Assume that the framing is such that the slab is 4| in. thick and the 
stems are 8 ft. c.c. Take n ~ 10, the allowable /« and fc - 20,000 and 
1,200 lb. per sq. in., respectively, and the maximum width of flange = 
b' -h 12t. 

This problem is another one that requires the making of assumptions 
and then the testing of them. The procedure is as follows: 

1. Assume h', and, from the specifications already set up, find 6. 

2. Assume d; then call j equal to 0.87,^ and solve for As as though the 
beam were a rectangular one with a width of h. 

3. If As permits the use of rods that can be arranged properly, then 
assume the size and position of the rods, and analyze the trial beam, neglect- 
ing shear for the present. 

Following the foregoing outline, assume b' equals 16 in. Then b equals 
6' 12t - 16 4- 12 X 4.5 = 70 in. 

Assume d == 20 in., j = 0.87, and the average dead load = 100 lb. per 
sq. ft. Then 


M - 


wL^ ^ 12 

X 12 = 8(300 4- 100) X 252 X ~ 


3,000,000 in.-lb. 


As ^ 3,000,000 -f- (20,000 X 0.87 X 20) = 8.6 sq. in. 


This would require nine rods 1 in. square, but good judgment shows that 
this is not a practical arrangement- Therefore, assume d equals 24 in. 
Find a new steel area, which is As = 7.2 sq, in. Use 8 rods 1 in. square, in 
two rows of four each, spaced 3 in. c.c. between rows. 

Before going farther, check up the assumed dead load. It is found to be 
105 lb. per sq. ft. Therefore, M =* 3,040,000 in.-lb. 

The student can now analyze this trial beam. The value of fc will be 
found to be 718 lb. per sq. in. ; that of /«, to be 20,000 lb. per sq. in. This 
beam is so heavily reinforced that fc is unusually high for a T-beam. In 
^ One can assume a higher value for j, but that shown gives safe results. 
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general, one soon learns that the critical part of such a beam is the steel. 
It is unnecessary to compute /c, except near the supports when the beam is 
continuous. 

2-10. Irregular Beams. By using the transformed-section 
method and the principles illustrated in Arts. 2-8 and 2-9, it is 
generally possible to analyze and design reinforced-concrete 
beams of irregular, unusual, and unsymmetrical shapes. Prac- 
tice in the solution of such problems is the best way in which to 
fix the methods in one^s mind. In the problem that follows, an 
unsymmetrical section is analyzed for the purpose of illustration. 

Problem 2-10. Find Me and Ms for the hexagonal section shown in Fig. 
2-14 if 71 = 10 and the allowable /s and/c = 18,000 and 1,000 lb. per sq. in., 
respectively. 



The neutral axis lies somewhere in the upper half of the beam. The 
rectangle EFCB has a width of 12 in. and a height equal to M. The tri- 
angles ABE and FCD have altitudes equal to kd, but the bases AB and 
CD ~ kd X tan 30°, or 0.577M. Therefore, the equation for kd can be 
expressed as follows: 


2kd{0.577kd)kd ^ ^ , 

+ 2x3 “ 3) - 7 iA.,(10.4 - kd) + 

nA.(17.8 - kd) 

where nAs == 10 X 0.6 X 2 = 12, and (n - 1)A[ = 9 X 0.6 X 2 = 10.8. 
Solving this equation gives 

kd = 5.2 in., and d ^ kd = 12.6 in. 

, . EF X EB^ ^ 2 X AB X EB' 

3 12 


-h (n - l)A[{kd - 3)2 + 

7iA.( 10.4 - -f- 7 iA.(17.8 - kd)'^ 


Ic - 


12 X 6.23 2(0.577 X 5.2)5.23 

12 


10.8 X 2.22 + 12 X 5.22 


12 X 12 62 
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Ic - 2,920 in.^ 

/c _ 2,^ 

" 5.2 


562 in.® 


" n{d - kd) ~ 10 X 12.6 
Me = feSe = 1,000 X 562 = 562,000 in.-lb, 
M, = fsS, = 18,000 X 23.2 = 418,000 in.-lb. 


Practice Problems 

The following problems are to be solved by the principles of Arts. 2-3 to 
2-6, inclusive. The weight of concrete, including reinforcement, is to be 
assumed equal to 150 lb. per cu. ft. for all problems. 

Problem 2-11. Assume a beam of the cross section shown in Fig. 2-15. 
It is subjected to a total bending moment of 1,300,000 in.-Ib. If w =12, 
find the total forces C and T, also the unit stresses /s and /c. 
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Fig. 2-15. 

Fig. 2-16. 


Fig. 2-17. 


Problem 2-12. Assume that the beam shown in Fig. 2-16 is simply sup- 
ported and has a span of 14 ft. If n = 12 and the allowable values of /. 
and fc = 18,000 and 1,000 lb. per sq. in., respectively, find the uniformly 
distributed live load that this beam wiU safely support in excess of its own 
dead load. 

Problem 2-13. Find the safe bending moment for the beam shown in 
Fig. 2-17 if n = 12 and the allowable and fc = 18,000 and 900 lb. per 
sq. in., respectively. 

Discussion. In this case, assume that the tensile force T is to be con- 
sidered concentrated at the center of gravity of the group of rods. 

Ans. M, = 73,000 ft.-lb. ; Me = 75,000 ft.-lb. 

Problem 2-14. The beam pictured in Fig. 2-18 is a cantilever supporting 
its own weight and a concentrated load of 6,000 lb. at its outer end. If 
n = 15 and the allowable /« and/. = 18,000 and 750 lb. per sq. in., respec- 
tively, find the safe length for which this cantilever can be used. 

Discussion. Since the compression is at the bottom of this beam, the 
problem is similar to the previous ones except that the section is reversed. 

Equate the controlling resisting moment to 


for A, remembering that ly = ^ 10 X jl50 and P 6,000 lb. 
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Problem 2-16. If n = 12, b = 13 in., d = 20 in., and the allowable values 
of /s and/c = 18,000 and 1,000 lb. per sq. in., respectively, find the required 
area of the rods for a balanced design. 

Discussion. Find p from Eq. (2-20). 

Problem 2-16. Design a simply supported slab to carry a uniformly 



i 1 


Fig. 2-18. 


distributed live load of 300 lb. per sq. ft. over a span 
of 8 ft. if n equals 12 and the allowable values of fs 
and fc equal 18,000 and 900 lb. per sq. in., 
respectively. 

Discussion. Find k from Eq. (2-16) and p from 
Eq. (2-20). Use 5 = 12 in. Assume a dead load 
per square foot for the slab itself, and add it to the 
live load before computing M. Using Eq. (2-8), 
solve for d, and add 1| in. to get the total thick- 
ness. Then find As — phd, and choose rods that 


will fit into the 12-in. width of slab at not less than 3 in. c.c. 


The following problems are to be solved by the transformed-section 
method. 

Problem 2-17. The beam shown in Eig. 2-19 is subjected to a bending 
moment of 800,000 in.-lb. Assume n - 10, and solve for fs and fc. 

Discussion. It is advisable to consider one strip of concrete to replace 
the upper set of two rods and another strip to take the place of the lower set 
of four rods. This is more accurate than considering the six rods to be 
grouped at their center of gravity. 



Fig. 2-19. Fig. 2-20. Fig. 2-21. 


Problem 2-18. Find the resisting moments Ms and Me for the beam 
illustrated in Fig. 2-20 if w = 15 and the allowable fs and fc = 18,000 and 
900 lb. per sq. in., respectively. 

Ans. Me - 690,000 in.-lb., Ms = 780,000 in.-lb. 

Problem 2-19. A beam is 12 J in. wide and 24 in. in total depth. It 
runs across a support where it has a negative bending moment of 950,000 
in.-lb. There are three |-m. round rods 2^ in. above the bottom. Find 
the number of |-in. round rods needed in the top of the beam if n = 12 
and the allowable fs and fc = 18,000 and 900 lb. per sq. in., respectively. 
Find also the values of fc, fs, and 

Problem 2-20. If the beam shown in Fig. 2-21 carries a bending moment 
of 400,000 in.-lb., find/* and/c, assuming n = 12. 
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Discussion. The 8-iii. slot at the center removes all or most of the con- 
crete in the region of compression. Therefore, assume the beam to be 
20 in. wide. 

Problem 2-21. Assume that the T-beam shown in Fig. 2-22 is carried 
continuously across its support and that the negative bending moment is 
2,000,000 in.-lb. The bottom layer of rods is in compression. Find the 



Fig. 2-22. 


rods needed to withstand the tension in the top if they are 2-| in. from the 
top of the slab. The second row (if any) is 3 in. below the upper one, and 
all rods are 1 in. round. Assume n = 10 and the allowable J, and = 
20,000 and 1,200 lb. per sq. in., respectively. 

Discussion, The beam is to be 
analyzed like a rectangular one 16 
in. wide. Make a trial calculation 
for ils, using j = 0.87 and d = 27 in. 


- 42 " M 

Fig. 2-23. Fig. 2-24. 

Thus, As is found to be 4.26 sq. in. This requires over five rods, but it will 
be best to use two rows wdth four in the top layer and tw'o in the bottom. 
This is done for symmetry. The trial beam can now be analyzed. 

Am. fc — 940 lb. per sq. in. 

fa = 19,200 lb. per sq. in. 

Problem 2-22. If the beam shown in Fig. 2-23 carries a bending moment 
of 1,500,000 in.-lb., find/s and A-, assuming n = 12. 

Problem 2-23. Find the safe resisting moment of the box section shown 
in Fig. 2-24 if ti — 12 and the allowable /s and/c = 20,000 and 900 lb. per 
sq. in., respectively. As usual, neglect the compression on the stem portions 
below the flange (top slab). 

Problem 2-24. Find the safe resisting moment of the beam pictured in 
Fig. 2-25 if n = 15 and the allowable fa and/* - 18,000 and 800 lb. per sq. 
in., respectively. 
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Discussion. Solve for kd as usual, remembering that the trapezoidal 
area in compression may be considered as a rectangle minus two triangles. 




5-l"*rods 


Fig. 2-25. 


'F 


The altitude of each triangle is kd ; its base 
is kd/Z. 

Problem 2-26. Figure 2-26 shows a 
cantilevered rectangular beam which it is 
proposed to use to support the outside 
stringer or facia of a viaduct. The allow- 
able /« and/c = 20,000 and 1,000 lb. per sq. 
in., respectively; n = 10. Using the loads 
and dimensions given, check the stresses in 
the steel and concrete by using the transformed-section method with 
d — the distance to the center of gravity of the six tensile rods. Neglect 
the two J-in. round ties. Compute the bending moment at the center of the 

column, including the weight of the 
concrete. Is the member safe? If 
not, what should be done about it? 
Ans. fa = 18,900 lb. per sq, in. — safe. 
fc - 1,320 lb. per sq. in. — 
overloaded. 

Make the section wider or deeper 
rather than add compressive rein- 
forcement; or perhaps decrease the 
length of the cantilever if possible. 
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Problem 2-26. Figure 2-27 shows the center of a T-beam used in the 
Primary Crushing Plant of the Cananea Consolidated Copper Co., Cananea, 
Sonora, Mexico. The span = 20 ft. Assuming the beam to be partially 
restrained so that the bending moment at the center is find the 

safe uniformly distributed live load which the beam can support. Assume 
the allowable/,- and/, = 22,000 and 900 lb. per sq. in., respectively; n = 10; 
/ = 0.88. 

Discussion. Since this is a T-beam, fe will be low and the resisting 
moment will be determined by the steel 

Ans. M = 134,000 ft.-lb. 

LL — 430 lb. per sq. ft. 



CHAPTER 3 
BOND 


3-1. Nature and Magnitude of Bond Stress. When a rein- 
forcing rod is embedded in concrete, the latter adheres to its 
surface, resisting any force that tends to pull or push out the rod. 
This is called the ^^bond^^ between the concrete and the steel. 
The intensity of this adhesive force is called the ^'bond stress, 
or “bond unit stress.” In reality, this bond stress is a resistance 
to shearing between the surfaces of the steel and the concrete. 
The action is that of resistance to forces that tr^^ to break the 
concrete away from the surface of the steel in a direction parallel 
to that surface. 

The function of bond in a reinforced-concrete 
member is somewhat analogous to that of rivets 
in structural steelwork. It is the force that 
holds the two materials together so as to develop 
their simultaneous and mutually helpful action. 

If the rods have no change of stress — and there- 
fore no change of length — as a result of the 
application of a load on the member, then there 
will be no bond stress set up by it, but as soon 
as flexural action causes the steel to stretch or to compress, the 
bond stresses must come into action in order to cause these 
changes. 

When the rod in Fig. 3-1 is stretched, the elongation in the 
length Ls is greatest at the point where the steel enters the bottom 
of the concrete block. It then decreases to zero at or somewhere 
below the top end of the rod. A little reflection will show that 
the intensities of the bond stresses along the rod must vary some- 
what in proportion to the stretching of the rod inside the concrete 
block unless the bond is broken. Probably the bond stresses are 
very high near the point at which the rod enters the concrete. 
It is also likely that they are very high (probably to the point of 
local failure) at the cracks pictured in Fig. 3-6. The distribution 
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of the stresses is very uncertain, yet, for analysis and design, it is 
generally considered to be uniform, but one must realize that the 
bond will develop the rod as quickly as possible so that a part 
of the rod which is a long way (over about 30(i) from the point of 
entry of the rod in Fig. 3-1 may have no stress at all; in other 
words, anchorage far from the point where the rod is needed may 
be ineffective. 

An expression for the magnitude of the bond stress can be 
found readily. Referring to Fig. 3-1, let o be the perimeter of 
the cross section of this rod; let d = its diameter, if round, or the 
length of its side, if square; let Ls = the length of embedment; 
and let u — the average bond unit stress. It is clear that the 
total strength of the bond per inch of rod equals ou. It is also 
apparent that the embedded length of the rod should be great 
enough to develop the required tensile (or compressive) strength 
of the bar in order to avoid having it pull out of the concrete. 
Then, for a square rod that is subjected to a tensile force P, 

p = = MuL, or L, = (3-1) 

Also, for a round rod, 

P = = ^duL, or L. = (3-2) 

4 4u ^ ^ 

This shows that, for round or square bars, the length of embed- 
ment that is needed to develop the strength of the bar in tension 
(or in compression) does not depend upon its shape but increases 
with the strength of the steel and decreases with an increase in 
the magnitude of the permissible bond stress. 

Theoretically, many small rods are better than a few very large 
ones as far as bond is concerned. This is evident if one studies 
Eqs. (3-1) and (3-2), bearing in mind that the cross-sectional area 
increases as the square of d, whereas the surface of the bar per 
inch of length varies as the first power of d. However, there 
must be adequate space between adjacent rods — also between 
the rods and the forms — so that the concrete will completely fill 
the forms and encase the steel. See Table 8, Appendix, for 
recommended spacing of rods. 

If it is practicable, the rods should be anchored in regions 
where the concrete is under compression because the pressure 
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itself may help to hold the bars to some extent. When they must 
be anchored in the portion of the beam that is subjected to tensile 
stresses, the rods should extend across the cracks as in Fig. 3-6; 
they should not be even approximately parallel to the lines in 
which the tensile cracks in the concrete will occur; in other words, 
the rods must not depend upon the tensile strength of the con- 
crete to anchor them. In the case of a beam such as that which 
is shown in Fig. 3-6, the tensile reinforcement runs across these 
cracks, and the bond stresses along the rods develop the tensile 
forces T by transferring the longitudinal shear in the concrete 
to the rods. 



Fcg. 3-2. — Typical deformed rods. 


All rods must be clean and free from dirt, grease, scale, and 
loose rust. Anything that destroys the ability of the concrete 
to grip the steel may prove to be serious because it will prevent 
the stress in the latter from being fully developed, and therefore 
it will keep the steel from performing its function properly. 

The permissible bond stress along the reinforcement can be 
increased by making the surface of a rod rough or irregular. 
Such rods are called ''deformed’’ rods, and they are used gener- 
ally. Some of the common types of such bars are pictured in 
Fig. 3-2. The lugs, or corrugations, produce a mechanical bond 
which helps to lock the concrete and the steel together. Although 
the lugs do not seem to cause much increase in the bond stress at 
which a rod will have its initial slip^ when tested, the wedging 
effect of the projections has a considerable effect in raising the 

1 Gilkey, Chamberlin, and Beal, The Bond between Concrete aiba Steel, 
A.C.I. Jour., September, 1938. 
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ultimate strength of the bond provided the cover of concrete over 
the steel is sufficient to avoid stripping or spalling. 

Tests of the bond stresses that are developed by plain and 
deformed rods have been made at Lehigh University.^ These 
experiments indicate that deformed bars develop 45 to 50 per cent 
more ultimate bond stress than do plain rods in beam tests with 
3,000-lb. concrete. Furthermore, the form of the lugs seems to 
be important in ^'pull-out^' tests, but this variation is not so 
apparent in the tests of beams. Any type of deformation that is 
equivalent to a raised rib that extends directly or diagonally 
around the rod appears to be better than narrow ridges running 
lengthwise of the bar. 

The magnitude of the ultimate bond stress does not vary 
directly with the ultimate compressive strength of the concrete/'. 
However, Table 1-5 allows a bond stress of 0.05/' for deformed 
rods and 0.04/' for plain bars, with a maximum value of 200 or 
160 lb. per sq. in., respectively. 

3-2. Hooks. In many cases, it is not feasible or possible to 
extend straight rods far enough to develop their strength suffi- 
ciently by bond alone. A common way to remedy this trouble 
is to bend or hook the rods so as to obtain additional length for 
their development through bond. When a hooked rod is pulled, 
it tries to slip or slide around the curve. The hook provides a 
certain amount of mechanical locking of the steel into the con- 
crete, but this is too indefinite to be relied upon. 

Certain principles should be followed in making hooks. Figure 
3-3 shows some types of anchorage that are often specified in 
designs. Sketch (a) is a sharp, right-angular bend. When the 
rod is pulled downward, the bent portion produces a compressive 
stress in the concrete. However, this arm usually has insufficient 
strength as a cantilever to spread the load over the entire length 
AB. Therefore, it tends to crush the concrete locally at A, 
It is clear also that a downward pull on the rod cannot produce 
a horizontal motion of the portion AB^ and therefore it cannot 
develop its bond resistance, until the rod begins to pull (jut below 
A and until it crushes a fillet in the concrete. Consequently, 
this type of anchorage should be made with a reasonal)ly large 
radius at A — usually at least 3d for the inside of the curvt'd rod 

^ George Robert Wernisch, Bond Studies of Different Types of Reinforcing 
Bars, A.CJ. Jour., November-December, 1937. 
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for minor details hut larger for heavy, longitudinal rods unless 
the bend is merely for the purpose of catching the end of the bar 
enough to clinch it moderately. 

The anchorage shown in Fig. 3-3(5) is a modification of that 
pictured in (a). It is not an improvement, because the acute 
angle tends to make the compression at point C even worse than 
that at A in Fig. 3-3 (a). Also, the concrete may not fill the 
triangular space at C completely, so that the portion CD may be 
of little use until the bond below C is broken. In fact, the larger 
the rod the worse the condition becomes. 

Figure 3-3 (c) shows another kind of bend in which the rod 
is hooked back upon itself with a small radius at the bend. This 
is not much better than the two previous types. It is preferable 


Rool\ 



Fig. 3-3. 


to go a little farther and to bend the rod as pictured in Fig. 3-3 (d) . 
This gives sufficient concrete area inside the bent portion of the 
rod to withstand the compression which is caused by the tension 
in the steel. It is also desirable to provide a straight portion 
beyond the bend as an additional anchorage. For ordinary 
sizes, the diameter of the inside of the bend should be about six 
times that of the rod. The portion HJ should be about four 
times the diameter of the rod. If the details are arranged in this 
way, the bond strength of the full length of the rod may be con- 
sidered to be effective. In fact, it is important to make all bends 
in reinforcing rods so that they will have a reasonably large 
diameter. Table 10 in the Appendix shows some typical hooks 
for rods. 

When the hooks pass around a longitudinal rod, as pictured in 
Fig. 3-3 (c), the condition is improved somewhat because the pull 
of the former is transferred at least partialh^ into the latter as a 
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small beam. This is a sort of mechanical connection, but such 
hooks on small rods are not strong. Bond must be the chief 
means of developing the hooked rod because the rods cannot act 
in one way while the concrete around them acts in another way — 
unless the bond is broken. 

A hook should not be depended upon to anchor a rod subjected 
to compression, because the bend merely accentuates the tend- 
ency of the bar to buckle. 

Problem 3-1. Analyze the anchorage of a rod if the type is that shown 
in Fig. 3-3 (d) with a radius of Zd inside the curve. Assume that the rod has 
a diameter of J in., a tensile stress of 20,000 lb. per sq. in,, and an allowable 
bond stress of 125 lb. per sq. in. 

From Eq. (3-2), the length of rod required for anchorage is 




dfs 0.5 X 20,000 . 

= — — « 20 m. 

4iU 4 X 125 


The length of if / is 4d = 2 in. 


GHis 


7r(6d -f d) 
2 


= TT X 1.75 = 5.5 in. 


Therefore, the length required below G is 

Tx = 20 - (2 -F 5.5) - 12.5 in. 


Using Eq. (3-2), the maximum tensile stresses' at H and G that can be 
developed by bond are 


A at if - 


4ul/, _ 4 X 125 X 2 
d " 0.5 


2,000 lb. per sq. in. 


4 X 125 X 5-5 

/s at G = 2,000 H — ^ = 7,500 lb. per sq. in. 

0.5 


The greatest pressure on the concrete at the inside of the hook of this 
rod is likely to occur near G. The actual stress condition is uncertain, but 
an arbitrary and theoretical maximum value for this pressure may be found 
by assuming that the action is similar to that of a hoop or pipe which is 
subjected to normal pressure from the inside for which 

T = pr. 

T = the tension in the rod, p = the normal pressure in pounds per linear 
inch of the rod, and r = the radius of the curve in inches — in this case r is 
assumed to be the radius of the inside of the rod. From the foregoing 
calculations, at G, 


T « Asfs = pr. 

0.2 X 7,500 ~ p X 1.5, or p = 1,000 lb. per lin. in. 


(3-3) 
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^ P 1,000 

fc - ^ ■ = 2,000 lb. per sq. in. 

This is a large compressive stress, but it is localized. 

3-3. Bond of Multiple Layers of Rods. Let Fig. 3-4 represent 
a beam with two layers of square rods having side dimensions 
equal to d. Let the cover of concrete on the sides be s, and let 
the clear distance between rods be m. When the beam is loaded 
it bends, and the portion below the neutral axis 0-0 elongates, 
thus stretching the steel. The increment of tension must be 
transferred to the rods by the concrete. 

If the bond strength of the bottom and 
the side surfaces of the lower rods is to be 
developed, it must be done by shear in the 
concrete across the section AB. The bond 
of the top surfaces of these rods is devel- 
oped directly. Therefore, let Vl = the 
allowable unit stress in the concrete 
(longitudinal shear) ; (Ti — Ti), the incre- 
ment of tension in the bottom rods; and (Tg “ T 2 ), the increment 
in the upper rods per inch of length; then 


yeuirofl 
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Fig. 3-4. 


0.75(TJ - Ti) = = (2s + 2m)vL^ (3-4) 

The section CD must develop the entire lower set of rods and 
the three sides of the upper set, or 

(T[ - Ti) + 0.75(T'2 - T 2 ) = 3(4d + 3d)u = (2s + 2m)vL. (3-5) 

It must be noted that u in the foregoing cases may not be the 
full allowable value for the bond stress, but it will be as much 
as is required to develop the increment of tension. However, 
the concrete must be strong enough in shear to act in the manner 
shown. This is a possible weakness in short beams with heavy 
reinforcement. 

For round rods the procedure is similar to that already 
explained, except that the sections AB and CD may be considered 
to pass through the centers of the rods. 

A further explanation of the bond stresses resulting from beam 
action will be given in Art. 3—6 and in the next chapter. 
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3-4. Splices. The ordinary method of splicing reinforcement 
is by the lapping of the rods past each other so that the bond 
stresses will transfer the load out of one rod into the concrete and 
thence into the other rod. These rods might be hooked, but it 
is not always practicable or desirable to bend them. The length 
of lap should be at least that given for Ls in Art. 3-1. However, 
such sphces should not be made at points of maximum bending 
unless they are in the portions of the beam in which compressive 
stresses exist and in which the steel is not the principal stress- 
carrying part of the section. In general, it is best to locate 
splices near points of contraflexure. Many times, they can 
be staggered so that all splices do not come at the same 
point. 

When rods are closely spaced, it is sometimes difficult to make 
splices by lapping them past each other in the same horizontal 
plane without closing up the clear distance between the rods so 
that the concrete cannot pass through the constricted opening. 
If they are lapped on top of each other, one set of rods will be 
higher than the other, thus causing a different effective depth in 
the two portions. When two square rods are in contact, it is 
also probable that the concrete will not be able to penetrate 
between the flat surfaces. These details require careful thought 
and good judgment. 

Sometimes it is desirable (but expensive) to splice large rods 
by welding. Butt splices or lapped splices may be used, the 
latter being made by having welds along both sides of the rods at 
their junction. Such splices may be conservatively designed on 
the assumption that 1 lin. in. of fillet weld has a strength of 800 to 
1,000 lb. for each in. of thickness of the weld itself. Ordinary 
fillet or bead welds are 1 to in. thick. 

Still another method of splicing heavy, plain rods is by thread- 
ing them and connecting the parts by means of couplings — similar 
to piping. However, this arrangement is expensive, and it is 
used only in special cases — if at alL 

3-5. Development of Longitudinal Reinforcement. The longi- 
tudinal reinforcement in a beam should be fully developed if the 
design is to be economical and if the steel is to be effective. Of 
course, the required number of rods is determined by the maxi- 
mum bending moment. All of them need not be extended for the 
full length of the beam. They can be discontinued as fast as 
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til© dGcrsasG in tli© bending moment will permit — somewhat in the 
same manner as the cover plates on steel girders. 

For instance, if a beam has a concentrated load at its center, 
the bending-moment diagram is as shown in Fig. 3-5. Assume 
that four f-in. round rods are required. Then it is customar}^ to 
assume that each rod carries an equal share of the maximum 
bending moment DC. It is therefore possible to stop one rod at 
each of points A7, F, and G without overloading the remaining 
ones. However, it is also customary (and generally ad\dsable) 
to extend the rods as shown by EH, FJ, and GK so as to develop 
them by bond (at least partially) as given in Eqs. (3-1) and (3-2), 
before they reach the point at which they are really needed to 
help in carrying the load. These rods may be either straight or 




bent, as shown in Fig. 4-10 (a) of the next chapter. It is custom- 
ary to stop or to bend them in pairs (for symmetry) unless the 
number is odd or unless the conditions are unusual. 

To illustrate the anchorage of these rods more clearly, let 
Fig. 3-6 represent the anchorage of the longitudinal rod at point F 
of Fig. 3-5. Assuming that it is bent, then the hook FJ causes a 
pressure on the concrete of the lower portion of the beam which 
is in tension and which may be cracked. The longitudinal 
shearing strength of the concrete must resist this force. Thus 
it is easy to see that the hook is of little or no advantage because 
of the conce* 'ration of the pull at an inadvisable point in the 
beam. It is therefore better to have the rod straight and extend- 
ing an adequate distance beyond F or to bend it up and hook it 
into the compression side of the beam. 

The rods of Fig. 3-5 which extend to K and M should be 
hooked as shown in Fig. 3-6 in order to keep them from being 
pulled out. These hooks should have adequate cover on the 
sides because, otherwise, the concrete may spall off owing to its 
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inadequate strength in tension due to the wedging effect at the 
hook. 

A report of tests ^ made to ascertain the bond strength along 
horizontal bars gives, in part, the following tentative but interest- 
ing conclusions : 


1. Straight, horizontal rods fixed in position near the tops of beams may 
be weak in bond because the wet shrinkage or settlement of the concrete 
tends to cause voids under the bars. Vibration of the forms may help to 
remedy the situation. This feature may be a source of weakness in con- 
tinuous beams. 

2. Straight, horizontal rods released so as to ^^float” in the concrete near 
the tops of beams develop good bond strength. 

3. Horizontal rods with hooked ends but rigidly held vertically may 
develop harmfully large slip Jbefore the anchorage will be effective. 

4. Straight, horizontal rods in the bottoms of beams (and vertical ones) 
develop good bond. 

5. End anchorages beyond the points of inflection of continuous beams 
are likely to permit large deflections of the beams before these anchorages 
become effective. 

6. Completely watertight forms tended to improve the bond along the 
top rods. 

The preceding data are especially worthy of thought in connection with 
such beams as those pictured in Figs. 3-7, 4-17, and 4-26. They seem to 
show the desirabihty of bending the rods so that they can, before failure, 
serve somewhat the same fimction as the cables in a suspension bridge. 

3“6. Bond Stresses on Longitudinal Rods. A formula for the 
bond stresses in reinforced-concrete beams is developed in Art. 
4-4 of the next chapter. Temporarily it will be accepted. It is 
the following: 

V 

where Y = total transverse shear in the beam at the cross section 
being considered and Zo = total surface area of the rods per inch 
of length at that location — numerically equal to the total perim- 
eters of the bars. From Eq. (3-6) it is clear that the bond 
stresses are greatest where the shear is the largest or where the 
total surface area of the rods is least. 


(3~6) 


^ R. C. Robin, P. E. Olsen, and R. F. Kinnane, Bond Strength of Rein- 
forcing Bars Embedded Horizontally in Concrete, The Journal of the 
Institution of Engineers, Australia, Vol. 14, No. 9, September, 1942; and 
Highway Research Abstracts, February, 1943, by Highway Research Board. 
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In order to illustrate the computation of bond unit stresses 
in a beam, assume the ease shown in Fig. 3-7, which pictures half 
of a heavy, continuous beam 24 ft. long. Using Eq. (3-6) and 


1 




(b^ 

Shear Diagram 



(d) 

Section nearA 


(e) 

Section near E 


Fig. 3 - 7 . 


the values in Fig. 3-7, but with d measured to the center of 
gravity of the group of rods, the bond stress on the eight 1-in. 
square rods at A is 
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_ 7 _ 59,600 

'Xo)jd 32 X 0.872 X 28.5 

Also, approximately, 


75 lb. per sq. in. 


Uc 


16 X 0.88 X 


= 126 lb. per sq. in. just left of 


There is another way of looking at this question of bond unit 
stresses. Figure 3-7 (<x) shows that a point of contraflexure is at 
F, the distance x from A to this point scaling 5.3 ft. Obviously, 
the stress in the rods at F should be zero. Using the moment at 
A and the properties of the section given in Fig. 3-7 (cZ), the unit 
stress in these rods at A is 

Js = — ^-Jg2 20,000 lb. per sq, m. 


Therefore, this stress must be imparted to the steel through bond 
in the distance x. Since the shear is nearly constant from A to F, 
assume that this pick-up of tension is at a constant rate. 
Therefore, on this basis, the bond stress on one top rod is 


f,A, __ 20,000 X 1 
x(So) 5.3 X 12 X 4 


79 lb. per sq. in. 


This is only slightly different from the result given by Eq. (3-6). 
Exact agreement of these figures is not to be expected — ^nor is it 
generally important. 

The foregoing method is particularly useful in computing bond 
stresses in members subjected to longitudinal thrusts or tensions 
combined with bending. The basic idea is to compute the stress 
in the steel at a given point, then calculate it a foot (or two) from 
the first point. Obviously, the bond stress must be 

difference in unit stress X area of a rod 

” distance between points in inches X perimeter of rod* ‘ " 


Unless the direct forces are large compared with the bending, 
their effects upon the bond stresses are not important. Equation 
(3-6) generally gives results that are satisfactory for practical 
purposes in the design of ordinary beams. 

One must not forget that bond stresses also act upon rods in 
compression. However, the lower unit stresses generally 
existent in such bars seldom cause trouble with the bond. For 
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instance, Fig. 3-7 {d) shows two 1-in. rods near the bottom where 
they are subjected to a compressive unit stress of 9,250 lb. per 
sq. in. From Eq. (3-7), and considering the distance x in Fig. 
3-7(a), 

9,250 XI „„ „ 

“ ^ 5T XT2 X4 P®" 

The designer is not so much interested in learning what the 
magnitudes of the bond stresses are as he is in making sure that 
they are not excessive. Bond generally becomes critical only in 
the case of short, heavily loaded members such as footings, beams 



Fig. 3-8.— Roof of feeder compartment under 8,000-ton ore bin. (Courtesy of 
Cananea Consolidated Copper Company, Cananea, Sonora, Mexico.) 


carrying offset columns, and other cases where the shears are 
relatively large compared with the bending moments. 

When bond stresses are too high, or when the designer does not 
want to depend upon bond alone, it is often feasible mechanically 
to fasten rods to something that anchors them thoroughly. An 
example of this in industrial construction is shown in Fig. 3-8. 
The roof of this feeder compartment must support a possible 
depth of ore of about 70 ft.; hence it must be very strong. In 
order to ensure against bond failure, some of the critical splices 
are welded so as to form a partial truss action and to make the 
rods continuous from one side to the other. 

3-7. Bond under Impact and Reversal of Stress. Apparently 
the resistance of the bond of concrete to reinforcement under 
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static or gradually applied loads is one thing; under shocks from 
suddenly applied loads it seems to be something else — and far 
less reliable. More data are needed on this subject, but experi- 
ences with reinforced-concrete structures under bombing appear 
to show that the concrete is likely to disintegrate and fly to 
pieces, leaving the rods behind as a grille of steel. This action 
may be due to the brittleness of the concrete and to the action 
of severe and rapidly traveling deformations of the steel, causing 
progressive local bond failures and cracking which '^run^^ along 
the rods from point to point as the ^^wave^^ of sudden tensile 
elongation progresses through the steel. At any rate, structures 
designed to resist any such loads should be knitted together with 
a sort of steel cage having the junctions of main rods mechanically 
fastened in all directions — preferably by welding. In other 
words, the concrete should be a sort of filler between the rods, 
but the bond strength should be depended upon only slightly. 

Rapid increases in the stresses in reinforcement, and quick 
reversal of these stresses, may also cause breaking of the bond. 
This may occur in continuous girders carrying heavy trucks, 
railroad trains, and cranes. Pending more reliable information 
than is now available, the designer should be unusually careful 
in checking into the bond situation. He should be conservative, 
basing his decisions upon the nature and importance of each 
special case. 

3-8. Bond of Concrete to Structural Plates and Shapes. 

When a large I-beam is covered with concrete, a strange com- 
bination results. The former is a strong, ductile member, 
whereas the latter is relatively rigid and brittle. Obviously, the 
two materials do not willingly act in unison. The bond of 
the concrete to the steel must be so great that it will compel the 
latter to act as a piece of reinforcement in the former, or else the 
two will break apart. 

There is much uncertainty regarding the magnitude of the 
bond stress that can be developed when such heavy steel members 
are encased in this way. The cross section of the steel may be 
large compared to its surface area; the surface of the steel is 
generally flat and smooth; there may be dirt, rust, or grease on 
the steel when it is embedded; the details of the concrete section 
may be such that it tends to break into isolated parts or chunks 
so that it becomes merely a filler. Therefore, the steel member 
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must be properly anchored to the concrete, or it must be thor- 
oughly encased. The greatest permissible value for the bond 
stress in such a case is the same as for plain rods, 0.04/'. 

The methods to use in designing such members are described 
in Chap. 5. 


Practice Problems 

Problem 3-2. Find the necessary length through which, two 1-in. round 
rods must be overlapped in order to splice them fully if / in the rods = 
18,000 lb. per sq. in. and the allowable bond stress = 150 lb. per sq. in. 

Problem 3-3. Two 1 g-in. square rods are lapped 30 in. If the allowable 
bond stress equals 125 lb. per sq. in., what stress can be developed safely 
in the rods by such a lapped splice? 

Problem 3-4. Two f-in. round rods are lapped 24 in. The rods are 
stressed to 20,000 lb. per sq. in. What is the intensity of the bond stress 
that must be developed at the splice? 

Problem 3-6. A |-in. round rod has a hooked end similar to that of 
Fig. 3-3(d). If HJ = 3 in., the allowable bond stress = 150 lb. per sq. in., 
and the radius of the inside of the bend = 4d, find the point at which the 
bond alone can be said to have developed 18,000 lb. per sq. in. in the rod. 

Am. Ls = 8.9 in. from tangent point. 

Problem 3-6. Find the maximum crushing stress on the concrete at the 
beginning of the hook of the rod in Problem 3-5, point G of Fig. 3-3(d), 
using principles illustrated in Problem 3-1. 

Problem 3-7. Assume the beam shown in Fig. 2-19. If the maximum 
shear = 46,000 lb. and /' — 3,000 lb. per sq. in., is the bond stress 
satisfactory? 

Discussion. From Table 1-5, the allowable u = 0.05/^. Assume d to 
the center of gravity of the group of rods, 23 in. Call j = 0.88. 

Ans. u — 160 lb. per sq. in. and is therefore excessive. 

Problem 3-8. Assume a continuous beam having the dimensions shown 
in Fig. 2-22. The top row of steel is four 1-in. round rods; two other 1-in. 
round rods are located 3 in. below these. Is the bond stress on the top 
tensile steel satisfactory if /' = 3,000 lb. per sq. in., max. u = 0.05/', 
j = 0.88, d = 26 in., and V = 42,000 lb.? 

Ans. Yes, since u = 98 lb. per sq. in. 

Problem 3-9. Using the beam of Prob. 3-8, assume that the bending 
moment at the support is 2,000,000 in.4b, and that it is 1,500,000 in. -lb. 
12 in. away from that support. If n == 10, kd — 8.86 in., d — kd — 18.14 in., 
Sc = 2,130 in.3, S, = 104 in.^, and the top rods are as given in Prob. 3-8, 
compute the bond stresses on one of the top rods and on one of the rods in 
compression near the bottom, using the idea of bond developing the “pick- 
up” of stress. 

Ans. a = 100 lb. per sq. in. at top; u = 35 lb. per sq. in. at bottom. 



CHAPTER 4 

SHEAR AND WEB REINFORCEMENT IN BEAMS 


4-1. Introduction. The determination of the magnitudes and 
the distributions of the shearing stresses in reinforced-concrete 
beams is one of the most troublesome problems that face the 
student of elementary reinforced-concrete design. Many tests 
have been made, and these have determined the ultimate shearing 
strengths of certain beams. Since their results can be accepted 
as being correct, it is clear that the total safe shear for any given 
member must be that which the tests show it to be, but the 
question to settle is that of the most probable action of the beam 
and the most correct method of finding the shearing stresses in it. 
In fact, much more experimental information is needed by engi- 
neers in order to ascertain the actual conditions of shearing stress 
in such members. 

There are two different sets of shearing forces which must be 
considered in a study of the action of a beam when it is loaded. 
The first set consists of the transverse shearing forces which tend 
to break off the member at right angles to its longitudinal axis. 
The second set is composed of the longitudinal shearing forces 
which are due to the internal bending action of the beam and 
which act in a direction parallel to its longitudinal axis. 

Reinforced-concrete beams are not homogeneous. Therefore, 
when they are subjected to these shearing forces, they behave in 
a manner that is peculiar to themselves. The subsequent por- 
tions of this chapter are parts of a general attempt to ascertain 
the nature of this behavior; to present a logical and understand- 
able theory to be used in the analysis of the shearing stresses in 
such beams; and to determine how to proportion the reinforce- 
ment for them. The methods used herein are designed for the 
purpose of enabling one to visualize clearly the action of each 
element of the member — or at least to understand what that 
action may become before the beam will fail. 

4-2. Determination of Shearing Stresses. Try to visualize 
a reinforced-concrete beam that is loaded in any manner that 

96 



Art. 4-2] DETERMINATION OF SHEARING STRESSES 


97 


causes shearing and bending stresses in it. Under this action, 
the beam will curve as shown in Fig. 4~l(a), producing compres- 
sion in the top and tension in the bottom part of the member. 
The portion of the beam above the neutral axis vdU not crack 
open prior to real failure. However, as pictured for the lower 
region, cracks will form when the concrete is unable to elongate 
sufficiently to equal the deformation of the rods. Therefore, 
these two portions of the beam must act in different ways. 

Furthermore, it can be seen that there are two cases to con- 
sider, viz., the shearing stresses in the uncracked beam and those 
in the member after the cracks have formed. 

First, investigate the uncracked condition. Let Fig. 4-1(6) 
represent a small prism of concrete having a length equal to 6, 



(a) (b) (c) (d) (e) 


Fig. 4-1. 

the width of the beam of Fig. 4-1 (a). Assume a vertical or 
transverse shearing unit stress Vt acting upon the face BC and 
an equal but opposite stress acting on AD. These two forces 
constitute a couple having a moment equal to VTh(dy)(dx). 
Since the conditions for equilibrium require that there must be no 
rotation of this prism, there must be another couple which 
counteracts the first one. The latter must be composed of 
another set of shearing forces which act longitudinally on faces 
AB and DC. Assuming the intensity of the latter to be vl, then 

VTb(dy)(dx) = VLb{dx)(dy)^ or Vt ~ 

Equation (4-1) indicates that at any point in the beam there 
must be vertical and longitudinal shearing stresses of equal 
intensity. These tend to distort the material as shovm in Fig. 
4-1(6), causing a compression on the diagonal section AC and a 
tension on the other diagonal section DB. The latter is called 
diagonal tension,’^ and its direction is assumed to be inclined 
at an angle of 45° from the beam^s axis unless affected by other 
conditions. The intensities of these diagonal compressions and 
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tensions on AC and DB are each equal to Vl- Before any crack- 
ing of the concrete occurs, these shearing stresses may be dis- 
tributed over the entire depth of the member somewhat the same 
as in homogeneous beams. 

Now, consider the cracked condition of the beam. Referring 
to Fig. 4-1 (a), it is clear that, when the beam bends sufficiently, 
the concrete will fail in tension somewhere below the neutral axis. 
To illustrate this, let n = 10, the allowable fs = 20,000 lb. per 
sq. in., and the ultimate tensile strength of the concrete /i = 400 
lb. per sq. in. Then, from similar triangles in Fig. 4-1 (c), 


400 :? 5 ^;; 3 ;:((^ _ M) 


kd). 


or 


X = 


d — kd 


It is obvious that the concrete will crack below this limit x. 

There are two kinds of tensile cracks to consider. The first 
ones are those which occur in regions of large bending moments 
but where the shear is zero. They are due to the elongation of 
the rods and to the concrete’s inability to stretch equally. These 
cracks are usually normal to the axis of the beam. Figure 4-19^ 
shows some of these cracks between the two loads on the beams. 
The second kind of cracks consists of those which are caused 
primarily by the diagonal tension, as explained previously. 

Prior to the forming of these cracks, the diagonal tension, 
which is due to the shearing forces, can exist within the concrete. 
However, when a crack has formed, the shearing and diagonal 
tensile stresses cannot be transmitted across the opening. There- 
fore, the solid part of the beam above the crack must be the thing 
which prevents the failure of the member, and the resistance to 
the transverse shearing forces must be confined to this region. 

The distribution of these stresses is questionable, but, because 
of the foregoing, it is not reasonable to assume that the trans- 
verse shearing stresses can be distributed over the effective depth 
as shown in Fig. 4-1 (d). Furthermore, it is improbable that they 
will be distributed as shown in Fig. 4-1 (c) which implies that 
their intensities increase as the ordinates of a parabola from the 

^ Frank E. Richart, An Investigation of Web Stresses in Reinforced Con- 
crete Beams, Engineering Experiment Station, University of Illinois, Bull, 
166. 
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top fibers to the neutral axis and that, below the distance x from 
this axis, they suddenly cease. However, it seems to be satis- 
factory to assume that, after the cracks have opened up, the 
transverse shearing stresses are uniformly distributed over the 
portion of the beam that is above the neutral axis. Then, in any 
cross section, they are limited to the area hkd. Therefore, upon 
this basis, 

V 

bkd 

where vt is the average transverse shearing stress, and V is the 
total transverse shear in the beam. This is not the conventional 
formula for shearing stresses, but its significance will be apparent 
as one studies the subject further. 



Next, investigate the longitudinal forces that are set up in 
the member when it is loaded. As the beam of Fig. 4- 1(a) bends, 
it must develop the tension in the rods. To understand this, 
assume that the portion of this beam marked ABCD is cut out as 
pictured in Fig. 4-2. Assume that the length s is short. Call 
the inclined shearing forces in the uncracked concrete 7' and 
The differences between the forces T' and T — also between C' 
and C — represent what might be called the ^'pickup’' of stress 
due to the increase of the bending moment from D to C. Since 
the body is in equilibrium under the action of all of these forces, 
taking moments about the intersection of V[ and C' — C gives 

(r - T)jd = F's a). (4-3) 

However, the increase of tension in the rods must be caused by 
the bond stresses, the sum of which must be equal to the longi- 
tudinal shearing forces in the concrete. Furthermore, this sum 
must be equal to the increment of compression C' — (7. There- 
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fore, it seems that there must be in the concrete a resultant 
diagonal compression Dc, the longitudinal component of which is 
T' — T = C' — C. Otherwise, the block ABCD of Fig. 4-2 will 
not be in equilibrium. In other words, the pickup of stress, due 
to the increase of the bending moment, causes a diagonal com- 
pression in the concrete which makes the latter act as an inclined 
strut, the longitudinal component of this compression being equal 
to the increase in the tension in the rods. If the intensity of the 
longitudinal shear in the concrete is vl^ it is clear that 

(r ^T) = VLhs. 

Substituting this value in Eq. (4-3), and assuming that V' 
gives 

7 
hjd 

which is the conventional and general formula for the magnitude 
of the shearing stresses in a reinforced-concrete beam. However, 
in this text it will be associated primarily with the longitudinal 
shearing stresses in order to avoid confusing it with Eq. (4-2). 
It also indicates that Vl may be considered to be distributed over 
the cross section of the beam somewhat as pictured in Fig. 4-1 (d), 
this being in contrast to the assumed distribution of Vt. The 
effective depth d used in Eqs. (4-2) and (4-4) should be the 
dimension used in computing k and j or, when their magnitudes 
are assumed, d may be measured to the extreme row of rods or to 
the center of gravity of the group. The latter gives somewhat 
larger results. 

What constitutes the vertical or transverse component of Dc? 
The fact that a reinforced-concrete beam, with longitudinal rods 
only, does not always fail as soon as one of these cracks appears 
may be due largely to the strength of the portions like OCDO of 
Fig. 4-2 acting as short cantilever blocks below the neutral sur- 
face 0-0 (locus of neutral axes). These blocks may transmit 
the transverse shears up into the uncracked concrete, the resultant 
acting as the transverse component of Dc. On the other hand, a 
bending moment at 0-0 may counteract the tendency of the 
tensile forces to break off the portion of the beam between the 
cracks. For the purpose of facilitating a visualization of 
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the general tendency, the latter action seems to be the more 
satisfactory. 

Referring to Fig. 4-2 again, it should be noted that the 
diagonal compression is drawn parallel to the cracks that form 
in the concrete and that it acts against, or in opposition to, 
the increase in the bending stresses. This must be so because the 
cracks naturally will not cross the lines of compression; otherwise 
they would be closed by the pressure. On the other hand, the 
elongation of the steel and the diagonal tension make them open 
up somewhere. 

The relationship between the magnitudes of the transverse 
and the longitudinal shearing stresses for purposes of design, as 
given in Eqs. (4-2) and (4-4), is 


'bkd'bjd 


If j = 0.87, and k = 0.38, Eq. (4-6) will give 

However, vt should be looked upon as a pure or punching shear, 
whereas vl is a measure of diagonal tension. The allowable unit 
stress for the former may be relatively high. According to 
Table 1-5, the Code allows a maximum shearing stress of 0.12/' 
upon the area hjd if the beam has properly designed web reinforce- 
ment and special anchorage of longitudinal steel. Therefore, 
in the foregoing example, the ultimate magnitude of rr might 
equal 0.12/' X 2.29 = 0.275/'. However, it will be assumed to 
have a limiting value of 0.2/' in all cases, this being more con- 
servative. On the other hand, the Code (Table l-S) allows only 
0.02/' for in beams without special anchorage or web reinforce- 
ment and 0.03/' for vl when the tensile steel is specially anchored. 

Generally, Vt is not ciitical in the design of ordinary beams 
except when k is small or when the shears are unusually large. 
However, the longitudinal shear vl, which is the measure of 
diagonal tension, must be investigated carefully. Of course the 
cracked condition of the beam is the critical one for both vt and vl. 


(4-5) 

(4-6) 
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The shearing stresses and diagonal tension in T-beams can be 
calculated in the same manner as for rectangular beams, but 6', 
the width of the stem, must be substituted for h in the formulas. 
I’he flange portion of the T-beam should not be relied upon for 
resistance to shear. 

Briefly reviewing the matter, notice that the real weakness of 
concrete in beams seems to be its lack of ductility. Its strength 
in punching shear is very great. However, when the steel elon- 
gates and the cracks open, the latter seem to extend farther and 
farther up toward the compression side of the beam until it fails. 
This cracking really accompanies a shifting of the neutral axis, 
and it causes a decrease of the real area of concrete which can 
resist the transverse shear and the compression. Strictly speak- 
ing, such a failure is not directly due to transverse shear alone 
but is the result of the longitudinal shearing forces and the elonga- 
tion of the steel. 

When designing a reinforced-concrete beam with longitudinal 
reinforcement only, and when a maximum shearing stress Y /hjd 
is specified, a trial value can be assumed for j equal to 0.87. 
When this is substituted in Eq. (4-4), along with the known or 
trial values of v l, V, and h, the magnitude of the trial value of the 
effective depth d is readily found. After the final beam is 
decided upon, vl can be computed. However, great refinements 
in computing the magnitude of j are not justified because of 
the uncertainties that surround this whole question of shearing 
stresses. Unless the member is unusual, it is sufficiently accurate 

h 

for one to assume that j = 1 — or even j = 0.87 or 0.88, when 
calculating vl. 

4-3. Direction of Cracks. Reinforced-concrete beams of 
various types crack in the same general manner. The cracking 
of some test specimens is shown in Fig. 4-19. These pictures do 
not present the conditions of the beams at working loads, but 
they show what happens shortly before and at the time of failure. 

In order to understand the conditions more fully, examine the 
action of a beam with uniformly distributed loading as pictured 
in Fig. 4-3 (a). The bending-moment and shear diagrams are 
shown in Figs. 4-3(6) and (c). The tangent of the angle 6, which 
a line tangent to the bending-moment diagram at A will make 
with the base line, gives the rate of increase of the bending 



Aet. 4 - 4 ] BOND STRESSES ON LONGITUDINAL RODS 


103 


moment at A and, therefore, of the longitudinal shear and the 
total increase of tension in the rods at this point. At the center, 
this rate is zero so that the cracks must be vertical, since there 
is no longitudinal shear in the concrete and all of the tensile 
stresses act horizontally, the cracks being merely the result of 
the elongation of the rods. 

The cracks near the ends of the beam are in the regions where 
the shear and the rate of increase 
of the bending moment are large 
but the horizontal tensile stresses 
are small. Diagonal tension will 
cause these cracks to be inclined 
at about 45° from the axis of the 
beam. At other points, where 
the shear diagram shows that the 
longitudinal shears and the di- 
agonal tensions are small, the 
cracks may have varying slopes 
due to irregularities in the con- 
crete, but they generally will be 
normal to the direction of the 
resultant of the horizontal and 
diagonal tensions in the beam. 

The spacing of the cracks pictured in Fig. 4-3 (a) is dependent 
upon the elongation of the steel and the ability of the bond 
stresses to prevent the slipping of the rods, thus forcing the 
concrete to open up. Obviously there must be some failure of 
the bond at and near the cracks. 

4-4. Bond Stresses on Longitudinal Rods. Since Eq. (4-4) 
gives the longitudinal shearing stress in the concrete of a beam, 
it can also be used to investigate the bond stress along the longi- 
tudinal rods. For each inch of length of the beam, the total 
longitudinal shearing force Fl = Vib = Vh/bjdj or Fl — V/jd. 
The total area of the surface of the rods which must pick up 
this force for each inch of length of the beam is So. Then the 
intensity of the bond stress at any section is 

E y 

11 = ^ . V-, (not exact if rods are of mixed sizes). (4-7) 

So (So)7c? 

This formula has already been used in Art. 3-6. When two or 
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more rows of steel are used, as in Fig. 4- 12(g), it is satisfactory 
to measure d to the center of gravity of the group or to the 
extreme row. 


Problem 4-1. Assume a simply supported slab 9 in. thick whick has a 
span of 9 ft. and which has f-in. round rods 5 in. c.c. located 2 in. above the 
bottom. It carries a uniformly distributed live load of 578 lb. per sq. ft. 
If fc — 0.37, j - 0.88, n = 12, and/J = 2,500 lb. per sq. in., find the maxi- 
mum vertical and longitudinal shearing stresses in the slab; also find the 
critical bond stress. 

The weight of the slab equals 


X 150 = 112 lb. per sq. ft. 

Max. r = ^ = (112 + 578)^ = 3,110 lb. 
2 2 


Prom Eq. (4-4), 


vl = 


3,110 


Erom Eq. (4-2), 


vt = 


hjd 12 X 0.88 X 7 

V_ _ 3,110 

hkd ” 12 X 0.37 X 7 


= 42 lb. per sq. in. 


= 100 lb. per sq, in. 


The total circumferential area of the rods in 1 in. of length of the slab is 
So = X 1.96 = 4.7 sq. in. 

Erom Eq. (4-7), the maximum bond stress (at the end of the slab) is 
V 3,110 

u = — TT — — r = 107 lb. per sq in. 

(2o).?d 4.7 X 0.88 X 7 ^ ^ 

4-6. Vertical Stirrups. If the loads acting upon a beam are 
great enough to exceed the safe shearing stress of the concrete 
when it is used with longitudinal reinforcement only, then it 
becomes necessary to strengthen the beam. This can be done 
by adding ^^web reinforcement which will prevent the cracks 
from spreading and from causing failure of the structure. 

One type of such web reinforcement is shown in Figs. 4-4(a) 
and (h) which represent a reinforced-concrete beam with vertical 
rods, called “stirrups,'' placed in it as illustrated by EF. These 
stirrups are carried under the longitudinal reinforcement at E 
and are anchored into the concrete near F, The presence of 
these vertical rods makes considerable difference in the strength 
of the beam. 

Examine what happens as this beam bends under increased 
loading. Before the concrete cracks, the stirrups are subjected 
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to a stress of only n times that which is in the concrete beside 
and parallel to them. They have very little effect because of 
their small area compared to that of the concrete. In this case, 
the latter resists a large part of the longitudinal tension which is 
caused by bending. It also resists most of the diagonal tension 
which is caused by the shearing forces. However, as previously 
explained, the deformations accompanying the usual tensile 
stresses in the steel are so great that they compel the concrete 



(e) 



Fig, 4-4. 


(T-T) 



(d) 


to open up in “ hair ” cracks. Then the stirrups come into action 
prominently, and they resist the spreading of the cracks. 

Next, analyze the action of these stirrups. To do so, assume 
that Fig. 4-4 (c) represents the piece ABCD of the beam of 
Fig. 4-4(a). Imagine that it is cut out along with the top portion 
of the adjacent parts of the beam and that it is placed between 
fixed supports. Then assume that the increment of tension 
{T' — T) is applied as a horizontal pull on the longitudinal rods. 
This pull tends to break off the portion OCDO about the neutral 
surface 0-0, or about the faces AO and HO, an action that the 
concrete cannot resist well. Then, if the stirrup EF is in place, 
it will serve as an anchor or tie to stop this rotation. Thus it 
becomes clear that the force (T' ~ T) sets up a diagonal com- 
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pression Dc in the concrete and a tension Ts in the stirrup. The 
horizontal component of the diagonal compression will be called 
Fl, whereas its vertical component is Ft. Therefore, the stirrup 
EF, if acting without help from the concrete, must resist a pull 
Ts equal to Ft. In other words, (T' T), Dc, and Ts are three 

forces that are in equilibrium and that meet at a point. There- 
fore, their magnitudes must be proportional to the sides of a 
triangle, as shown in Fig. 4-4 (c?). 

From all of this, referring to Fig. 4-4(a), it is apparent that 
each stirrup acts as a tie to prevent the portion or portions 
that it occupies from breaking off. Each stirrup must withstand 
a force equal to the sum of the stresses acting upon the area 
that affects it, or = Ft — Fl when Dc is inclined at 45°. 
Therefore, 

Avfv = VL(hs) = (4-8) 

where A,, is the area of the rods composing one complete stirrup, 
and fv is the intensity of the tension in the stirrup. This assumes 
that the concrete does not help the stirrup. However, this mat- 
ter will he discussed further in the next article. 

Equation (4-8) . shows that the loads on the stirrups must 
vary with their spacing and increase with the vertical shear. 
Furthermore, from Fig. 4-4 (c), one can see that the stirrups must 
not be too far apart. A practical maximum value for their 
spacing, according to the Code, is about s = d/2, 

The details of one type of stirrup can be seen by examining 
Fig. 4-4(5). The bottom is looped under the longitudinal rein- 
forcement so as to get a mechanical grip around it and thus 
obtain a better chance to develop the stirrup. The top ends are 
hooked but are not overlapped, thus permitting the placing of 
the main rods after the stirrups are set in the forms. The reason 
for these hooks is obvious. The ability of the concrete to develop 
the necessary bond along the stirrup below the neutral axis is 
decreased because of the cracks. The rods should be developed 
by bond in and near the region of compression. It seems to be 
safe to assume that the maximum depth of this portion that can 
be relied upon for bond is O.Gd — the Code limits it to 0.5d. Since 
this distance is relatively short, the hooks are needed in order to 
provide the necessary length of rod, which may be found from 
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the formula 

Ts ~ Avfv ~ (2o)'WjLs (4-9) 

where Ls is the length of embedment which is needed to develop 
the allowable tensile unit stress in the stirrup. Generally, the 
requirements for bond strength compel the use of rather small 
rods for stirrups so as to have a large ratio of surface area to 
cross-sectional area. It is also advantageous to use longitudinal 
tie rods as pictured in Fig. 4-4(6) so as to help develop the stirrups 
and to hold them in position during the placing of the concrete. 
If such rods are used, the stirrups may be bent as shown in 
Fig. 4-4 (e), a method that may help to hold them in better line 
at the top. 

Vertical stirrups are so simple, they can be arranged so readily 
in cases of varying shear, and they can be set in the forms 
with the other rods so easily that they constitute one of the most 
practical systems of web reinforcement. 

The truss action of stirrups is likely to modify the transverse 
shearing stresses in the uncracked portion of the beam, but this 
change is difficult to compute with any certainty. Therefore, 
Vt will be assumed to be confined entirely to the uncracked 
concrete. 

Sometimes, specifications refer to the percentage of web 
reinforcement in beams. This simply means the cross-sectional 
area of the whole stirrup divided by the area (in plan) of the 
portion of the beam that it reinforces. In the case of vertical 
stirrups, 

4-6. Spacing of Vertical Stirrups. Stirrups should be used 
when the longitudinal shearing stress (vl = V /bjd) exceeds 
0.02/' unless the longitudinal rods are hooked or otherwise 
properly anchored, in which case the Code permits the safe shear- 
ing stress without stirrups to be increased to 0.03/'. 

Furthermore, tests reported by Prof. Richart^ seem to indicate 
that the stirrups do not become stressed so highly as Eq. (4-8) 

^ Frank E. lUchart, An Investigation of Web Stresses in Reinforced Con- 
crete Beams, Engineering Experiment Station, University of Illinois, Bull. 
166. 
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would indicate. This may be caused by the fact that the con- 
crete continues to resist the shearing forces and the diagonal 
tension as much as it is able to do, acting as it would if no stirrups 
were present. However, this combined action is very uncertain. 

These tests also seem to indicate that the stirrups near a load, 
as pictured in Fig. 4-5, have smaller stresses than those farther 
away. This is evidently due to local compression and to the fact 
that the diagonal tension does not fully affect the nearest stirrups. 
Furthermore, as the ends of the beam are approached, there seems 
to be another decrease in stirrup stresses. This is obviously due 
to the fact that some of the 45° pressure lines reach the support 
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without fully affecting the adjacent stirrups. The left-hand 
portion of Fig. 4-5 is an attempt to picture this action by indicat- 
ing the lines of diagonal compression in the concrete and the 
tension in the stirrups which appear to form the web system of a 
sort of Howe truss. The shaded area of the right-hand part of 
this beam shows the region where the stirrup stresses may be the 
greatest. 

In designing stirrups in reinforced-concrete beams, it is cus- 
tomary to assume that the concrete and the stirrups will act 
together and that the former will resist the shearing forces up to 
its allowable working stress of 0.02/' (or 0.03/' for anchored 
reinforcement). To illustrate the procedure, let Fig. 4-6 be a 
diagram that shows the intensity of the longitudinal shear in one- 
half of a beam which carries a uniform load. (It must be remem- 
bered that the diagonal tension is the force that really makes the 
stirrups necessary.) The value of the maximum ordinate AC is 


V 


Vl = 

hjd 


If is the intensity of the longitudinal shearing stress that the 
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specifications permit in the concrete without stirrupSy then this 
value can be represented by AB, Therefore, the stirrups must 
resist the remaining shear which is pictured as the triangle BCD. 
It is clear that, from the center E to the point D of Fig. 4-6, no 
stirrups are needed theoretically. From D to 5 the longitudinal 
shear steadily increases. Therefore, it is theoretically necessary 
to use stirrups of different strengths at uniform spacing or else 
to use stirrups of one given size with varying spacing. The 



former method is not generally advisable. To apply the latter 
plan, assume a size of rod, and find A^fv^ Then from Eq. (4-8), 




(4-10) 


where (vl — v'j^) is the excess longitudinal shearing stress for 
which the stirrups are to be proportioned. 

The advisability of an arbitrary allocation of a certain part 
of the shear to the concrete itself seems to be questionable, 
because the number and the size of the cracks under a small load- 
ing probably change considerably under the heavy loads that 
make the stirrups necessary. However, it is wasteful to disregard 
the concrete entirely. 

Any beam that carries relatively large moxdng live loads, 
or one that is subjected to a reversal of stress, should have 
stirrups throughout its length, their spacing being not over 
id. In extreme cases, the stirrups may be designed for the 
total longitudinal shear (or diagonal tension), but the permis- 
sible unit stress in them may be increased to about 25,000 to 
30,000 lb. per sq. in. if the shears are not too high, thus allowing 
something arbitrarily for the strength of the concrete. 

The Code states that, if vl exceeds 0.06/', the web reinforcement 
should be designed to withstand the entire shear. It is conserva- 
tive to use a limiting stress of 16,000 lb. per sq. in. in this rein- 
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forcement for such heavily loaded members, but the higher 
permissible unit stresses recommended herein seem to be justified 
for ordinary construction. The Code also states that, when vl 
exceeds 0.06/', vertical stirrups should not be used alone but 
should be combined with bent-up rods or inclined stirrups. The 
former combination is preferable. In such cases, the maximum 
spacing of the stirrups should not exceed about id; the bent-up 
rods should be spaced at about |d. 

Some engineers assume that the minimum shearing stress in 
any beam is from 25 to 50 per cent of the maximum stress. In 
such a case, the diagram in Fig. 4-6 would be a trapezoid, and the 
length in which stirrups are required would be extended. 


2^'4"S"7^'5" 



Fig. 4-7. 
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Fig. 4-8. 


Problem 4-2. Design the vertical stirrups for a simply supported beam 
10 ft. long with a uniformly distributed total load equal to 3,000 lb. per lin. ft. 
Assume 5 = 10 in., d == 15 in., k = 0.38, j = 0.87, and /' = 2,500 lb. per 
sq. in. Also assume that the allowable working stresses are fv = 18,000 
b. per sq. in., u « 125 lb. per sq. in., and = 75 lb. per sq. in. 


V 


wL 

T 


= 3,000 X 5 = 15,000 lb. 


_7 

hjd 


15,000 

10 X 0.87 X 15 


115 lb. per sq. in. 


Then, referring to Fig, 4-7, BC - 115 — 75 ~ 40 lb. per sq. in. 

To find the point D where the stirrups must start, utilize the similar 
triangles CDB and CEA. Then 


BD 


CB:CA::BD:AE. 

40 X 60 ^ . 

20.9 in., say 21 m. 
llo 


Assume U-shaped stirrups composed of J-in. round rods. From Eq. 
(4-10), A,fy = {vl — yl)6s, or 

2 X 0.05 X 18,000 = 40 X 10 X s. 

Therefore s = 4.5 in. at the support. Halfway along BD, this spacing will 
be twice as great, or 9 in., because vl — ^ 20 lb. per sq. in. Remember- 
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ing that the stirrups should not be farther apart than they can be arbi- 
trarily spaced as shown in Fig. 4-7, but, to secure the simplicity that is 
desired in ordinary practice, it would be better to use five stirrups uniformly 
spaced at 4 or 4§ in. c.c. Notice that one can either assume a desired size 
of rod to use for stirrups and then find the required spacing or choose a 
spacing and solve for the necessary size of material to be used. 

The length of embedment of the stirrups must be, from Eq. (4-9), 

0.05 X 18,000 = 0.78 X 125 X L. or X. = 9.2 in. 


If the stirrup is made as shown in Fig. 4-8, the available length for bond 
Ls is 10.1 in. 

Compare the foregoing results with Fig. 12 and Table 7 in the Appendix. 
The transverse shearing stress is, from Eq. (4-2), 


7 


yy = 


hkd 


15,000 

10 X 0.38 X 15 


= 263 lb. per sq. in. 


This is less than 0.2/^ => 0.2 X 2,500 == 500 lb. per sq. in., the arbitrary 
limit. 


In case stirrups shaped like the letter W are used, in order 
to have four rods that will be effective in the stirrup, then the 
two center parts will pull against each other. However, the 
radius of the bend at the top of the central loop must be adequate. 
The hooks of the outer rods must be just the same as for a 
U-shaped stirrup. A better arrangement of stirrups for heavy 
beams is the use of two U-shaped stirrups placed in the same 
general cross-sectional plane with the two inner sides overlapping 
by several inches, thus providing four effective rods for This 
is helpful because it is not wise to use stirrups of more than 
f- or |-in. diameter because they are difficult to bend, the hooks 
become large, and the anchorage may be difficult to secure. 

4-7. Inclined Stirrups. Another type of web reinforcement is 
that pictured in Fig. 4-9 (a), which shows a reinforced-concrete 
beam with the stirrups placed in an inclined position. Let 
Fig. 4-9(5) represent the portion ABCD when it is cut out and 
fixed in position as shown. Obviously, the stirrups serve the 
same function as the vertical ones previously explained. The 
increment of tension in the longitudinal reinforcement is again 
equal to (T' — T). This tensile force, the diagonal compression, 
and the tension in the stirrup constitute a system of three forces 
which are in equilibrium and which meet at a point. Iheir 
magnitudes must be proportional to the sides of a triangle, as 
pictured in Fig. 4-9 (c). 
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The triangle of forces in this case, assuming no help from the 
concrete, can be constructed by laying off the longitudinal 
force (T' — T) = vibs, drawing a line at 45® from one end parallel 
to the assumed diagonal compression, and then drawing the 
closing line from the other end, making it parallel to the stirrups. 





Fig. 4-9. 


Examining Figs. 4-9(5) and (c) discloses some interesting facts. 
The stirrup EF withstands part of the horizontal force (T' — T) 
as shown by RW. li RU represents the stress in a vertical 
stirrup, then the stress in the inclined stirrup is RTj which is 
less than RU. The diagonal compression can be assumed to be 
at an inclination of 45® from the vertical. If the stirrups are also 
placed so that the angle ^ equals 45®, then the diagonal compres- 
sion TS is 0.5 [/jS, or one half of what it would be with vertical 
stirrups. The tension in the stirrup RT m 0.7 RU, which means 
that it is seven-tenths of what it would be if the stirrups were 
vertical. The value of if T for any value of the angle p can be 
found graphically or by using the following formula: 


RT ^ sin 4 5® 

RS sin (45® -j- 

m _ 4 . 0.7(r - T) _ 0.7vLbs 

^ sin (45® -b sin (45® /3) 


(4-11) 
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A,fi = 


Q.77g 

jd sin (45° 4- /3) 


(4-12) 


where Ai ~ the area of the inclined stirrup, and/i = the intensity 
of stress in it. 

Allowing the concrete to take its share of the load, and remem- 
bering that Vl represents the assumed safe longitudinal shearing 
stress in the concrete and is the safe vertical shear which it can 
withstand, then the preceding formulas become 


Aifi — 
Aifi - 


- O 

sin (45° 4- 13) ^ 
jd sin (45° 4- , 


(4-13) 

(4-14) 


Equations (4-11) and (4-13) will be used in this text in preference 
to Eqs. (4-12) and (4-14) because the former are expressed 
directly in terms of the longitudinal shearing stresses. 

Although the inclined stirrups are more efficient than the 
vertical ones, there are practical considerations which offset this 
advantage. The stirrups should be mechanically fastened by 
welding them or otherwise connecting them to the longitudinal 
reinforcement in order to be sure that bond failure will not cause 
them to slip along the main rods. This work is expensive and 
troublesome. The stirrups must be held in place more firmly to 
prevent displacement of them during the depositing of the con- 
crete. Furthermore, near the ends of beams, special short 
stirrups may have to be provided in order to get them in place at 
all. 

4-8. Spacing of Inclined Stirrups. The spacing of inclined 
stirrups may be determined in the same general way as for vertical 
ones, using Eq. (4-13) instead of Eq. (4-10). Advantage may 
be taken of the increased length of embedment due to the slope 
of the stirrups when considering the length that is required to 
develop them through bond. 

The maximum horizontal spacing of the inclined stirrups may 
be increased over that for vertical ones. A satisfactory limit 
may be set at id sec /?, with a maximum of fd. 


Problem 4-3. Design U-shaped stirrups inclined at 30° from the vertical 
for the simply supported T-beam shown in Fig. 4-l2{g). It has a span of 
15 ft., a uniform load of 800 lb. per lin. ft. including its own weight, also 
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concentrated loads of 10,000 lb. located 3 ft. and 5 ft. from each end as 
pictured in Fig. 4-12 (a). Assume n — 12 and the allowable fc, and 
v'l^ = 15,000, 900, 125, and 75 lb. per sq. in., respectively. 

By the methods of Chap. 2, h is found to he 0.28. Then j equals 0.91 
(approximately) . 

The end shear equals V = 800 X 7.5 + 10,000 -f- 10,000 = 26,000 lb. 
Therefore, 


V_ 26,000 

h'jd “ 12 X 0.91 X 22 


108 lb. per sq. in. 


Under the first concentrated load, 3 ft. from the support, 


V 


26,000 - 2,400 - 10,000 
12 X 0.91 X 22 


57 lb. per sq. in. 


Thus, stirrups are needed only in the part of the beam from the end to this 
first concentration. 

Assume |-in. round rods for the stirrups. Then, from Eq. (4-13), 


2 X 0.11 X 15,000 


0.7(108 - 


sin (45 "" 
s “ 11.5 in. 


To place these stirrups, start with the bottom of the first one about 7 in. 
from the support as shown in Fig. 4-9 (d). Then add three more at 10-in. 
spacing horizontally. This will bring the last one a little beyond the first 
concentration, which is ample. The difficulty of getting the first stirrups 
in place is obvious — ^unless the support is rather wide. Admittedly, this 
arrangement is chosen arbitrarily, but such decisions are very common in 
the design of reinforced concrete. 

The necessary length to develop the required bond at the top of the 
stirrups is 


Ls 


ou 


0.11 X 15,000 
1.18 X 125 


= 11.2 in. 


4-9. Bent-up Rods. Inasmuch as the longitudinal reinforce- 
ment in a beam is determined by the maximum bending moment, 
it is obvious that all the rods are not needed where the bending 
moment is smaller. Furthermore, elimination of part of the 
rods will compel the remaining ones to withstand the tension at 
any given section if they can do so safely and if the bond is 
sufficient to transfer the stress to them. This fact can be utilized 
to provide web reinforcement in the beam by bending the rods 
upward and anchoring them into the concrete. Thus they will 
perform the function of stirrups. 

To illustrate this stirrup action, let Figs. 4-10 (a) and (h) 
represent a beam in which the longitudinal rods are bent up — 
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two at a time. By cutting out the portion A BCD as shown in 
Fig. 4-10(c), it is obvious that the bent-up rods serve the same 
function as the inclined stirrups which were considered in Art. 
4-7, as far as their resistance to the breaking of the piece OCDO 
is concerned. 

However, these rods differ from the stirrups in a very important 
respect. When the rods EF are bent up at E, they already have 
a certain tensile load Tl represented by SX in Fig. 4-10(d), 




(c) 

Fig. 4-10. 
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because they are continuous and the shearing strength of the 
concrete, together with the bond stresses, will compel all of the 
rods to have practically the same deformation before they are 
bent and, therefore, practically the same unit stress. 

Tl may be computed approximately by dividing the bending 
moment M' at E by jd. It is sufficient to assume that j = 0.87 
in all cases regardless of the number of rods remaining in the 
bottom of the beam if its actual magnitude is not known, because 
of the many unknown and secondary stresses at this point. 
Furthermore, Tl for the bent-up rods must be the same propor- 
tion of the total tension in all of the rods that the number of 
bent-up bars at E is to the total number of rods at E. For 
instance, if there are six rods, two of which are bent up, then 
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Tl for these rods must equal one-third of the total tension in the 
entire set of rods. 

This initial longitudinal tension should be combined with the 
stirrup action of the bent-up bars. Referring to Fig. 4~10(d), 
the increment of tension (T' — T) in the space CD is represented 
by RS; Tl, by SX. These must be added together. Again, 
there are three forces which are in equilibrium, which meet at a 
point, and which must be proportional to the sides of a triangle. 
Therefore, drawing XF at a slope of 45°, parallel to the assumed 
diagonal compression, and drawing RY parallel to the bent-up 
portion of the rods, XY — Dc, and RY = Ts. Therefore, 


_ 0.7[(T' -T) + T,] 

sin(45'+^)' ■ 


(4-15) 


If Ni is the number^ of rods that are bent up at E, and Nt is the 
total number of rods at E, then 


Tl 


M'Ni 

jdNt' 


Combining these values, Eq. (4-15) becomes 

M'Ni 


Ts — Aifi — 


L jdNt J 


sin (45° -f ;8) 


(4-16) 


(4-17) 


or, allowing for the longitudinal shear which can be taken by the 
concrete alone, 


0.7l 


Aifi == 


(vl “ v'Jhs + 


jdNt 


sin (45° + 13) 


(4-18) 


It must be remembered that Ts is the total stress in all of the 
rods that are bent up at the given point. The stress thus 
computed is that which exists at or just above the bend at B, 
Naturally, through bond, this stress is gradually reduced and is 
transferred to the concrete. 

The second term in the numerator of Eq. (4-18) often repre- 
sents a very real force, and it should not be overlooked. The 
value of M' to be used in it can be scaled from the bending- 
moment diagram, or its magnitude can be quickly approximated 
by calculation. 

^ Use relative areas if rods are not all the same size. 
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Bent-up rods are usually relatively large in size. Therefore 
the bond stresses are likely to be excessive. In no case can such a 
rod pick up more longitudinal shear than the bond strength 
between faces OC and OD will permit. It is easy to see how large 
the local shearing and bond stresses really may be near such 
bends. The tensile stress caused by Ts is seldom excessive, 
but this does not mean that it should not be investigated. 

There are some practical considerations to bear in mind. 
The diagonal compression is not serious in the main portion of the 
concrete, but there is a high local pressure next to the bend in the, 
rods. The radius used at this point should be large enough so 
that the bearing of the curved portion of the rod will not crush 
the concrete. Care must also be used to see that the bending of 
the rods at any point does not overstress the remaining longi- 
tudinal reinforcement which must withstand the bending 
moment in the beam. Another point of possible weakness is 
in the region marked G in Fig. 4-10(a) where there may be no 
bent-up rods but stirrups may have to be added. Furthermore, 
there are frequently insufficient rods to permit an arrangement 
that will reinforce all of the required portion of the beam against 
failure by diagonal tension because they should be bent up in a 
symmetrical arrangement — generally in pairs. Furthermore, if 
heavy, square rods are bent up, they often tend to twist in a way 
that makes the bending more difficult to do. 

Two advantages of using bent-up rods for web reinforcement 
are the anchoring of the longitudinal rods themselves and the 
shifting of the rods from the bottom of the beam to the top where 
they may be needed to resist negative bending moments, as for 
continuous beams and frames. Rods h and c in Fig. 4-11 (c) may 
almost be looked upon as cradled between anchorages at both 
ends of the beam. 

From the standpoint of the tension in the bent-up steel due 
to the bending moment, it is best to avoid bending the rods at too 
great an angle because this causes very large local concentrations 
of stress at the bend. Ordinarily, a slope of 45 to 60° from the 
vertical is satisfactory. 

4-10. Spacing of Bent-up Rods. The bending-moment dia- 
gram is the first thing to investigate in order to determine points 
at which longitudinal rods may be bent up to act as web rein- 
forcement. For instance, let Fig. 4-1 1(a) represent the bending- 
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moment diagram for a simply supported beam when it has a 
concentrated load applied at jD; let Sketch (d) be a similar dia- 
gram for uniform loading. Assume that the maximum moments 
are equal in both cases and that there are six rods in the bottom 
of the beam, as pictured at the left of Sketch (c). 
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The shear diagram is the next thing to investigate. There- 
fore, compute the intensity of the longitudinal shear (the measure 
of the diagonal tension) from Eq. (4-4), and plot the diagrams 
for both loading conditions as in Sketches (5) and (e). If the 
concrete alone is relied upon to withstand a stress of the 
remainder of the shearing stresses must be resisted by the bent-up 
rods. 
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The rest of the procedure is as follows: 

1. Assume that the rods can be bent up at 45° and that these rods are to 
be bent up in pairs, for symmetry. 

2. Assume that each rod withstands the same proportion of the bending 
moment, as shown by the horizontal dotted lines in (a) and (d). 

3. The first two rods c should be bent up at or to the left of the point C 
where they are no longer needed to resist the bending moment. 

4. Project from point C downward to the other figure to locate the per- 
missible points for the first bends. 

5. Project down from B in a similar manner to find the points for the 
bending of the second pair of rods. 

The distances between bends should not exceed about times 
the secant of the angle of inclination of the bent rod measured 
from the vertical — with an arbitrary maximum limit of fd — 
unless other web reinforcement is used or unless the rods are 
not needed as web reinforcement at all but are bent up in order 
to have them available for resisting negative bending moments. 

Some of the difficulties that accompany bent-up rods are 
shown in Fig. 4-11. The parts of the longitudinal shear dia- 
grams that are labeled excess^' have no rods in this case to 
reinforce them; the spacing s exceeds |d in the pictures, indicating 
that the bends must be closer together; at least a few stirrups 
must be added to strengthen the member. 

Problem 4-4. Bend up at 45°, for web reinforcement, the rods of the 
beam that is shown in Fig. 4-12 (g) if the condition of loading is that which 
is pictured in Sketch (a). Assume the following allowable stresses: /s = 
20,000 lb. per sq. in., u = 125 lb. per sq. in., /' = 2,500 lb. per sq. in., and 
Vl = 0.03/^ = 75 lb. per sq. in. Let n = 12, fc = 0.28, j = 0.91, and 
d = 22 in. 

Most of the parts of Fig. 4-12 are self-explanatory. However, in (c), 
the bending moment is assumed to be resisted equally by all six rods, 
although the three upper ones are less effective than the lower row. The left 
portion of (c) is reproduced in (e) in order to represent it to a larger scale. 

In planning this work, examine Figs. 4-12(/) and (g). Assume that rod a 
will be bent up first, then h, and finally both rods c — the last being bent up 
together for symmetry. Rods d should extend the full length of the beam 
as shown. The maximum spacing of the bends is 0.5d (sec 45'') — 15.5 in., 
but, in order to distribute them well, they will be spaced as shown in Fig. 

By scaling from Fig. 4-12(a), M' at A = 820,000 in.-lb. Similarly, from 
Fig. 4-12(d), (vl — ?4) “ 24 lb. per sq. in. Substituting these values in 
Eq. (4-18) gives 
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The length of embedment in the upper part of this beam which is required 
to develop this rod is 


Aifi ^ 0.79 X 8,850 
So)u " 3.14 y IS.'i 


17.8 in 


This length must be provided above a plane about 0.5d from the top of the 
beam. 

Similarly, for rod 6, 


fi = 


0.7|^27 X 12 X 11 H- 

n rrrv 


550,000 X 1 
0.91 X 22 X 5 


Then, for rods c, 


07(3,560 -}- 5,500) _ 

0.79 

8,030 lb. per sq. in. 


0.7 


274,000 X 2 

30 X 12 X 11 ’ , 

0.91 X 22 X 4j 


2 X 0.' 


0.7(3,960 + 6,840) 

2 X 0.79 

4,780 lb. per sq. in. 


It is not ordinarily necessary to correct the value of j for each of these 
calculations, biit it can be done when it seems to be justified. However, 
the margin of safety that it is advisable to provide in concrete structures will 
usually take care of such inaccuracies. 

Investigation of the transverse shearing stress in the concrete shows that 


JL - 26,000 

^ ~ 12 X 0.28 X 22 


350 lb. per sq, in. 


(max. allowable — 0.2/^ = 500 lb. per sq. in.) 


To find the approximate compression in the concrete under the bend ot 
the rod, assuming the diameter inside the bend to be 8d, use Eq. (3-3), 
Call the tension in the rod equal to that previously found, \dz., 8,850 lb. per 
sq. in. Then 

T = = pr, 

0.79 X 8,850 = p X 4.5 X 1, or p = 1,550 Ib. per lin. in. 

Therefore, fc == p/d = 1,550/1 = 1,550 lb. per sq. in. This is high but i1 
can be accepted because it is localized. 


4-11. Web Reinforcement at Supports of Continuous Beams 

A large portion of reinforced-concrete construction utilizes the 
advantage of continuity or restraint of members in order t( 
decrease the maximum bending moments. The shears bott 
transverse and longitudinal — are affected by these conditionf 
to a much less extent than are the bending moments. 
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As an illustration of the effect of continuity and restraint, let 
Fig. 4-13 (a) picture a simply supported beam with a concentrated 
load at its center. The bending-moment and shear diagrams are 
self-explanatory. Then let the ends of the beam be fixed as in 
Fig. 4-13(6). The bending-moment and shear diagrams for 
this new condition are again easily understood. The maximum 
bending moment in the second case is only one-half that of the 
first one; also, the distribution of the bending moment is different. 


P P 



This is a constant. This fact is shown in the shear diagrams, 
which are also identical. Therefore, the required strength of 
the beam against shearing forces remains unchanged, although 
the ends are fixed in the second case. This means that the 
relative importance of the shear is greater than it is in a simply 
supported beam. 

Now, examine the conditions at a point of support where the 
bending moment is negative. Figure 4- 14 (a) is an exaggerated 
picture of such a case, with inclined stirrups. The elongation 
of the longitudinal reinforcement causes cracking of the concrete 
in the same manner as for simply supported beams except that, 
in this case, the top fibers are elongated. If the piece ABCD 
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is cut out and gripped in rigid supports, as shown in Fig. 4-14(6), 
a brief examination of it shows that it is the same as Fig. 4-9(6) 
if the latter is rotated 180°. The tension in the top longitudinal 
reinforcement increases from D to the support 8. Therefore, the 
increment of stress which is picked up by the piece OCDO must 
act toward the left. After computing (T' — T) - v^bs, the 
diagonal compression and the stirrup tension can be found as 
before by constructing the force triangle of Fig. 4- 14(c). 

Therefore, vertical stirrups, inclined stirrups, and bent-up 
rods serve the same purpose whether or not they are in simply 



T'-T 
Tc 

(c) 

Fig. 4 - 14 . 

supported, continuous, or fixed-end beams. Ail of them can be 
designed by the same general method because the fundamental 
force to be considered is the longitudinal shear (or the diagonal 
tension) in the concrete. The diagrams showing the intensity 
of the longitudinal shear and the bending moment should be 
constructed; the excess of the longitudinal shear above that 
which is permissible in concrete beams without web reinforce- 
ment should be found; the tension in the longitudinal rods 
should be calculated when bent-up rods are to be used; then the 
size, spacing, and details of the stirrups and the bent-up rods 
should be determined just as they were in the previous cases. 

It is important to study the right-hand portion of Fig. 4-14(a). 
At the support S, the neutral axis is usually below the middle 
of the depth of the beam because the tension is at the top. At 
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the center of the span ilf, the neutral axis is above the middle 
of the depth. Somewhere in the region of the point of contra- 
flexure X, the neutral axis shifts (probably rather gradually) 
from the lower to the higher position. This indicates that the 
neutral surface is not a plane. Furthermore, the transverse shear 
is resisted largely as punching shear by the lower portion of the 
beam from the support S to about X, by the whole beam near X 
where the tensile forces are too small to crack the concrete, and 
by the upper portion of the beam from the vicinity of X to the 
center M. 


Problem 4-5. The beam shown in Fig. 4-1 5 (a) is continuous; it has a 
span of 20 ft,; it carries a uniformly distributed load of 2,400 lb. per lin. ft.; 



its reinforcement at the support is pictured in (a); n — 12;/' = 2,500 lb. per 
sq. in.; and the allowable/,., w, and Vj^ = 18,000, 120 and 70 lb. per sq. in., 
respectively. Design the required vertical stirrups for this beam, using 
U-shaped rods. 

The value oi k ~ 0.37 and / = 0.88. 


V 

vl = — = 


2,400 X 10 


bjd 12.5 X 0.88 X 21.6 = 

Vh — Vj^ — 102 — 70 = 32 lb. per sq. in. 

10 V 12 X 32 

BD in Sketch (5) = 37.6 in. Call it 38 in. 

lU^ 


Assume 


|-in. round rods for the stirrups. Then, from Eq. (4-10), 

0.11 X 2 X 18,000 = 32 X 12.5 X s, or s = 9.9 in. at A. 

Use a spacing of 10 in. with the arrangement that is shown in Fig. 4-1 5(c). 
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A check calculation for the transverse shearing stress gives, from Eq. (4-2), 



Difficulties are encountered in arranging the details of stirrups 
at points of negative bending moments in rectangular beams. 
A stirrup like that in Fig. 4-15 (a) is not anchored thoroughly 
across the tension side of the beam; when it is inverted, it is 
difficult to get the hooks under the longitudinal rods if the stirrups 
are erected last or to place the main reinforcement if the stirrups 
are in position first. Sometimes two U-shaped rods without 
hooks are arranged as shown in Fig. 4-15(d), but the laps must be 
long enough to develop the stirrups, and it is wise to have as 
much of the lap as possible in the compression zone of the beam. 
Still another type is that which is pictured in Fig. 4--15(e). The 
hooks are parallel to the main reinforcement, permitting the 
stirrups to be slid down after the longitudinal rods are in place. 
However, the anchorage of these stirrups is poor because the entire 
hook is near the surface of the beam, a fact that ma}^ cause 
spalling of the concrete; the compressive reinforcement is not 
tied in, a precaution that should be taken in heavy members if the 
compressive stresses in the concrete at the support are large. 

The stirrups in the stems of T-beams may be detailed as 
shown in Fig. 4- 15 (a) because the concrete of the slab, and its 
'' negative’’ reinforcement which crosses the top of the stem, will 
support the latter adequately. 

4-12. Combination of Stirrups and Bent-up Rods. As stated 
in Art. 4-10, and as shown in Fig. 4-11, it is often difficult to 
arrange the details of bent-up rods so that they will reinforce 
properly all parts of the web. The deficiency can be made up 
by adding stirrups in the otherwise unreinforced portions. It is 
not necessary to explain this in detail because both types of 
web reinforcement act in accordance with the same general 
principles. However, good judgment must be exercised in 
combining them. 
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Theoretically it seems that inclined stirrups are to be pre- 
ferred when the number of bent-up rods is large in order to have 
the tensile forces in the web reinforcement acting in the same 
direction. However^ when used in combination with bent-up 
rods, they are very troublesome in the field if they are properly 
fastened to the longitudinal reinforcement. Therefore, vertical 
stirrups are more practical, but they will generally overlap some 
of the inclined portions of the main rods. Also, when only a 
few bars are bent up, it seems to be advisable to reinforce the 
web with vertical stirrups alone, neglecting the bent-up rods and 
letting their strength add to the factor of safety of the beam. 
Another advantage of this last arrangement is that, in continuous 
beams, the rods can be bent to meet the requirements of the 
bending moments rather than those of the longitudinal shears. 

Problem 4-6. Assume a continuous T-beam with two equal spans and 
loaded as shown in Fig. 4- 16 (a). In working out the problem, assume that 
the allowable unit stresses A, u, and s-re 18,000, 120, and 70 lb. per sq. in., 
respectively. Let/c = 2,400 lb. per sq. in. The vertical shear and bending- 
moment diagrams are given in Figs. 4-16(6) and (c). The effective sections 
and reinforcement at C and B are shown in Figs. 4-16(d) and (e), respectively. 
For the former, k = 0.21, and j = 0.93. For the latter, k — 0.43, and 
j = 0.86 (approx.). However, as average or approximate values for all 
points in the beam, use j = 0.87 throughout the problem. Bend the rods 
up at an angle of 60° from the vertical. 

At A, 

V 12,400 

= ^ = Jb x ~0~ 8 7~ X ~T8 "" 

At B, 


vl = — = 132 lb. per sq. in. (d measured from bottom). 

10 X t).o7 X lo 

Figure 4-16(/) shows, by the hatched portions, the part of the longitudinal 
shear or diagonal tension that must be taken by the web reinforcement. 

The critical points for bending of the rods can be scaled from Fig. 4~16(^). 
The bending moment at any point can also be scaled from this diagram. 

The maximum allowed spacing of the bent-up rods is 0.75d = 0.75 X 18 
= 13.5 in. Assume s = 12 in. Bend rod d first, starting arbitrarily a little 
beyond the point of permissible bending (on the side of safety). Then bend 
rods e and c as shown in Fig. 4-1 6 (/i). Since rod d is obviously the one that 
is most heavily stressed near B, it is the only one that needs to be analyzed. 
Then, scaling the values vl — and M' from sketches if) and {g), Eq. 
(4-18) gives 



12,400 1 bz 
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0.7| 49 X 10 X 12 + 


622,000 X 


0.6 Xfi 


0.87 X 18 X 
sin (75°) 


ill 


^ 0.7(5,880 + 5,560) 

^ ~ oIx 0.97 “• 





Tig. 4-16. 


The first term of the foregoing equation shows that the pickup of 
stress that must be provided per inch of beam at the point H equals 

(vl — = 49 X 10 X 0.7 0.97 == 354 lb. The required value 

sin 75° 

of the bond per inch of the length of the rod is 354 4- 2o ~ 354 -r- 2.75 
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— 129 lb. per sq. in. This is near enough to the allowable value to permit 
its acceptance. Bend the other rods as shown, including h. 

To reinforce the remainder of the web not cared for by the rods, add 
l-in. round vertical U-shaped stirrups. Then, from Eq. (4-10), 


2 X Q.ll X 18,000 
62 X 10 


6.4 in. 


For safety, use three of these stirrups as shown in Fig. 4-16 (^). 

The greatest transverse shear is at B. Its magnitude is 

Drp = — = 266 lb. per sq. in., which is less than 0.2/' 

hkd 10 X 0.43 X 18 eh, 


Some practical points should be noticed in the arrangement of the rein- 
forcement. Rods / are extended beyond point K of Fig. 4-16(fif) a sufficient 
distance to develop about 60 per cent of their strength through bond. 

Z/.(So)w = L, X 2.75 X 120 = 0.6 X 18,000, or L, = 33 in. 

Rods a are rather long for easy handling in the shop and in the field. 
Therefore, they should be spliced by lapping them in the region of compres- 
sion at the support B. If the conditions permitted rod h to come in one 
length, then it could be continuous, and it could replace rod d if it were not 
for the fact that it is difficult to make a series of bends in a long, heavy rod 
and to make these bends correctly. Furthermore, the hooks at the bottoms 
of rods c extend rather far into the region of tensile stresses at the bottom of 
the beam. It would be better to straighten the hooks out and to extend the 
rods far enough for proper development. This requires considerable weight 
of steel that is not particularly useful. Furthermore, the arrangement of 
rods is based upon the diagrams of Figs. 4-l6(/) and {g). It might be wise 
to add a few stirrups near A to allow for possible variations of loading in the 
future, thereby also eliminating the bend in h. 

Problem 4 - 7 . Figure 4- 17 (a) shows an end span of some of the continu- 
ous-girder viaduct construction of the New Jersey approach of the Lincoln 
Tunnel at Weehawken, N.J. The cross section of the girder is pictured in 
Sketch (h) ; the shear diagram, in (c). Design vertical stirrups for this girder, 
assuming/' = 2,500 lb. per sq. in., - 7'5 lb. per sq. in., u - 125 lb. per 
sq. in., and the allowable stress in stirrups/,, = 16,000 lb. per sq. in. Since 
the girder is a very deep one, assume |-in. round stirrups in order to have 
them strong enough as columns to support the top longitudinal rods and to 
secure their reasonable spacing. Because of the negative moments at the 
supports, use inverted-U stirrups in the portion DE as shown in Fig. 4-17(6) 
and for the reasons that have been explained in Art. 4-11. 

1. Section AB. The critical section is at B where d = 72 3 J — 3 1 == 72 

in. (approx.). 

It is not necessary to compute j for all of the varying depths in such a 
member as this one. The fact that it is a T beam generally indicates that 
k will be less than 0.38. Therefore, if j is assumed to be equal to 0.87 instead 
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of a larger value, the fact that it occurs in the denominator of Eq. (4-8) 
indicates that its use will yield conservative results. 


111,000 

- b'jd - 27 X 0.87'^2 ^ 

which is less than ; hence no stirrups are required theoretically. 
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The top and bottom portions of the stirrups should be overlapped a 
distance 


AA. 


0.31 X 16,000 
1.96 X 125 


= 20.2 in., or, say, 24 in. 


4. Practical Details. The following practical details should be noticed in 
Figs. 4-17(a) and (5): ' 

a. The bottom longitudinal rods, except those near E, will be in tension. 
As shown in Sketch (d) they will tend to straighten out and to spall off the 
concrete below them. Therefore, stirrups must be added to hold them back. 
(A similar situation occurs if compressive rods are bent around a corner when 
the stresses tend to buckle them outward.) 

The stresses in these stirrups may be approximated by using Eq. (3-3), 
T - 'pr. In this case, r = cVS^ = 32 VS X 2 = 64 ft. (approx.).^ 
Assuming the maximum tension in all of the bottom rods to be 330 kips, 
and using the typical f-in, round stirrups at 18 in. c.c., 


V 



330,000 

64 


5,150 lb. per lin. ft. 


T, in Fig. 4-.17(d) = ps = 5,150 X 1.5 = 7,700 lb. 


h _ 7,700 

2 X 0.31 


12,400 lb. per sq. in. 


These stirrups must be strong enough, as a sort of combined tie and beam, 
to carry the radial pull of the rods near the center of the stem [see Sketch 
(6)]. This is mostly a matter of judgment; but if the width of the member 
is such that any of the main rods are more than 10 or 12 in. from the vertical 
part of a stirrup, additional supports should be provided. 

Therefore, these stirrups will be used throughout the girder from A to D. 
As a practical matter, a few stirrups are often desirable in similar straight 
girders, too, in order to tie the member together thoroughly and to hold the 
main reinforcement in position during the pouring of the concrete. 

5. Rods a are bent up, and then they are curved down at the end so as to 
reinforce the top corner. 

c. Rods 5 and c are bent down to anchor them and to use them as extra 
web reinforcement — an arbitrary but conservative procedure. 

d. The splicing of the bottom longitudinal rods is made at the top of the 
column at E; a few of the top rods are spliced near D and extended to A. 

e. Rods d represent the column reinforcement which is extended up into 
the girder in order to reinforce the joint for continuous frame action. 

/. The longitudinal rods e and the hooked ones / of Sketch (Jb) are used to 
tie all of the stirrups together in both directions. 

4-13. Web Reinforcement in Beams Carrying Moving Loads. 

The floors of bridges and warehouses, longitudinal girders under 
railroad tracks, crane girders, and similar structures usually carry 

^ Approximately mid-ordinate m = c^/Sr. 
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moving livG loads of largo magnitude. Therefore, these struc- 
tures must be designed to withstand the maximum possible com- 
bination of these loads. Such conditions often cause severe 
stresses in the web reinforcement. The bending moment and 
the rate of increase of the bending moment—and therefore the 
longitudinal shearing stresses — differ with various positions of 
the loads. This means that, for the design of each section, the 
critical positions of the loads must be ascertained and the 
resultant stresses must be determined to see if the structure is 
safe. The reader should review Art. 3-7 because some of the 
principles stated there are applicable for shearing strength as w'ell 
as for bond. 

The use of influence lines will greatly facilitate the design of 
members that carry a series of moving live loads. A discussion 
of the theory of these diagrams and their construction will not be 
included here. 

When more than one moving, concentrated load is used, the 
maximum shear can be found at enough points to enable one to 
plot a curve showing the maximum longitudinal shear at all 
points in one-half of the beam. The excess of these values over 
the assumed allowable stress v'l, for the unreinforced web of the 
beam can then be used in the design of the web reinforcement. 

Because of the rapid changes in the magnitudes of the w’^eb 
stresses as the live loads pass over such beams, it is conservative 
to have web reinforcement throughout the length of the member, 
using nominal sizes in the central portions. Vertical stirrups are 
generally most suitable for this purpose. It also seems advisable 
to proportion the stirrups to carry all the shearing stresses but 
to use a theoretical unit stress of about 25,000 to 30,000 lb. per 
sq. in. in them. It is difficult to predict the shearing strengths of 
the portions of such beams that have tension in their tops under 
one position of the loads whereas there is tension in their bottoms 
for other positions of these same loads almost immediately there- 
after, and vice versa. At such points, bent-up rods (if well 
anchored) are especially beneficial in preventing disintegration 
of the beams and in providing steel ''hangers’' to knit them 
together. 

Problem 4-8. Assume that Fig. 4-18 is part of a small, simply supported 
highway bridge. The loading diagram in (a) is to represent one set of 
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wheels of a very short, heavy truck. The figures include the allowance for 
impact. Design vertical stirrups for this beam, using the allowable stresses 
fv, u, and v'l = 20,000, 150, and 75 lb. per sq. in., respectively. Accept 
the values of ^ = 3,750 lb. per sq. in., n = S, k = 0.227, and j = 0.92. 


-is -j: 



I I I I I I I I I I I I I I 
1 I ! I I M I I I I I ! I 
I I I I I I I I I I I I I 
I I I I II I I I I I I I 


■f^Qroc^s 


M I j I I I I I I t 

rods nof shown 


(d) 

Fig. 4-13. 

Then, if a; = 0 in Fig. 4-18(a), the shear at A equals 39.38 -f- 12.6, or 
51.98 kips. This figure includes the dead load of 900 lb. per lin. ft. Also, 
if a; = 14 ft., the shear at the left of C is 17.5 kips. 

Therefore, using j = 0.92, 

at A = — = — — = 135 lb. per sq 

hjd 14 X 0.92 X 30 ^ 


vl at € 


14 X 0.92 X 30 


== 45 lb. per sq. in. 


and 
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These values are used to construct Fig. 4-18(c). It is obvious that DE is a 
straight line. Also, it can be seen readily that the maximum longitudinal 
shear at any point between A and C is the ordinate from the line AC to DE. 
Therefore, allowing 75 lb. per sq. in, for the longitudinal shear to be 
taken by the stirrups is represented by the triangle DFG. 

Assume U-shaped stirrups made of f-in. round rods. Then, from A^fv = 
(vl — Vi^)hs, the maximum spacing of these stirrups at A is 


s 


2 X OAl X 20,000 

60 X 14 


5.24 in. 


The spacing halfway between D and G may be 10.48 in. The maximum 
value of s is assumed to be 0.5if = 15 in. 

Furthermore, although stirrups are not theoretically needed from G to J?, 
they will be used at the maximum spacing of 15 in. because the concrete 
may be cracked in this region owing to deformation of the longitudinal steel. 

The complete arrangement of the stirrups is shown in Fig. 4- 18(d), but 
the longitudinal rods and the reinforcement in the slab are not shown. 

The greatest transverse shear in the beam will occur at A. Its magnitude 
is 


V 


hkd 


51,980 

14 X 0.227 X 30 


545 lb, per sq. in., 


or less than 0.2 X 3,750 == 750 lb. per sq. in. 

The use of a tensile stress of 20,000 lb. per sq. in. in these stirrups when the 
concrete is relied upon for 75 lb. per sq. in. of the longitudinal shear may 
lead to excessive cracking of the concrete. A stress of 16,000 lb. per sq. in. 
is more advisable for important structures. 

For the sake of comparison, assume that this beam is to be designed so 
that the stirrups carry all the shear at a unit stress of 25,000 lb. per sq. in. 
Then, using f-in. round U-shaped stirrups, 


2 X 0.11 X 25,000 
135 X 14 


2.9 in. 


Since a larger spacing is preferable, use ^-in. round stirrups. The minimum 
spacing will be 5.3 in. — ^use 5 in. 

4-14. General Considerations. The allowance that may be 
made for the strength of the concrete alone (c'J in Eqs. (4-10), 
(4-13), and (4-18) is somewhat indefinite, and certainly it is 
arbitrarily established. Sometimes it is specified; sometimes it 
must be based upon judgment. At best, it is merely an empirical 
method of allowing for the strength of the beam without web 
reinforcement. The designer must decide whether or not the 
importance of the structure justifies assuming that the concrete 
alone may be relied upon to develop a safe longitudinal shearing 
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stress of not over 0.03/' when the longitudinal reinforcement is 
anchored adequately. 

It is very instructive for a student to design reinforced-concrete 
beams and then to test them to failure so that he can observe 
their behavior. However, this is not always possible. 

Figure 4-19 shows some beams with various tjq)es of web 
reinforcement which were tested to failure. The arrangement 
of the cracks should be studied carefully in order to give the 
student a clear idea of how these beams acted under load. For 
instance, bearing in mind the previous discussions, notice the 
following: 

1. The sketches show the tendency of the hair cracks to be vertical 
between the loads where the shear is zero, but to be inclined at about 45“ 
outside this central region. 

2. The T“beamSj No. 2210.1, etc., show a large number of cracks which 
extend to or above the bottom of the jflange. This cracking is more severe 
than for rectangular beams, and it clearly indicates the rise of the neutral 
axis toward the top because of the greater area of concrete which can 
resist the compression. 

3. Beams 221.1, 222.1, and 2210.1 indicate the progressive failure of the 
concrete due to diagonal tension. 

4. The beams that have heavy, closely spaced web reinforcement seem 
to have finer cracks which are more uniformly spaced than those of the other 
members. 

5. The stripping of the unanchored longitudinal rods away from the 
concrete is shown at the left end of beam 221.1. 

Such considerations as these A\dll help one to visualize more 
clearly the probable actions of the structures that he designs. 
This ability to look upon the members of a structure as parts of 
an almost living whole, each part acting and deforming in accord- 
ance with known laws, is one of the attributes of the expert 
designer. 

4-15. Design of a Beam-and-girder Floor System. In order 
to apply the principles illustrated in this chapter and the two 
preceding ones to practical work, a portion of a warehouse floor 
will be designed. The work is arranged as it might appear on a 
designer’s calculation sheets, these being shown in Figs. 4-20 to 
4-23. The sketches showing the sizes and arrangements to be 
used by the draftsmen in detailing the various parts are perhaps 
more fully illustrated than might customarily be the case, but 
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they are given to show the reader how to plan and picture such 
things. 

The framing plan in Fig. 4-20 indicates that the structure contains three 
25-ft. bays crosswise whereas it consists of a considerable number of 20-ft. 


t 


-Col. 




-i- 


Sym. abqui 4\ 




500*concerrh~afedi 

onshb 

Allowable unfi 
sfressesfW^V* 
fs^zaooo 

fc=IJ00 

v[=60 
u- ISO 


I 
I 

^ 1 7 / ^ 16 , 000 for 

\ f sfirrups 


_i b| 


10^0" 


Bi 


lO'O" 


20 '- 0 " 


Assume modn 
reinf.^J''*, 
sfirrups and 
slab reinf. 


20 - 0 " 


Slab 


Ccx) 

PARTIAL PLAN OF FLOOR FRAMING 


Assume L--9^0‘' d^4X' 
U=(ZOO+ 75 )^+ = Z 790 '* 

A 2,790x12 042^" B"rr 

2a000%0.88x4.5'^'^^ ^ 



Fig. 4-20. — Design of a beam-and-girder floor system. 


bays lengthwise. Assume that the construction under consideration is the 
first floor of a multistory building, the outer portions being supported on 
concrete basement walls. The span lengths and general arrangement are 
dictated by the desired clearances for occupancy. The beams and slabs 
are assumed to be continuous except at the outer walls. 
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Fig. 4-21. — Design of a beam-and-girder floor system (continued). 
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The live loads, permissible unit stresses, and sizes of reinforcement for the 
job are specified. The 500-lb. concentration is to be used for the slab only, 
being applied at the center of a 1-ft. strip in order to allow for local excessive 
piling of goods beyond the intended limits or for moving live loads. The 
assumptions regarding span lengths for design are shown in each part of the 
computations. Purposely they are made less than the center to center 
distances in order to illustrate how to handle the calculations in such cases. 


'i-222pOOft-}h^ 


'-222P0Ofm\ 






(a) 

M oments 



^2*^ Stirrups 

Fig, 4-23. — Design of a beam-and-girdcr floor system (continued). 


The maximum positive and negative bending moments arc computed by 
means of assumed coefficients. More refined methods for the calculation of 
such moments will be covered in Chaps. 13 and 14. The main reinforce- 
ment is limited to l-in. rounds in order to show how to adjust the members 
for the use of one standard size and to illustrate the arrangement of the rods 
when double rows are needed. 

The computations are made by slide rule and by the approximate methods 
of design previously described. As a matter of interest and for illustration 
of the results, the stresses at C in beams AC and CD were checked by using 
the transformed-section method, giving the following answ’ers: 
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Member 

AC 

CD 

Sc 

1,940 in, 3 

2,440 in.3 

s, 

120 in. 5 

138 in.3 


18,100 lb. per sq. in. 

19,300 lb. per sq. in. 

fc 

1,120 lb. per sq. in. 

1,090 lb. per sq. in. 

j 

0.87 + 

0.88 + 


The reader should notice the necessity for careful planning of the arrange- 
ment of the reinforcement at such a point as C in Fig. 4-20. The rods have 



Fig. 4-24. — Isometric sketch showing reinforcement at junction of column 
and continuous beam and girder, omitting stirrups, column ties, and rods in 
lloor slab. 

real thickness. It is easy to make the lines on a drawing so that the rods 
supposedly go in certain positions in one member regardless of what may be 
the detail of an intersecting one. However, this cannot be done in the field. 
If the rods are cut and bent to improper dimensions, the men in the field 
may have great difficulty in assembling the steel. Figure 4-24 is made to 
illustrate the packing and arrangement of the bars at C of Fig. 4-20. The 
'' girder is member CD. The reader can thus see why the cover over the 
top rods in Figs. 4-21 and 4-22 differ by 1 in. The tendency to form a 
screen where the rods cross is self-evident. One can imagine the erector’s 
troubles if the work is unwisely or carelessly planned. 
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The reader will also notice in the calculations the use of the bending 
moment diagrams for the determination of the bend points or termination 
of the main reinforcement. In actual design, an engineer will not always be 
willing to plot these diagrams. In order to show a safe, approximate, and 



Fig. 4-25.— Approximate locations of permissible cutoff points for reinforcement 
of continuous beams with uniformly distributed loads. 

(Add at least 12 diameters for anchorage.) 

easily applied substitute method to use in finding where the rods are no 
longer needed, Fig. 4-25 has been prepared. Sketch (a) is like the diagram 
shown in Fig. 4-21; (6) is a simple span; (c) is a fixed-end beam; and (d) and 
(e) are assumptions frequently made. The horizontal lines represent the 
portions of the moments carried by the rods assumed to be used. A p 
indicates the number of rods used for positive reinforcement; A'n denotes 
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those used for the negative reinforcement. The suggested procedure is as 
follows, referring to Fig. 4-25: 

1. For a beam with unrestrained ends: 

Stop the rods in the outer quarter of the span beyond the line AC oi 
Sketches (a) and (5). For instance, assume the third and fourth rods to be 
discontinued at 0.25L + 4 X 0.25L Np, then add some anchorage. 

The Code specifies that at least one-third of the positive reinforcement 
must be extended into the supports. 

2. For the positive reinforcement in a beam with end restraint : 

Stop the rods in the outer quarter of the span beyond the lines EJF 
and LKC of Sketches (a), (c), id), and (e). The theoretical horizontal 
distance between cutoffs may be 0.25L ^ {Np 4- Nn). This generally 
requires these rods to be stopped well beyond the usual theoretical bending 
moment diagram, a procedure which is desirable because of the fact that 
any yielding at the supports will cause the negative bending moments to 
decline whereas the positive ones increase toward the condition shown in 
Sketch (Jb), The Codecs further requirement that one-fourth of the positive 
reinforcement be extended into the supports is well justified. 

3. For the negative reinforcement in a beam with end restraint: 

Stop the rods in the outer quarter of the span but inside of the lines 
HF and LG of sketches (a), (c), (d), and (e). The theoretical horizontal 
distance between cutoffs may be 0.251/ -h Nn- The Code requires that 
one-third of the negative reinforcement must extend beyond the point of 
inflection sufficiently to develop one-half the allowable stress in the bars. 
It may be wise to extend a few of these rods clear through as shown in Figs. 
4-21 and 4-23. 

4. In any case, the Code properly requires that the anchorage for such rods 
beyond the theoretical cutoff be 12 diameters or not less than L/20. 

The theoretical spans used in Figs. 4-21 and 4-22 are assumed to be 1 ft. 
less than the center to center distances. Practice in this respect varies 
greatly. The Code permits the computation of bending moments on the 
basis of the center to center spans with the negative moment reduced by an 
amount equal to the shear times one-third of the width of the support. 

Practice Problems 

Problem 4-9. Assume a rectangular beam for which 5 = 16 in., d = 27 
in., k — 0.36, j =* 0.88, and the maximum shear V = 25,000 lb. Find 
vl and vt. If =50 lb. per sq. in., is the beam safe without web 
reinforcement? 

Discussion. Remember that, as used herein, vl = intensity of longi- 
tudinal shear, vr = intensity of transverse shear when confined to the 
depth kdj and v'l = allowable intensity of longitudinal shear when no web 
reinforcement is used. 

Problem 4-10. Find the spacing of |-in. round vertical U-stirrups at 
the end of the beam of Problem 4-9 if the stress in the stirrups /„ is 16,000 
lb. per sq. in. and if they are to withstand the excess shear over v^. 

Problem 4-11. Find vl and vt for a rectangular beam for which 6 = 18 
in., d = 32 in,, h == 0.33; j = 0.89, and V = 40,000 lb. If = 50 lb. per 
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sq. in., find the tensile stress in |-in. round vertical U-stirrups spaced 8 in. 
c.c. to withstand the excess shear over 

Problem 4-12. Assume that a simply supported beam is 20 ft. long and 
that it carries a total uniformly distributed load of 1,000 lb, per lin. ft. 
Assume that 6 = 12 in., /' « 3,000 lb. per sq. in., j = 0.88, and = 0.02^^. 
Find the depth of the beam that will be safe with no web reinforcement or 
special anchorage of the steel. 

Discussion. Find the end reaction; then substitute for in Eq. 
(4-4), and solve for d. Add 2 in. for cover at the bottom. 

Problem 4 - 13 . Assume that the beam of Problem 4-9 is simply supported, 
the span = 25 ft., the load = 2,500 lb. per lin. ft. uniformly distributed, 
— 50 lb. per sq. in. Draw the shear dii^ram, and design |-in. round ver- 
tical U-stirrups to act as web reinforcement, using/,, = 16,000 lb. per sq. in. 

Problem 4 - 14 . Assume a simply supported T-beam with a span of 24 ft. 
The moving live loads and the dead load cause a shear at the end equal to 

30.000 lb. ; that at the center of the span equals 10,000 lb. Assume that this 
shear varies uniformly between these points. If h' =* 15 in., = 27 in., 
j = 0.92, and =60 lb. per sq. in., find the required spacing of f-in. 
round vertical U-shaped stirrups if the permissible tension in the steel == 

15.000 lb. per sq. in. Ans. s == 10-7 in. (use 10 in.). 

Problem 4 - 16 . Assume that the beam of Problem 4-13 is to have the 

same stirrups designed to take all of the shear, using a unit stress of 25,000 
lb. per sq. in. in them. Make a detailed layout of the stirrups for this case. 
What is the maximum spacing near the center regardless of the stress? 

Problem 4 - 16 . Assume a T-beam which is continuous (call it “fixed”) 
over a series of supports. Let one interior span be 30 ft. If the total load 
is 3,500 lb. per lin. ft. (uniformly distributed), detail and space |-in. round 
vertical U-shaped stirrups to provide for the shear in excess of = 60 lb. 
per sq. in., using fv = 16,000 lb. per sq. in., h' — 15 in., d — 27 in., and 
j = 0.88. 

Discussion. Draw the shear and moment diagrams. In the regions 
where tensile stresses exist at the top of the beam, use lapped U-stirrups as 
shown in Fig. 4-15(d) ; elsewhere, use standard U-shaped ones. Throughout 
the central portion, use stirrups at jd c.c. 

Problem 4-17. Design |-in. square U-shaped stirrups which are inclined 
30° from the vertical for Problem 4-16. 

Problem 4-18. Design the web reinforcement for a simply supported 
T-beam, using bent-up rods w^here they are feasible, and using f-in. round 
U-shaped vertical stirrups elsewhere. Assume the following data: ¥ = 
12 in.; d = 30 in.;/ = 0.94; the tensile reinforcement — six 1-in. round rods 
in two rows 3 in. apart; the total load = 2,500 lb. per lin. ft. : span = 24 ft. ; 
the two outer rods of the bottom row are to be straight throughout ; rj, = 
50 lb. per sq. in.; /« = 15,000 lb. per sq. in.; the seat under the beam is 
assumed to be 1 ft. long. 

Discussion. Draw the shear and bending-moment diagrams as in Fig. 
4-12; determine the possible bend points of the bars; find where the bent 
rods do not reinforce the web (if any such parts exist), and add |-in. vertical 
stirrups; make a detailed sketch of the reinforcement. 
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Problem 4-19. Design and detail the web reinforcement for the T-beam 
of Fig. 2-22, using bent-up rods and additional |-in. round vertical U-shaped 
stirrups if they are needed. Assume j = 0.9; /„ = 18,000 lb. per sq. in.; 
the top steel - six 1-in. round rods with four in the top row and two in the 
second row 3 in. farther down; the span = 30 ft.; the total load is 2,100 
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Concrete Pcid under Rail 

Fig. 4-26. — Reinforced-concrete crane girder used in the concentrator of 
the low-grade ore project. {Courtesy of Cananea Consolidated Copper Company, 
Cananea, Sonora, Mexico.) 

lb. per lin. ft., uniformly distributed; the ends may be called fixed; four 1-in. 
round rods are used in the bottom at the center, two being straight for 
their full length; = 60 lb. per sq. in.; and the support under the beam is 
18 in. long. 

Problem 4-20. Redesign the web reinforcement of the beam of Problem 
4-19 if the total loading is changed to 1,000 lb. per lin. ft. uniformly distrib- 
uted and two concentrated loads of 15,000 lb. each at points 10 ft. from 
each support. (See Table 13-2.) Use the same rods as before and bend 
them. Add vertical U-shaped stirrups where required. 
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I^oblem 4-21. Redesign the web reinforcement of the beam of Problem 
4-19 with the loading of Problem 4-20, but use f-in. round vertical U-shaped 
stirrups (or double ones), stopping the longitudinal rods or bending them as 
desired but not relying upon the bent rods as web reinforcement. Let 

= 16,000 lb. per sq. in. and — 50 lb. per sq. in. Detail the 
reinforcement. 

Problem 4-22. Figure 2-26 shows a tapered, cantilevered, rectangular 
beam. The proposed vertical stirrups are |-in. rounds 6 in. center to center 
throughout the beam. Consider the weight of the concrete, and assume 
the column to be 18 in. wide. Test the deep and the shallow portions, 
using d = 26 in. at the column and d — 16 in. at the end near the con- 
centrated load. Assume j = 0.88 in both cases, (a) Is the beam safe 
if the concrete is to resist 60 lb. per sq. in. and the allowable fv = 16,000 
lb. per sq. in.? (6) Is it safe if the stirrups are designed to carry all the 
shear with/„ = 30,000 lb. per sq. in.? (c) What should be done to remedy 
the case if the beam were otherwise satisfactory? 

Ans. (a) fv near col. = 12,2001b. per sq. in., near end — 26,600 

lb. per sq. in., no good; (6) /„ near col. = 26,600 lb. per sq. in., O.K.]fv near 
end = 41,000 lb. per sq. in., no good; (c) bend down two lower bars of ten- 
sile reinforcement on general principles, then use closer stirrup spacing 
toward end. 

Problem 4-23. Figure 4-26 shows a continuous, reinforced-concrete 
crane girder used in the concentrator of the Cananea Consolidated Copper 
Co., Cananea, Sonora, Mexico. Are the stirrups safe if they are to carry all 
the shear, assuming that the allowable fv — 25,000 lb. per sq. in. and f — 
0.88? 

Discussion. The 5-in. cap shown in Figs. 4-26 (c) and (d) is for the pur- 
pose of aligning, leveling, and grouting the rail after the girders have been 
completed and their forms removed. Otherwise it would be difficult to 
set the rail and its attachments accurately. The total depth of the beam 
is assumed to be 30 in. Incidentally, such heavy, elevated concrete con- 
struction requires strong, and perhaps expensive, formwork. 

Ans. Yes; fv = 24,000 lb. per sq. in. max. 



CHAPTER 5 
COMPOSITE BEAMS 

6-1. Introduction. Sometimes it becomes necessary to analyze 
or to design a structure that is composed of steel I-beams, girders, 
or light trusses that are encased in concrete. The concrete may 
be used as a protection against fire and corrosion, or it may be 
designed to act as a load-carrying element of the structure. 
The latter case will be illustrated. The properties of the struc- 
tural-steel sections can be found in suitable handbooks. 

The term composite beam’’ is used to denote the second 
of the foregoing cases; that is, the two materials are to act 
together in resisting the bending moment. Such a beam is 
differentiated from an ordinary reinforced-concrete one, primarily 
because the steel is a large rolled or fabricated unit which usually 
has great strength in itself. The concrete adds to the strength 
and stiffness of the steel, but it is the weaker of the two materials. 

6-2. I-beam and Thin-slab Construction. A type of con- 
struction that is common in steel-framed buildings is shown in 
Fig. 5-1. It consists of a rather thin concrete slab which is 
supported on steel I-beams. Ordinarily, the slab is poured 
monolithically with the encasement of the beams. When a load 
is placed upon such a floor, it is obvious that both the concrete 
and the steel will be affected. 

Frequently, in such a case, the steel beam is designed to act 
alone in carrying the entire load. If its top flange is thoroughly 
embedded in the concrete of the slab — 1 in. or more above the 
bottom of the latter — the beam is usually considered to have 
adequate lateral support because the concrete will not let it bend 
sidewise. Under such conditions, some speciflcations permit the 
use of a higher unit stress in the beam than would be allowed for 
one that is not encased. This is done in order to allow indirectly 
for the benefit from the action of the concrete in assisting or 
augmenting the load-carrying capacity of the steel. 

This again calls attention to the very important fact that, 
when steelwork is encased in concrete, a material of high ductility 
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is covered by another one with very little ability to stretch but 
with great compressive strength. Therefore, when a load is 
applied, the two materials try to act in accordance with their 
own particular characteristics. The top flange of the I-beam 
in Fig, 5-1 tends to compress inside the concrete; the bottom 
flange tries to elongate; both flanges endeavor to deform about a 
neutral axis which is at the center of the web. Simultaneously, 
the concrete tries to act as a T-beam with its neutral axis close 
to the bottom of the slab. These two different actions must be 
in conflict because of the bond between the steel and the concrete. 
Unless this bond is broken, the steel cannot deform one way while 



Fig. 5-1. 


the concrete deforms another way. Therefore, the action is that 
of a composite unit. 

Assuming that the bond does not fail, the beam can be analyzed 
by the transformed-section method. To illustrate this, analyze 
the beam of Fig. 5-1. Let n = 10 and the allowable fs and 
fc = 20,000 and 1,000 lb. per sq. in., respectively. Neglect the 
small tie rods in the slab. 

The transformed section of the I-beam will be assumed to equal nAs = 
10 X 14.71 == 147.1 sq. in. Theoretically, the portion of the I-beam above 
the neutral axis of the composite beam should have its area multiplied by 
(n ~ 1), but although the flange area of the steel equals several square 
inches, it is too small compared to the concrete to warrant such refinement. 

Taking the static moment about the neutral axis of the composite section, 
neglecting any of the stein that may be in compression, 

ht(^d ^ ^ ~ nA,(11.5 — kd) 

72 X 5{kd ~ 2.5) = 147.1(11.5 -- kd) 
kd = 5.1 in., d — kd — 15.4 in, (Nearenough.) 

Assume that the moment of inertia of the transformed section of the I-beam 
about its own center of gravity is nl. 
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nr = 10 X 800.6 = 8,006 in.^ 
hi^ 


Ic = 


12 + 

72 X 5= 
12 


(w-i) 


(See any steel handbook.) 
-f + w.Aa(11.5 — kdy 


+ 72 X 5 X 2.62 ^ 8^006 + 147.1 X 6.42 = 17,200 in.^ 


s..1!!?22. 3,3701... 

5.1 

17,200 

Ss = ^ : - 112 m.2 

10 X 15.4 


Then 


Max. Me = feSe = 1,000 X 3,370 = 3,370,000 in.-lb. 
Max. Ms ■= fsSs = 20,000 X 112 - 2,240,000 in.-lb. 


Therefore, the stress in the concrete, assuming composite-beam action, is 
determined by the strength of the steel. When the stress in the steel is 
20,000 lb. per sq. in., 



2,240,000 

3,370 


— 665 lb. per sq. in. 


Considering the I-beam alone with = 20,000 lb. per sq. in., its safe 
resisting moment, when laterally supported, is 


ilf = = 89 X 20,000 = 1,780,000 in.-lb. 

Therefore, the permissible increase in the safe bending moment for the 
composite beam over that for the plain steel beam is 


100(ikr, - M) _ 100(2,240,000 - 1,780,00 0) 
M “ 1,780,000 


25.8 per cent. 
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The transverse shearing forces are not important in this case because they 

are resisted by both the web of the I-bearn 
and the concrete. The former is usually 
capable of carrying the entire load. 

Also, the longitudinal shear cannot cause 
failure of the same character as that which 
was discussed in the preceding chapter. 
However, it may produce excessive bond 
stresses or high local shearing stresses in the 
concrete. 

To investigate this problem, let Tig. 5-2 
represent an enlargement of a portion ot 
Pig. 5-1. The beam will be assumed to 
have a span of 25 ft. and a uniform load of 2,200 lb. per lin. ft., includ- 
ing the dead load. The longitudinal shearing stress upon any plane of any 
section of the beam per unit length may be assumed as 


Fig. 5-2. 



Aet. 5-2] I-BEAM AND THIN-SLAB CONSTRUCTION 


149 



where Sl equals the total longitudinal shear in pounds per linear inch of 
the beam, V equals the transverse shear at the given section in pounds, 
Q is the static moment of the part beyond the plane being considered (in 
tliis case above AEBCFD in the figure) computed about the neutral axis 
of the composite section, and Jc is the moment of inertia of the composite 
beam about its own center of gravity (or neutral) axis. Q and h must be 
expressed in terms of inch units. They must also be computed upon the 
basis of the transformed section in terms of concrete. Therefore, at the 
end of the beam. 


(12.5 X 2, 200) (72 X 5 X 2.6 - 7.5 X 2.5 X 1.35 - 1.93 X 2 X 0.74) 

17,200 

1,450 lb. per lin. in. 

Sl 1,450 1,450 

AEBCFD 2 X 2.78 + 2 X 0.57 + 7.5 14.1 

The stress on the surfaces AE and FD is shear in the concrete, 
whereas that on EBCF is bond stress. The magnitude of the 
latter seems to be rather large to be relied upon for such wide, 
flat surfaces of steel. Furthermore, since the bond stress is 
really a shearing stress, it is not reasonable to assume that the 
shear on the sections of concrete at AjE 7 and FD can have a value 
that is much different from the bond stress on the steel, because 
all of the material must deform together until the bond fails 
or the concrete shears off. It is therefore advisable to use some 
kind of anchorage between the steel and the concrete, as illus- 
trated in the next problem. 
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Problem 6-1. A modification of the problem that has previously been 
illustrated is shown in Fig. 5-3 (a). Using the same data, find the bond 
stress at the top of the I-beam. 




150 


COMPOSITE BEAMS 


IArt. 5-2 


Although this arrangement appears strange, such conditions often occur in 
building construction because of practical considerations. They should be 
guarded against because a crack is likely to form along the plane ABCD. 
Proceeding as before, an analysis of this beam gives the following values: 

kd = 6.7 in., d - kd = 19.3 in,, I, = 30,700 in.^ 

Sc = 4,580 in.3, Ss = 159 in.3 
Me ~ 4,580,000 in.-lb. (Greater than before.) 

Ms = 3,180,000 in.-lb. (Greater than before.) 


The computed /c = 


wL^ X 12 2,200 X 252 X 12 2,060,000 


450 lb. 


8 X 8 X 4,580 4,580 

per sq. in., when the real external bending moment is carried by the com- 
posite beam. 

The static moment Q of the portion helow AD about the neutral axis 
0-0 is 

Q - nAsiS + 9 ~ M) = 10 X 14.71 X 10.3 - 1,515 in.^ 

Therefore, using a transverse shear V equal to the end reaction of the beam, 
VQ (12.5 X 2,200) (1,515) 




30,700 


= 1,360 lb. per lin. in. 


or 

These figures show that a crack may form along the plane AD. 
One possible method of preventing this is by riveting double 
angles on the top flange as shown by Fig. 5-3(5), forming Z-shaped 
lugs which provide a mechanical bond. These angles can be 
spaced as required to withstand the longitudinal shear, being 
closer together near the ends of the beam where the shearing 
forces are the greatest. These lugs provide a mechanical bond 
which helps to resist the longitudinal shear and to enable the 
beam to act as a composite section. Incidentally, these angles 
are useful in tying the slab and the steel together so that con- 
tinuity of the slab, or any other action, will not cause the slab 
to be pulled away from the I-beam. 

The patented Alpha’’ system utilizes spiral rods which are 
welded to the top flange of the beam 'to resist the longitudinal 
shearing forces. In some of the structures that have been built 
by The Port of New York Authority, the beams are set so that 
the reinforcing trusses in the slab can be welded directly to the 
top flange, thus forming a lug on the beam. 
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If structural-steel members — I-beams or trusses — are used to 
support the forms during the placing of the concrete, the stresses 
resulting from this dead load must be computed and deducted 
from the allowable stress in the steel, the remainder being the 
stress that is available for the steel as reinforcement in the con- 
crete. Tor instance, if such dead loads caused a tension of 
9,000 lb. per sq. in the I-beam of this problem, for which the 
allowable stress is 20,000 lb. per sq. in., then 11,000 lb. per sq. in. 
would be the maximum that could be used in the composite 
section. However, the dead load that is already carried by the 
I-beam should not be included again in computing the loads that 
cause bending moments and shears in the composite beam. 
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Fig. 5-4. — Floor of Lincoln Tunnel, New York City. 


When composite beams frame into steel girders or columns, 
special care should be taken to avoid cracking along the top 
flanges because of deflection of the beams. Where feasible, the 
steel beams should be made continuous with, tension plates and 
bottom thrust angles; otherwise use rods in the slab to carry 
tension across the girder or past the column. The whole frame- 
work should be looked over to find the places where deflections 
under live loads will be likely to cause cracks; then, if it is not 
practicable to make the steelwork continuous, it may be advisable 
to make definite joints or cuts in the concrete so that the cracking 
will occur at such predetermined locations. 

5 - 3 , I-beams Completely Encased in Thick Slabs. In some 
cases, small I-beams may be completely encased in thick concrete 
slabs as shown in Fig. 5-4. In such cases, it is reasonable to 
assume that, with proper inspection in the field, the bond and 
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shearing stresses will be sufficient to make the structure act as a 
composite unit. The sketch shows the floor of the Lincoln 
Tunnel which is of this type of construction (see Fig. 5-4A). 



Fig. 5-4 a. — C oastruction of the roadway slab of the Lincoln Tunnel at the 
New Jersey shaft. 


The slab of Fig. 5-4(a) will now be analyzed, using n = 8 and /«, /c, and 
u — 20,000, 1,200, and 150 lb. per sq. in., respectively. The tie rods will be 
neglected. 

nA* = 8 X 7.38 - 59.04. 


Assuming 5 ~ 20 in., and taking the static moments about the neutral axis’ 
20(H) 2 


=: 59.04(8 - kd). 


kd — 4.53 in., 


and 


d kd = 8.47 in. 


If / equals the moment of inertia of the I-beam and x “ the distance from 
its center to the neutral axis of the composite section, then 

b(kdp 

= — — _|_ ^7 nAAxY 

O 

, 20 X 4.533 

7 ^ = ^ _|_ g X 122.1 -H 59.04(8 - 4.53)2 = 2,307 in.-* 


^ 2,307 

Sc = — — 509 in.' 
4.53 


8 X 8.47 
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Me ~ 509 X 1,200 = 611,000 in.-lb. for a 20-in. strip 
Ms = 34 X 20,000 ~ 680,000 in.-lb. for a 20-in. strip 

In this case, the concrete determines the safe resisting moment of the slab. 

If the I-beams are assumed to carry the load by themselves without the 
help of the concrete, then, using the ordinary flexure formula, 

si 

M = — — 20,000 X 24.4 = 488,000 in.-lb. for a 20-in. strip. 


The concrete thus enables the slab to develop a resisting moment which is 


100(M. - M) 
M 


100(611,000 - 488,000) 
488,000 


25.2 per cent 


greater than for the I-beams alone. 

The composite action of the type of construction shown herein 
is much more reliable than that of the type illustrated in the 
previous article. The horizontal and vertical forces are resisted 
by both the concrete and the I-beams, although the latter will 
usually be found to be capable of withstanding the entire shear- 
ing force if necessary. Also, because of the thorough embedment 
of the steel, the bond stresses are generally unimportant. They 
cannot be tested accurately by the formula 


_ V 

“ (So)j<i 

because of the continuity of the webs of the I-beams and their 
participation in the composite action. 

When the importance of a structure requires at least an 
approximate analysis of the bond stresses, their maximum value 
may be found by assuming that all of the increments in the steel 
stresses come through the action of the bond between the con- 
crete and the I-beams in the same manner that they do in the 
case of ordinary reinforcing rods. 


Therefore, referring to the beam of Fig. 5-4, if dM represents the increment 
of the bending moment per linear inch of beam, the increment of the stress 
in the steel dfs will be 

dM dM 

dfs = = — for this example. 

Os 34 

Next, find the section modulus of the I-beam alone about an axis at the 
center of gravity of the composite beam [point 0, Fig. 5-4(5)]. For this 
particular case, it is 
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/ IcL + Ax'^ 
c c 


122.1 + 7.38 X 3.472 
8.47 


25 inJ 


where Icl is the moment of inertia of the I-beam about its own center of 
gravity. Then find the section modulus of the entire surface area of the 
I-beam about the same axis 0, using a length of beam of 1 in. This gives 


S for surface 


I'cL + 
c 


547 (approx.) + 36.59 X 3.472 
8.47 


117 in.3 


For SM « 0, the increment of moment of the steel stresses, per unit of 
length of the beam, about the axis 0 must equal the moment of the bond 
stresses, per unit of length of the beam, about this same axis, or 

d/s (section modulus of the steel section) = w(section modulus of surface), 


dfs(26) — u(117) for this special problem. 

This can be solved when the maximum increment of moment is known. 

A disadvantage of the construction that is shown in Fig. 5^4 
is the tendency of the I-beams to isolate the concrete into sep- 
arate units. This may result in the destruction of the bond if the 
structure carries heavy moving loads and if the beams are rela- 
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tively flexible so that the lateral distribution of the loads is poor. 
Furthermore, the wide, flat surfaces of the top flanges of the 
I-beams tend to cause cracks in the concrete above them due to 
weathering, if the structure is exposed. 

5-4. Fabricated Trusses in Concrete Slabs. Members that 
contain fabricated trusses as reinforcement for the concrete are 
classed herein as composite beams because these trusses are shop- 
fabricated units which serve the same general purpose as the 
I-beams of the previous article but which are designed to over- 
come the disadvantages of the latter. Such trusses are made in 
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various types. Some are merely ^Yelded reinforcing rods; some 
are made with chords which are composed of small structural 
shapes; still others are really expanded I-beams. In some cases^ 
these trusses are made strong enough to act as supports for the 
forms and the wet concrete. 

I These trusses, as pictured in Fig. 5-5, have many practical 
advantages as reinforcement in concrete slabs and beams. Being 
fabricated units, they are easily handled in the field, especially 
when the members are continuous and w’hen they require rein- 
forcement for both positive and negative bending moments. 
The open-web systems eliminate the isolating effect of the webs 
of the I-beams, and they permit the use of effective transverse 
rods, which thoroughly tie the structure together; the web 
members provide a certain amount of mechanical bond for the 
longitudinal reinforcement; and the diagonal members serve as 
an effective — partially, at least — S 3 'Stem of web reinforcement. 

This last feature may be clarified b}’^ an examination of Fig. 
5-5 (a). The diagonal members AB^ CD, and EF function as 
inclined stirrups. However, BC and DE are not effective as 
anchors to withstand the longitudinal shearing forces which 
tend to break open the concrete below B and above E, They 
have some value as steel compression members which assist 
directly in carrying the vertical shear, but the}" should not be 
relied upon too much. The trouble can usually be remedied by 
inverting alternate trusses so that the directions of the web 
members of adjacent trusses will be reversed. By assuming 
that the trusses function in pairs, the Aveb reinforcement generally 
will prove to be adequate even though the spacing or panel 
length exceeds that generally allowed for inclined stirrups — 
Naturally, trusses with a double web system (X type) need not 
be alternated in this way. 

Problem 6-2. Assume that a strip of the slab of Fig. 5-5 1 ft. wide carries 
a load P equal to 10,000 lb. at its center plus its own weight of 100 lb. per 
sq. ft. 

P^or this problem, assume that the bending moment at the support is 

75 7 „..7 2 

- 8 12 

If n equals 8, and the details of the slab and the trusses are as shown in the 
illustration, find/,.,/c, u and the stress in the diagonal EF, if alternate trusses 
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are shifted 8.4 in. and one diagonal rod is assumed to carry the entire stress 
for the 1-ft. strip with no allowance for the strength of the concrete in resist- 
ing longitudinal shear = 0). Also, neglect any action of the truss as an 
independent member, because it is merely reinforcement in the concrete. 
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000 X 7 100 X 72 


*^12 = 110 , 


,000 in.-lb. 


8 12 
= 8 X 0.6 X 2 = 9.6, (n - 1)4' =7X12 = 84 
12(M)2 

— ^ 1- 8.4(A:(i - 1.25) = 9.6(6 - kd) 

kd = 2.19 in., and d - kd = 3.81 in. 

A; - 0.36, and y = o.88(±) 

12 X 2.193 

^ 3 4 Q g42 g g ^ g ^ 

„ 188.8 
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„ 188.8 


AT 110,000 
Jc - = 1,280 lb, per sq. in. 

. M 110,000 
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The tangent of |3, the angle of inclination of EF, is 
8.4 


tan ^ ^ = 1.77 or 

4.75 


- 60 ^ 32 '. 


Therefore, the stress in this one inclined rod for the 12--in. strip is 
O.IvLbs 0.7 X 84.4 X 12 X 8.4 


Aifi - 


sin (45° 4- 


0.963 


^ 0.7 X 84.4 X 12 X 8.4 

a^O.963 20.000 lb. per sq.m. 

The intensity of the transverse shear is 
F 5,350 


Vt 


hkd 12 X 0.36 X 6 


- 206 lb. per sq. in. 


The maximum bond stress at the support^ which is the point where it is 
the greatest for the longitudinal reinforcement, is, assuming the rods to be 
V in. round, 


VLh 84.4 X 12 
So 2 X 2.75 


184 lb. per sq. in. 


This is just about the safe limit that is allowed forn *= 8 in the Code, assum- 
ing deformed rods. Although the chords of the trusses are smooth, the 
mechanical bond of the web members where they are rigidly fastened to the 
longitudinal rods should permit the use of this maximum value. 

As a matter of detail, these trusses can be spliced by locating 
the joint over a support, setting the trusses end to end or side 
by side. The web members need not be spliced in such a case, 
but separate rods can be wired to the chords so as to make up 
the necessary area and to allow the proper length for bond to 
develop the splice bars. In other cases, the trusses may be 
lapped at a floor beam. 

Trusses will probably increase in use as their cost becomes less 
and as engineers become more accustomed to using them in 
their designs. The use of structural-steel supporting members 
in this illustration is taken from bridgework such as that of 
Fig. 5-6. However, trusses are just as advantageous in the case 
of similar structures that are made entirely of concrete. 

Practice Problems 

Problem 5-3. Assume that a composite beam similar to Fig. 5-1 is to be 
analyzed. The flange width of the T-beam 5 = 66 in.; its thickness i = 8 
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in.; the steel beam is 24 in. deep, weighs 80 lb. per ft., the flange width 
= 9 in., I = 2,230 in.'^, A = 23.54 sq. in., the section modulus ~ 185.8 inJ; 
the width of the stem (encasement) ~ 13 in.; and the top of the beam is 
3 in. below the top of the concrete slab. Find the section moduli S( and Ss 
of the composite beam if n = 10. Find the safe resisting moment if the 
allowable fc = 900 lb. per sq. in. and /s = 18,000 lb. per sq. in. 

Ans. So = 6,060 in.^; Ss - 228 in.^; M, - 342,000 ft.-lb. 

Problem 6-4. Find the critical longitudinal shearing stress along the 
top of the beam of Problem 5-3 if it is simply supported, has a span of 28 ft., 
and carries a total uniformly distributed load of 3,000 lb. per lin. ft., includ- 
ing the dead load. 

Discussion. Find the end reaction, the static moment of the concrete 
outside the probable planes of failure (similar to Fig. 5-2), the longitudinal 
shear per inch of length {Sl = FQ/Jc), and the longitudinal shearing stress 
per square inch of surface. 

Problem 6-6. Assume that the composite beam of Problem 5-3 has a 
span of 27 ft, and that it is simply supported. Assume that the forms are 
supported from the steelwork so that the dead load is carried by the steel 
beam alone. If the allowable /« in the steel is 18,000 lb. per sq. in., find the 
uniformly distributed live load per linear foot that the composite beam will 
support. 

Discussion. Find fs for the dead-load bending moment for the steel 
beam alone; subtract it from 18,000 lb. per sq. in.; use the difference times 
Ss to find the available resisting moment for live loads; and then compute 
the uniform load that will cause this moment. 

Ans. L.L. == 2,630 lb. per ft. 

Problem 6-6. Recompute Problem 5-3 if 6 = 75 in., ^ — 8 in., and 
n - 12. 

Problem 6-7. Compute the maximum longitudinal shearing stress at the 
top of the beam of Problem 5-6 if the beam is simply supported, has a span 
of 25 ft., and carries a total uniformly distributed load of 3,600 lb. per lin. ft. 

Problem 6-8. Recompute the composite beam of Fig. 5-4 as in Art. 5-3, 
using exactly the same steel beams but a weaker concrete for which n = 12, 
/c = 900 lb. per sq. in., and/s = 18,000 lb. per sq. in. Find the safe resisting 
moment. 

Problem 6-9. Find the safe negative bending moment for a floor slab 
that is reinforced as shown in Fig. 5-5, if n = 12. Assume that the allow- 
able /c = 900 lb. per sq. in. and /* — 18,000 lb. per sq. in. 

Discussion. Use the same dimensions, steel, etc., as in Fig. 5-5. Follow 
the procedure of Problem 5-2. 

Problem 6-10. Find the safe positive bending moment for a floor slab 
like that of Fig. 5-5 if the total depth is 9 in. and the distance center to center 
of truss chords = 5.75 in. Otherwise, use all of the dimensions and the 
data that are given in the pictures. Let n = 10, the allowable fc = 1,000 
lb. per sq. in., and/a = 20,000 lb. per sq, in. 

Ans. Me = 135,000 in.-lb.; Ms = 159,000 in.-lb. 



CHAPTER 6 
COLUMNS 

6-1. Introduction. Members carr 3 diig direct axial loads 
which cause compressive stresses of such magnitude that these 
stresses largely control the design of the members may be included 
in the general classification called columns. They may also 
be divided into two types, viz., “short’' columns, the lengths of 
which are less than ten times their least lateral dimension; and 
“long” columns, the relative lengths of which exceed this limit. 
Columns may also be subjected to bending moments as well as 
to axial loads. Therefore, the foregoing definition is given as a 
general one to differentiate between a column that resists bending 
and a beam that carries a direct compressive load. 

Because of the nature of the material, concrete columns are 
generally of the short-column type. Longitudinal steel rods are 
usually added to assist in carrying the direct loads; also, hoops 
and spirals serve the same general purpose; and sometimes 
structural-steel sections are considered to be a sort of glorified 
reinforcement. 

Columns need not be vertical, but, to avoid confusion, it will 
be advisable to consider them so, using the term “strut” to 
describe inclined or horizontal compression members. 

6-2. General Discussion of Reinforced-concrete Columns. 
A simple, square concrete column with eight vertical reinforcing 
rods is pictured in Fig. 6-1 (a). Under the action of the direct 
compression, the concrete bulges out lateralljq as shown in 
exaggerated manner in Fig. 6-1(6). From a consideration of 
Poisson’s ratio, this is to be expected when a material is placed 
under compression. It is also obvious that the rods themselves 
are somewhat like very slender columns. Naturally, they tend 
to buckle, but they cannot bend inward against the concrete. 
Therefore, they will buckle in the line of least resistance, viz., 
away from the column’s axis. This action causes tension in the 
outside shell of the concrete which, if the pressure becomes 
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sufficient, will crack open somewhat as shown, the failure usually 
being sudden. 

The way to overcome this trouble seems to be obvious. If the 
column is a square one, as pictured in Fig. 6-1 (c), the apparent 
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Fig. 6-1. 


remedy is the placing of small rods around the longitudinal 
reinforcement, forming a series of bands or ties which are wired 
to the main rods and which are supposed to keep the latter from 
buckling, as well as to restrain the bulging action of the concrete. 
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However, if the upper view of this figure is examined carefully, 
it is seen that these bands are in the form of hollow squares. 
Therefore, when rods a try to bend sidevise, they exert a lateral 
force which is normal to the straight sides of the bands. The 
bulging of the concrete does likev^nse. However, the bands are 
not effective in withstanding such beam action without bending 
outward so much that the concrete may crack. It is therefore 
advisable to use two kinds of ties, placing them alternately so 
that one holds the corner rods while the other supports the 
intermediate ones, as shown in Fig. d-l(d). This arrangement 
results in troublesome details, and it handicaps the '^rodding,'’ 
or compacting, of the concrete. 

The next logical improvement seems to be the placing of the 
longitudinal rods in a circle, with hoops placed outside and 
wired to them as pictured in Fig. 6-1(6). The buckling tendency 
of the rods and the bulging of the inner portion of the concrete 
merely cause tensile stresses in these hoops, which means that 
they are really effective in restraining this action. How’-ever, 
the single hoops have to be spliced by lapping or by bending their 
ends around some of the main rods. This again is troublesome 
when a large number of hoops must be used. 

The best way to support the longitudinal rods and the concrete 
is by means of spiral reinforcement as illustrated in Fig. 6-l(/). 
These spirals are merely long rods of small diameter which are 
bent around the main rods, forming a helix. In this way, small 
pieces are eliminated, the field work is decreased, and the waste 
of material in splices is avoided. 

The arrangement of the main rods in a circular pattern with 
spiral reinforcement (or hoops) is advisable even wiien the cross 
section of the finished column must be square rather than round. 
Of course, the protective coating over the rods is needed to guard 
the steel against fire and corrosion, but the exterior surface can 
be shaped to suit the architectural requirements as long as a 
minimum cover of 1| or 2 in. is maintained over the outer surfaces 
of the rods. 

It has been the general practice in the past to neglect the 
strength of the concrete covering that is outside the rods — tlu' 
2-in. layer showm in Figs. 6-1 (c) and (/). This was done because 
this covering was assumed to be for protection against possible 
fire and because, in that event, it might spall off. Also, this 
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covering is outside the portion that could be restrained by the 
hoops or spiral reinforcement. The present tendency, however, 
seems to be to assume that the entire section of the concrete will 
participate in resisting the loads. 

This assumption seems to be entirely logical because all of the 
material must be shortened when the member is compressed. 

Then all of it must also resist this deformation, 
especially -within the range of ordinary working 
loads. There are differences of opinion regard- 
ing how much concrete outside of the hoops or 
spirals may be relied upon in design. Obvi- 
ously, some practical limits must be set up. 
Since the Code states that, for. columns which 
are poured monolithically with walls or piers, 
the effective gross section shall be assumed as 
that within 1 J in, of the outsides of the spirals, 
this definition will be adopted herein, even 
though the thickness of the cover outside the 
spirals or hoops may exceed 1| in. 

The arrangement of the reinforcement divides 
concrete columns into two general classes, viz., 
^Hied’^ columns which have longitudinal rods 
with intermittent hoops; and “spirally rein- 
forced’^ columns, which have longitudinal rods that are enclosed 
within steel spirals. The advisability of using rods of large 
diameter which will be stiff and strong as “little” columns is 
self-evident. 

6-3. Design of Tied Columns. The design of short reinforced- 
concrete columns may be based upon the theory of the elasticity 
of the materials. If the load P is applied to the column of Fig. 
6“l(a), it causes a corresponding shortening of the member. 
Both the concrete and the steel are squeezed down equally. If 
the stresses in them are below the elastic limit of the materials, 
the relation between the values of the unit stresses in the steel 
and in the concrete /s and p would appear to be 
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Therefore, the total load must equal the area of the two materials, 
each times its respective unit stress. 
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As an example, refer to Fig. 6-2. Let A, equal the gross 
effective area of the column in square inches and equal the 
ratio of the total area of the longitudinal rods to this gross 
effective area. Then the area of the steel is 

As = PgAg. (h-1) 

The net area of the concrete = Ag — As = A^ — p,A, = 
Ag(l — Pg). Therefore, 

P = As/s + (Ag — As)/s = PgAgfs -f AjCI “ Pg)fc. 

P = PgAgUfc + Ag{l - ^J/s) . 

P = A Js[l + (n - l)p,] / 

which gives the load in terms of the transformed section and of 
the stress in the concrete. This formula is based upon the 
elastic theory. In reality, however, it is not in accord with the 
recent ideas of some authorities. 

Experience has shown that the action of a reinforced-concrete 
column under load seems to be rather peculiar. At first, the 
conditions are practically those given by Eq. (6-2); but if the 
load is large and if it is continued for a long time, plastic flow 
of the concrete ( a tendency of the concrete to get out from under 
the load when the latter is continued for a long period) seems to 
take place, resulting in a decrease of the unit stress in the concrete 
but an increase of the stress in the steel because of the latter’s 
inability to ^^get out from under” the load also. Thus, more 
of the burden of supporting the load tends to be shifted from 
the concrete into the rods. This action may continue until the 
stress in the steel reaches the yield point, ^ whereupon the rods 
deform appreciably without taking much further increase in 
stress, even though they cannot get rid of the stress already in 
them. Then, at this stage, the shifting of the load from the 
concrete to the steel must practically cease because the latter 
is so much more compressible than the former. If the load on 
the column is then increased, the steel will continue to have a 
stress which is at or a little above the yield point, but the con- 
crete, by itself, must carry the increase of the load until it fails. 

^ Unless it is relieved by ‘'bond creep’' at the splices; see J. R. Shank, 
Bond Creep and Shrinkage Effects in Reinforced Concrete, A.C.L Jour., 
November, 1938. 




According to these principles, a formula for the ultimate 
strength of a reinforced-concrete column might be 


P' = (A, - AO/: + A4: \ 
P' = A,[(l - pX + pJilj 


(6-3) 


In Eq. (6-3), P' = the ultimate load on the column and 
/: = the stress in the steel when at its yield point. Applying a 
suitable safety factor to these formulas gives those stated by the 
Code for the safe load P on tied columns: 


P = 0.18/:A, + 0.8A./« ) 

P = A,(0A8/: + 0.8/.p0j 

wherein fs = 16,000 lb. per sq. in. for intermediate-grade steel 
and 20,000 lb. per sq. in. for hard grade. Theoretically, the 
area of the steel As should be deducted from A^, but this minor 
effect has been considered in determining the coefficients of 
/: in Eq. (6-4). 

A column that is designed in accordance with the elastic theory 
must have a larger cross section or more longitudinal reinforce- 
ment than it will require if it is designed to meet the Code, 
because the value of the second term of Eq. (6-2) is so much 
smaller than the corresponding one of Eq. (6-4). On the other 
hand, one must remember that both formulas are approximate. 
They are attempts to determine in advance what load a given 
column can support safely. A load test of the real member 
would give the correct result, but such a test cannot be made 
in most cases. 

Furthermore, there are uncertainties which arise in the use of 
Eq. (6-4) because it merely sets a maximum safe load for a 
column that has a given size and one specific make-up. If a 
column is not fully loaded, what are the stresses in the concrete 
and in the steel? As the load is increased, does each stress vary 
directty from zero to the maximum which is set by Eq. (6-4)? 
It is doubtful if this is so, but from the standpoint of safety it is 
unimportant. 

If Eq. (6-2) is used to compute the stresses in a column, one 
must remember that it will give concrete stresses that are likely 
to be higher than those Avhich will actually occur, because of 
plastic flow. The computed stresses in the rods will be less than 
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the actual ones, but such computed stresses in the steel will 
generally appear to be low. For instance, assume a concrete 
for which /' = 3,750 lb. per sq. in. Then, according to the 
Code, n = 30,000//' = 8. If /^ = 0.18/' = 0.18 X 3,750 = 675 
lb. per sq. in., then /, = nfc = 8 X 675 = 5,400 lb. per sq. in. 
Even if the stress in the steel is far above this value, no harm 
should result, because steel is a splendid, reliable material and is 
well adapted for this particular use. Even when it is stressed 
above its yield point, it will compress sufficient!}" to shift the 
balance of the load on to the concrete. No serious consequences 
should come from this readjustment under the compressive 
forces. However, such a statement cannot be made when one 
refers to tensile stresses in reinforced concrete. 

Of course, the ties in any column should be adequate to brace 
the rods. According to the Code, such ties must be at least 
I in. in diameter. They must not be spaced over sixteen times 
the diameter of the longitudinal rods, forty-eight times the 
diameter of the ties, or the least dimension of the column. 

The splices of the longitudinal rods are very important. 
They should be designed so as to allow for a high stress in the 
steel. Generally, it will be safe to lap them in the same manner 
and for the same unit stress as is done when the rods are subjected 
to the allowable tensile stresses. The rods must be far enough 
apart so that there will be at least 1| to 2 in. clear space between 
one set of lapped rods and the adjacent ones, because proper 
encasement of the steel is exceeding!}- important. Table 11 
in the Appendix will be helpful in this connection. It also gives 
the specified limits for pg. 

The steps in the design of a column are as follows: (1) the 
determination of the quality of the concrete to be used (/' and n) 
and the allowable stress in the steel; (2) the assumption of a 
size and shape; fS) the assumption of p,j (or the number and size 
of rods); and, finally, the test of the safe load for the column })y 
the use of Eq. (6-2) or (6-4). As illustration, the sample problems 
will be worked out for both the elastic theory and the Code. 

Problem 6-1. Find the safe load for a short, tied eoluinn which is 12 in. 
in diameter and whicli has six |-iii. round longitudinal rods. It also has 
hoops which are made of mund rods, these hoops being 10 in. c.c. and 
having a cover of 1| in. of concrete, .\ssume that the ultimate strength 
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of the concrete = 2,500 lb. per sq. in., n = 12, the allowable working stress 
in the steel ~ 16,000 lb. per sq. in., and the allowable /c ~ 0.18/'. 


A. = 


itD^ TT X 122 


4 4 

A, 6 X 0.44 == 2.64 sq. in. 


113 sq. in. 


The allowable /c == 0.18/' - 0.18 X 2,500 - 450 lb. per sq. in. 

By the elastic theory, 

P = A Jell + (n - l)p.] 

P = 113 X 450[1 + (12 ~ 1)0.0234] « 64,000 lb. 

L ~ nfc = 12 X 450 = 5,400 lb. per sq. in. 

By the Code, 

P = 0.18/>„ + O.SAJs 

P = 0.18 X 2,500 X 113 + 0.8 X 2.64 X 16,000 - 84,600 lb. 

The differences between the foregoing results are rather large, 
indicating again that the first method requires a larger column 
or more steel than the second one to carry the same load. 

According to the limits for ties as stated previously, the 
diameter is the minimum — i in. The spacing is 10 in., which is 
less than 16 X f = 12, or 48 X i = 12. They are therefore 
satisfactory. 

6-4. Design of Spirally Reinforced Columns, When a column 
has reinforcement of the type that is pictured in Fig. 6-3 (a), it is 
said to be spirally reinforced.'^ As previously stated, the 
concrete in such a member is supported more adequately than 
it is in the case of a tied column. Therefore, although the 
fundamental action of the materials is the same as that which was 
described in the preceding article, the concrete of a spirally 
reinforced column will have a much greater ultimate resistance to 
failure than that of the tied one. Its safe working load can be 
larger also. 

The formula given by the Code for the safe load of spirally 
reinforced columns is 


P = 0.225/'A, + A4s \ 

P = A,{0.225f, + pjs)j 

wherein all symbols have the same meaning and value as for 
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(6-4) and the limiting safe loads will be 25 per cent larger 
than for tied columns having similar sections. Figure 13 in the 



Appendix is useful in the practical design and analysis of spirally 
reinforced columns. 

Of course, the increase of the safe load of the column as given 
in Eq. (6-5) over that in Eq. (6-4) is due to the 
additional strength of the concrete because of the 
supporting power of the spiral reinforcement. 

Therefore, the latter must be subjected to consider- 
able stress. An expression for the design of such 
spirals, as given by the Code, is 

p' = (6-6) 

where p' = volume of the spiral volume of the 
concrete core (out to out of spiral), /' = “useful 
limit stress = 40,000 lb. per sq. in. for hot-rolled rods of inter- 
mediate grade or 60,000 lb. per sq. in. for cold-drawn wire, and 
R = gross area of the effective section area of the core = 
Equation (6-6) will be adopted herein. An approximate deriva- 
tion of it might be made, but it is largely empirical. 

Reinforced-concrete columns are made frecpiently with light 
longitudinal rods but with strong spiral reinforcement. Within 
reasonable limits, this is good construction, provided enough 
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longitudinal rods are used to hold the spiral sufficiently to prevent 
it from collapsing downward during the placing of the concrete, 
and provided that the column is not subjected to severe bending 
moments. 

Figure 6-4 is a sketch of the arrangement of the steel in a 
spirally reinforced column. 

Problem 6-2. Bj’- means of Eqs. (6-5) and (6-6), design a circular 
column to support a centrally applied load of 300,000 lb., including its 
own weight, using and equal to 3,000, 16,000, and 40,000 lb. per 
sq. in., respectively. 

The Code specifications require that 'pg must be at least 0.01 but not 
more than 0.08. For the purposes of illustration, design this column first 
with pg — 0.06 and then with pg = 0.015. 

First solution {pg — 0.06): 

Let D = the outside diameter of the column, and use the second form of 
Eq. (6-5). 

P = ^,(0.226/: + p„/.) 

300,000 = ^(0.225 X 3,000 + 0.06 X 16,000). 


D — 15.3 in. (Say 16 in. in order to have column dimensions in full 
inches.) 

, TT X 102 ^ ^ 

An - — = 201 sq. m. 

4 

A, = pgAg — 0.06 X 201 = 12.1 sq. in. 

Let di = diameter of the spiral = Z) — 3 = 13 in. Then the core Ac is 

, 7rd{ TT X 132 
Ac = — — — - == 133 sq. in. 


Allowing IJ in. for the thicknesses of spirals and main reinforcement, the 
circumference of the circle in which the longitudinal rods will be set inside 
the spiral = 7r(di — 1.5) = 3.14(13 ~ 1.5) = 36 in. With 10 rods, the 
spacing will he f |] = 3.6 in,, but the spacings and numbers of bars shown 
in Table 11 of the Appendix are preferable. The area of one rod must 
12.1 

be As/10 = -j- = 1.21 sq. in. This requires If-in. square bars, giving 

A,s == 12.7 sq. in. As the reader will realize, this reinforcing is very heavy, 
and the splicing of the rods will be difficult. 

For the spiral, 

K 

p' = 0.45 (/f - Dp 


p' = 0.45 


(‘m 

\133 



3,000 

407)00 


0.017. 
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The required volume of the spiral in 1 ft. of column = l2A.p' cu. in. 

12 X 133 X 0.017 == 27.1 eu. in. 


Assuming a pitch of 1| in., the length of spiral in 
X X 13 X 12 _ . 

- 280 in. The cross section of the spiral rod 


1.75 


ft. of column = 
27.1 280 = 


0.1 sq. in. Use |-m. round rods with about two extra turns at each end. 

These computations for sizes of spirals seldom need to be made in practice. 
Using Fig. 14 of the Appendix, a satisfactory size and spacing can be obtained 
or the given values of p' and the core diameter. Table 9 also gives similar 
data for various core sizes and strengths of concrete. 

Second solution {pg = 0.015): 


ttD^ 

300,000 = —(0.225 X 3,000 + 0.015 X 16,000) 

D = 20.4 in. (use 21 in.) 

A ^ 340 gq_ 

A, = 346 X 0.015 = 5.2 sq. in. 

= 21 ~ 3 = 18 in. and Ac ^ = 254 sq. in. 

x(di — 1.5) — x(18 — 1.5) = 52 in, circumference. 

Try nine rods at V' = 5.8in. c.c. (approx.). The area of one rod = 5.2/9 = 
0.58 sq. in. Therefore, use nine f-in. round rods, giving A, = 5.4 sq. in. 

^ Table 9 in the Appendix shows that -^-in. round spiral rods with a 2-in. 
pitch will be satisfactory. 

This second solution seems to result in a column that is more reasonably 
proportioned than the first. The extra concrete in the larger column is 
x/4(212 — 102) .-i- 144 = 1 cu. ft. per ft. of column. This probably offsets 
the cost of the additional steel in the smaller one. Architectural considera- 
tions are likely to govern the choice of sizes to be used. 

Redesign hy Elastic Theory, For the sake of comparison, the second ea.se 
will be recomputed upon the basis of the elastic theory. From Eq. f 6-2 i, 
using/, = 0.225/' and n = 10, 

P = AJc[l -h (n - l)p,,l 
Pg — 0.015, and /c = 0.225/' = 675 Ih. per sq. in. 

x /)2 

300,000 = — (675)[1 -h (10 - 1)0.01.5] 

4 

D ~ 22.3 in. (ITs(‘ 22.5 in.) 


X X 19.52 


= 229 sq. in. 


= 398 X 0.015 = 5.97 sq. in. 
22.5 — 3 = 19.5 in., and 
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7r(di — 1.5) — t( 19.5 — 1.6) = 56.5 in. circumference for tlie circle of 
longitudinal rods. Therefore, use 10 rods at 56.5/10 = 5.6 in. c.c. (approx.). 

The area of one longitudinal rod = 5.97/10 = 0.597 sq. in. Therefore, 
use ten f-in. round rods. The theoretical stress in the steel is 


/s = nfc == 10 X 675 - 6,750 lb. per sq. in.(±). 

The spiral will not be recomputed. However, the column is found to 
have a required diameter about 1| in. larger than that when calculated by 
the Code formula. It also has one more rod. 

6-5. Composite Columns. The term ^'composite column” is 
used to denote a structural-steel column — or sometimes a cast- 
iron one — which is thoroughly encased in concrete that often 
has longitudinal reinforcement and which must have adequate 
spirals or hoops. Such members are often encountered in the 
construction of large buildings. The cross section of the concrete 
is generally large, and it can be relied upon to assist the steel in 
resisting the applied load. 

This classification should not include the ordinary H-column 
which is encased in the minimum amount of concrete that can 
be used for the purpose of fire protection as pic- 
tured in Fig. 6-5. Such steel members are gen- 
erally heavy; the strength of the concrete is 
insignificant in comparison to that of the steel ; and 
the encasement is poorly restrained. Therefore, 
composite columns will be considered to be those 
in which the strength of the concrete is really 
substantial. The Code limits the area of the steel 
section of composite columns to 20 per cent of the 
total area of the column. Those like Fig. 6-5 will be called com- 
bination columns, and they will be discussed in the next article. 

Figure G-G shows a composite column that was investigated in 
connection with the construction of the George Washington 
Bridge at New York City. The longitudinal rods were very 
small compared to the structural-steel member and the concrete. 
However, the concrete is held very well by the bands, by the out- 
side angles of the steel member, and by the internal diaphragms. 
It is easy to see that the total strength of such a column is made 
up of three parts, viz., the strength of the structural steel, that 
of the longitudinal rods, and that of the concrete. Therefore, 
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the ultimate strength of the column might be assumed to be 

P' = fAc + /'.4s + fAr (6-7) 

where y4c is the net area of the concrete in square inches, and 
ids and Ar equal the cross-sectional areas in square inches of the 
longitudinal rods and the structural steel j respectively. The 
permissible thickness of shell outside the ties or spirals should be 


/i 




/f 


» ’a""": 


ff? 


• .4 ‘.i: •44I; 




■/ Rods 5 c. c. for 
I8^dfends,6'’c.c. 


elsewhere 

* ' \ ^ d bet dtaph 

.’y/H 


‘-Zap 20 ” 

Fig. 6-6. 


Ap = i59. 0 sq. in. 
A5 =2.35 sq. In. 
Aq =* i24S. 0 sq. in. 


limited as for other columns. Preferably there should be 3 in. 
of concrete between the hoops or spirals and the steel core — 
of course circular spirals are far better than hoops. 

On the basis of the elastic theory, a steel composite column 
may be designed by using Eq. (6-2) but pg must be 


However, the steel portion is relatively large, and it is not safe 
to let it be overloaded too severely. If/' = 3,000 lb. per sq. in., 
n = 10, and /' = 36,000 lb. per sq. in., the stress in the concrete 
Avhen the steel is at its yield point will be f^-^n = 36,000/10 = 
3,600 lb. per sq. in. It will be seen that the concrete will probably 
fail before the steel does, unless the former is relieved by plastic 
flow. Even with a working stress of fs = 16,000 lb. per sq. in. 
in the steel the stress in the concrete w^ould appear to be 

n lu 

This is too great a working stress for a concrete of the stated 
strength. 
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The Code has established a formula for the safe load on such a 
column. It is 


P = 0.225^,/: + fsA. + Mr, (6~8) 

The value of fr, the safe working stress in the structural steel, is 
the same as in the rods, viz., 16,000 lb. per sq. in. for inter- 



Fig. 6-7. — Concrete-encased model of tower columns of the George Washington 
Bridge at the Bureau of Standards, Washington, D.C. 

mediate grade. Of course, the magnitude of fr is less in the case 
of a cast-iron section (10,000 lb. per sq. in.). 

Equation (6-8) can be used as a limiting formula. It allots 
the same unit stress to the concrete as Eq. (6-5) does in a spirally- 
reinforced column. However, Eq. (6-8) is empirical, and it does 
not enable one to find the unit stresses in a column that is not 
loaded to its capacity, but the important question is whether 
or not the column is safe. 
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FiguiB 6“7 is a picture of one of the columns^ that is shown in 
Fig. 6-6 after it had been tested to failure by the Bureau of 
Standards at Washington, D.C. This gives an idea of the size of 
the member. Figure 6-8 is a view of one end of another specimen 








I > - A.s’ V 
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Fig. 6-8. — Composite column teste 


by tbe B’ 
D.C. 


andards, Washington, 


after it had been removed from the testing machine. The steel 
section is clearly visible. 

Using Eq. (6-8) with /' = 3,000 lb. per sq. in., /«==/,.=: 16,000 lb. per 
sq. in., and the other data as given in Fig. 6-6, 

P = 0.225 X 1,245 X 3,000 + 16,000 X 2.35 +- 16,000 X 159 
P = 3,422,000 lb. 

Actually, the first vertical cracks in the concrete seem to have appeared 
when the measured values were as follows: 

P = 3,500,000 lb. 

/<• = 1,000 lb. per sq. in. (compared to 0.225 X 3,000 = 675 lb. per sq. in.) 
/, = 14,000 lb. per sq. in. (compared to 16,000 lb. per sq. in.). 

^ Stang and Whittmore, U.S. Department of Commerce, National Bureau 
of Standards, Research Paper R P 831, September, 1935. 
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This, in general, checks Eq. (6-8) very well as far as the total load is con- 
cerned. 

A review of the results seems to indicate that the stresses in the materials 
actually were part way between the values that would be computed from 
Eqs. (6-2) and (6-8), but the lapse of a longer time for the column under 
load might modify these results. 

The ultimate strength of the column was found to be 8,314,000 lb., with a 
corresponding value of /' = 50,400 lb. per sq. in. When this unit stress is 
multiplied by Ar, it gives 

Arfr = 159 X 50,400 = 8,030,000 lb. 

This, together with the appearance of the specimen in Fig. 6-8, shows that 
portions of the concrete failed almost completely, as should be expected. 

On the other hand, the concrete encasement increased the strength of the 
column over that of the structural-steel member alone. Tests of similar 
bare steel members showed that they failed at an ultimate load of 5,853,000 
lb. The increase of strength contributed by the concrete was therefore 

8,314,000 — 5,853,000 = 2,461,000 lb., or 42 per cent. 

Of course, the structural-steel portions of composite columns 
must be spliced without relying upon the concrete. Also, base 
plates must be provided at the bottoms of such members. 

The student should examine Figs. 6-7 and 6-8 carefully 
because they are extreme illustrations of what takes place in 
columns that are loaded to failure. The general buckling of the 
member, the bending and bursting of the ties, the buckling of the 
longitudinal rods, the spalling and crushing of the concrete — all 
of these are revealed in the pictures. 

6-6. Combination Columns. The Code states that the allow- 
able load on a heavy structural steel column like that of Fig. 6-5 
should be computed as follows: 

^ - ^4' + m)’ 

where Ar = cross-sectional area of the steel column, /' = allow- 
able stress for the unencased steel column, and Ac = Ag — Ar. 

There may be considerable question as to when the encasement 
can be assumed to assist in carrying loads and when it is merely 
fire protection. To be in the former classification, the Code sets 
a minimum cover of in. over the steel with adequate wire 
mesh — No. 10 gauge wires and 4X8 spacing — about 1 in. from 
the face of the concrete. However, a designer must judge each 
case to determine the advisability of relying upon the encasement. 
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Problem 6-3. Find the safe load on a column like that of Fig. 6-5 if the 
steel section is a UWF 202-lb. H-section and the concrete is 22 in. square 
with 1-in. chamfers. Assume that the allowable unit stress in the bare steel 
section is 13.8 kips per sq. in. Ar - 59.39 sq. in. 

Ac = 222 - 4 X i - 59 39 ^ ^23 sq. in. 

P = 69.39 X IS.sf 1 + — ) = 878 kips. 

\ 100 X 59.39/ 

6-7. Pipe Columns Filled with Concrete. Pipes may some- 
times be used as columns; if filled wfith concrete they may be even 
better for that purpose. However, except as end-bearing piles, 
their use is rather restricted. In effect, the empirical formula 
given by the Code for the calculation of the allowable load on 
such columns is 

P = 0.225 f'A. + (l8,m - (6-10) 

where ^4^ = area of pipe steel, h = unsupported height of column, 
R = radius of gyration of steel pipe, /' = tensile yield point of 
pipe material, and/' must equal at least 2,500 lb. per sq. in. The 
coefficient of Ar is an expression for the allowable unit stress in 
the steel pipe. 

Problem 6-4. Assume a 12-m. I.D. steel pipe, | in. thick, with a height 
of 18 ft. Let jg and = 3,000 and 33,000 lb. per sq. in., respectively. 
Ar — 14.38 sq. in., R = 4.38 in.; Ac = 113.1 sq. in. 

X 12X33,000 X 14.38 
/ 45,000 

230,000 lb. 

6-8. Long Columns. When the unsupported length of a 
column exceeds ten times its least lateral dimension, it is arbi- 
trarily classed as a ''long” column. Members of such slender 
proportions are not used frequently in ordinary reinforced- 
concrete construction. Of course it is obvious that their slender- 
ness increases the possibility that they may buckle under load 
in the general manner that is illustrated in Fig. 6-7. Therefore, 
special provision must be made to increase their strength above 
that which is required for a short column that carries the same 
axial load. 

Lateral buckling causes a bending moment in the column. 
This moment acts simultaneously with the direct load, thus 


P = 0.225 X 3,000 X 113.1 -f ( 18,000 - 


- 


70 X 18 


4.38 
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tending to cause excessive compressive stresses in one side of the 
member and tensile stresses in the other. Inasmuch as the 
column is not composed of one homogeneous material which can 
resist large tensile stresses as well as compressive ones, an exact 
theoretical determination of the stress condition in the member 
due to the tendency to buckle is practically impossible. There- 
fore, one had better rely upon empirical data which are based 
upon tests and study by experts. 

The recommendations of the Code will be adopted. It gives 
the following formula for the safe load on long columns: 

P' = p(l.Z - 0.03^^ (6-11) 

where P' is the maximum permissible axial load on the long 
column, P is the maximum axial load for the same column if it 



is short , h is the unsupported length, and d equals the least 
lateral dimension of the member. Equation (6-11) applies 
whether the column is designed in accordance with the formulas 
of this chapter for direct load only or in accordance with those 
of the following one which include bending with the axial load. 
Especially in the latter case, h/d must not exceed 20. 

Problem 6-5. Find the safe load for the rectangular tied column which 
is shown in Fig. 6-9. Use the Code [Eq. (6-4)1, and assume a length 
of 11 ft.; then use Eq. (6-11) with an assumed length of 20 ft. Use /' = 
3,000 lb. per sq. in. and = 16,000 lb. per sq. in. 

The cover over the rods is 3 in., hut allow here only 1| in. beyond the 
outside of the ties in the computations for the effective area. Therefore, 
since the main bars are 1 in. round, I -h I +■ = 2i in. beyond the centers 
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of the longitudinal rods is the limit for this area. Then 


“ Id X 18 = 252 sq. in. 
A, 10 X 0.79 




252 


= 0.0313. 


For the short column, h/d = 11 X 12/15.5 = 8.5. It seems to be 
satisfactory to use the gross width rather than the net width for d when the 
difference is not too great. 

P = A,(0.1Sfl + O.Sf.p,) 

P = 252(0.18 X 3,000 + 0.8 X 16,000 X 0.0313) = 237,000 Ib. 

For the long column. 


P' = P 1.3 


.0,03*) 

P' = 237,000^1.3 - 0.03 X = 198,000 lb. 

198 

The length of this column therefore reduces the safe load to — X 100 = S3 

237 

per cent of its magnitude for a similar short column. 


Practice Problems 

Problem 6-6, Find the safe load for a short tied column having an out- 
side diameter of 15 in. and live |-in. round longitudinal rods. The ties are 
i-in. round hoops 12 in. c.c., with a cover of 1| in. of concrete. Assume 
fc = 540 lb. per sq. in. and = 10. Use the elastic theory [Eq. (6-2)]. 
What is the stress in the steel? 

Problem 6-7. Compute the safe load for the column of Problem 6-6 
using the Code [Eq. (6-4)]. Let = 3,000 lb. per sq. in. and fs = 18,000 
lb. per sq. in. Compare the results of the two solutions. 

Problem 6-8. Design a square, short, tied column to carry a load P = 

500.000 lb. Assume = 0.18/', /' = 3,000 lb. per sq. in., n = 10, and 
pg = about 3 per cent. Detail the column. Use the elastic theory. 

Problem 6-9. Design a square, short, tied column to support a load 
P = 700,000 lb., using Eq. (6-4). Let/^ — 3,500 lb. per sq. in., = 18,000 
lb. per sq. in., and pg — about 2 per cent. Detail the column. 

Problem 6-10. Find the safe load on a spirally reinforced column whose 
outside diameter = 24 in., using the elastic theory [Eq. (6-2)], if pg — 2 per 
cent, fc = 675 lb. per sq. in., and n = 10. The spirals are assumed to have 
a cover of 1^ in. Design the spiral reinforcement for this column. A = 

3.000 Ib. per sq. in.; /' = 40,000 lb. per sq. in. 

Problem 6-11. Find the safe load for the column of Problem 6-10 if pg is 
increased to 5 per cent, all other data remaining unchanged, using Eq. (6-21. 

Problem 6-12. By the Code (Eq. (6-5)], design a circular, spirally rein- 
forced column to support a centrally applied load of 380,000 lb., lAsiiig 
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/' = 2,500 lb. per sq. in., = 40,000 lb. per sq. in., and = 18,000 lb. per 
sq. in. Use pg ~ about 3 per cent. Design the spiral reinforcement for 
this column. Compare with Fig. 13 in the Appendix. 

Problem 6-13. Find the safe load for a tied column 25 ft. high and 20 by 
24 in. in cross section, using the Code [Eqs. (6-4) and (6-11)]. Let == 
3,000 lb. per sq. in. and = 18,000 lb. per sq. in. There are eighteen |-in. 
round longitudinal rods. The ties have a cover of 1^ in. of concrete. 

Problem 6-14. Find the safe load for a spirally reinforced column 20 ft. 
high and 18 in. in diameter if = 3,500 lb. per sq. in., fs = 18,000 lb. per 
sq. in., and the reinforcement = ten |-in. round rods. Use Eqs. (6-5) and 
(6-11), and assume that the spiral has 1^ in. of cover. 

Problem 6-16. Design a square, tied column to support a load of 400,000 
lb. if its height is 26 ft., and = 3,000 and 16,000 lb. per sq. in., respec- 
tively. Use the Code [Eq. (6-4)], also Eq. (6-11) if necessary. Use a cover 
of 2 in. over the ties. Choose sizes and spacing of main rods and ties. 

Discussion. From Fig. 13 in the Appendix, with = 3,000, find a trial 
Ag and width, first dividing P by 0.8 and choosing a tentative value for pg — 
say 0.02. Test to see if Eq. (6-11) affects the case. Add more area if 
it seems to be needed. Analyze the trial section, then modify the design 
until it is satisfactory. Remember to have | in. more cover than the mini- 
mum 1| in. 

Ans. One satisfactory column is 24 in. square over all with twelve 1-in. 
square rods and f-in. round ties 16 in. c.c. similar to Fig. 6-1 (d) . 

Problem 6-16. A spirally reinforced column is made 30 in. square for 
architectural reasons. The diameter of the core is 26 in.; the longitudinal 
reinforcement consists of 12 l|-in. square rods; the spiral is made of a f-in. 
round rod with a pitch of 2| in.; the length of the column is 18 ft. ; and the 
allowable and fs are 3,750 and 16,000 lb, per sq. in., respectively. The 
column is supposed to carry a load of 850,000 lb. Is it safe according to 
Eqs. (6-5) and (6-11)? If not, what can be done to make it safe? 

Ans. Not safe because allowable P = 800,000 lb. Add 4 more l|-in. 
sq. rods or make section 2 in. larger. 



CHAPTER 7 

COMBINED BENDING AND DIRECT STRESSES 

7-1. Introduction.. In ordinary construction, there are manj' 
cases in which members are subjected to a combination of 
bending moments and direct, axial loads. Generally, in rein- 
forced-concrete work, the direct load in such combinations is a 
compressive force. Lateral earth pressures which act upon 
subway and foundation walls, columns to which beams are 
connected eccentrically, frame action between beams and columns 
whereby the deflections of the former compel the latter to bend 
also because of the rigidity of the connections, wind loads which 
force the columns of a building to bend sidewise — all of these are 
ordinary causes of combined compressive and flexural stresses 
in the members that are affected by them. 

In other cases, members are subjected to combined tension and 
bending. This is most frequently the result of a decrease in 
temperature that tends to shorten beams with fixed or restrained 
ends which resist such shortening. Occasionally, hangers and 
parts of reinforced-concrete trusses are designed to withstand 
tensile and flexural stresses. 

The designer must not disregard these combined stresses. He 
must visualize what forces will exist and what deformations will 
occur in any proposed structure. He must find a way of design- 
ing the members to withstand the combined forces, doing so with 
reasonable accuracy and without undue labor. 

Problems involving compression and bending generally come 
into one of two classes: the first includes those members which 
have compression upon all of their cross section; the second covers 
those which have compression upon part of the section and 
tension upon the remainder. The former case, being more 
simple, will be considered first, but, in all cases, it is the purpose 
of this chapter to explain and illustrate the fundamental theory 
rather than to devise short-cut methods. 

7-2. Construction Procedure Affecting Columns. In attack- 
ing the problem of combined bending and compression, it is 

179 
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advisable first to analyze th.8 probable construction conditions 
in so far as they affect the design. Because of frame action, the 
maximum bending moment in a column -will occur at the top 
of the floor or at the bottoms of the beams that frame into the 
column. In the case of lateral pressure against a column, there 
may be bending at the ends as well as near the middle of the 
member. 

However, as pictured in Fig. 7-1, in ordinary building construc- 
tion it is customary to place the concrete in the column forms 



(a) (b) (c) 

Fig. 7-1, — Sequence of construction of columns and floor system. 


after the lower floor has been constructed. Then the concrete 
of the column is carried up to, or nearly to, the bottoms of the 
beams of the next higher floor. The concrete of the beams and 
the floor is poured next; then that of the column in the next story 
follows. In any case, each stopping point causes a plane of 
weakness because the concrete of one ^‘pour’’ is permitted to set 
before that of the following one is deposited. The bond between 
the two pours is much weaker than the bond between portions 
of a monolithic mass of concrete. Such a plane of division 
between pours is called a '' construction j oint. Figure 7-1 shows 
that these joints generally occur at the points of maximum bending 
in the columns. 

A construction joint may be roughened or keyed to lock 
the two sections together to resist shear. The full compressive 
strength can be relied upon, but the concrete at this point is much 
weaker than usual in its resistance to tension. Therefore, it 
seems reasonable to assume that the concrete of ordinary columns 
cannot withstand tensile stresses at the critical points. 
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7-3# Combined Compression and Bending without Resulting 
Tension upon the Section. Let ABCD (Fig. 7-2) represent a 
short piece of a square column. Let P equal the direct load and 
M equal the bending moment, whatever its cause may be. Then 
CEFD represents the pressure diagram for the direct load if it is 
uniformly distributed, At being the transformed area in terms of 
the concrete. At == Ag + (n ~ 1)A,. The figure CDHG pic- 
tures the diagram for the internal 
stresses which resist the bending 
moment M, where If is the moment 
of inertia of the transformed section. 

It=-Ic+{n~~ l)L. Then CKLD 
is the diagram for the combined 
stresses. Of course there is no true 
neutral axis or point of aero stress 
within the section of the column. 

It must be realized that a tensile 
stress like HD in Fig. 7-2 annuls 
an equal compressive stress, but the 
effect is unchanged as far as bending 
is concerned. Furthermore, the 
rods are assumed to be conveniently 
S3anmetrical in this case, and plastic 
flow is neglected so that the dia- 
grams may be assumed to represent 
the stresses in the concrete and in 
the steel in accordance with the elastic properties of the materials. 
Therefore, from Fig. 7-2, 
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Fig. 7-2. 


CK = max./c = ^ -h-i- (7-1) 

where c = D/2 — from the center of gravity axis. 

This may be expressed in another form. Let R equal the 
radius of gyration of the transformed section. Then = It/ At. 
Furthermore, let M = Pe, where e is the eccentricity of the direct 
load with respect to the axis of the column. In the cases where 
P acts at the center of the column but an external bending 
moment is applied, the latter can always be treated in the analysis 
as though M = Pe, so that e = M/P. Substituting ill = Pe 
and It = R^At in Eq. (7-1) yields the following: 
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Max. fo = 


However, At 


-= Hi + 

Therefore, 

+ w) 


Pec 
u 

Ag[l + (n - l)Pgl 


Correspondingly, 


(‘- 5 ) 


^[l + (n - l)p/ 


(7-2) 


(7-3) 


Equations (7-2) and (7-3) are based upon the elastic theory. 
They can be used for preliminary design purposes. The simul- 
^ taneous stresses in the steel are 

theoretically n times the stress in 
the concrete at the location of the 
steel. They can be found by 
proportion from the trapezoidal 
diagram DCKL of Fig. 7-2. 

On the other hand, the Code 
limits the allowable compressive 
stress in such members to 



fc=fa 


1 


1 + Cl 


(§) 


(7-4) 


For spiral columns: 


For tied columns: 


where C = /o/0.45/'. The term 
fa is the average permissible unit 
stress on an equivalent axially 
loaded column: 


, _ 0.225/: +/.P. 

1 + (n - l)p; 

f = Q-is/c + o.sfsp, 

•'« 1 (n- 


(7-5) 


(7-5a) 


The symbols have the same meanings as the similar ones in 
Eqs. (6-4) and (6-5). 
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Problem 7-1. If the spirally reinforced concrete column shown in Fig 7-3 

"Z I '^"“ding moment of 

360,000 m -lb. acting about the axis X-X, find the ma.ximum and minimum 
values of fe and fs, using n = 12. 

Use Eqs (7-2) and (7-3). Also, in order to avoid undue labor in the cal- 
culations, It IS satisfactory to replace the longitudinal rods with an annular 
ring having the same area as the entire group of rods and having a mean 
diameter equal to that of the circle in which the rods are set. Call this 
mean diameter Do. This substitution of a ring of steel for the individual 
rods will cause no appreciable error unless there are only a very few rods 
in the column. Then 


At — ^£,[1 -f- {n 


. TT X D^ ^ ^ X X 212 

l)pg] j- (w — l)As = -f- 11 X 7.2 = 


xD 4 {n - l)A,Dl 
' 64 8 


4 

X X 21^ 
64 


346 -b 79 = 425 sq. in. 
11 X 7.2 X 16® 


8 


since I for an annular ring is 


= 


■ ^(Dl - Dl) (D|+ DD Area X Dl 
4 16 s' 

I, 12,070 

^ = 1 ^ = 28.4 

At 425 


' 9,540 + 2,530 
=» 12,070 in.4 

(approx.). 


Pa = 


M 


7 ^ 

'' 346 
360,000 


^ P 150,000 


= 0.0208 
= 2.4 in. 


Since c = 10.5 in., 
PI 


Max. /c = 


-b (n — l)Pff] 
Then, from Eq. (7-3), 




425 


670 lb. per sq. in. 


Min. fc 




425 


= 40 lb. per sq. in. 


The steel stress at the locations of the extreme rods is found from Fig. 
7-3(6) as follows: 

630 X IS.i 


Max. A 
Min 


' nfe 




12^40 + 

/ 630 X 2.5\ 

■in. = nfe * 12f 40 -b j 


21 

630 X 2.i 


140 lb. per sq. in. 
1,380 lb. per sq. in. 
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A checkup with Eqs. (7-4) and (7-5), using/' == 2,500 lb. per sq. in. and 
fs = 16,000 lb. per sq. in., gives 


0.225 X 2,500 + 16,000 X 0.0208 

= 730 lb. per sq. m. 

1 + 11 X 0.0208 


C = 


730 


0.45 X 2,500 


1 + 


fc - 730 


0.650 


2.4 X 10.5 
28.4 


, 1 + 0.650 X 


2.4 X 10 .5 
28.4 


“ 870 lb. per sq. in* 


Since the permissible value of fc exceeds 670 lb. per sq. in., the latter will be 
called satisfactory. 

7-4. Combined Compression and Bending with Resulting 
Tension upon the Section. This type of problem should be 

divided into several separate 
cases in order to illustrate each 
one clearly. However, each one 
will be based upon the follow- 
ing fundamental principles and 
assumptions : 

1. Regardless of the existence of the 
direct compressive load, the inten- 
sities of the stresses upon a cross sec- 
tion of the member are assumed to 
vary as the ordinates to a straight line. 

2. The summation of all of the axial 
loads and the internal stresses upon 
the section must be zero in order to 
have equilibrium. Hence, SF = 0, 
or XH « 0. 

3. The summation of the bending moments caused by the axial loads and 
by the internal stresses must be zero about any axis in order to have equilib- 
rium. Thus, SAf =* 0. 

Figure 7-4 illustrates the ordinary stress distribution in a beam 
by the triangles ACO and EDO. The neutral axis for a simple 
beam is usually above the middle of the beam's depth. How- 
ever, when a direct load P is applied, causing a compressive stress 
EA, the rectangle EABG is assumed to be superimposed upon the 
previous figure so that the new diagram is made up of the triangles 


New 




Art. 7 - 4 ] TENSION ON PART OF SECTION 185 

ECF and GDF. It is thus apparent that the neutral axis is 
shifted downward in the figure, and kd increases. Therefore a 
column that carries bending and a beam that is subjected to a 
compressive force are the same thing in reality as far as analysis 
IS concerned. 

It is not always easy to determine by inspection whether or 
not there is tension upon any section of a column that is subjected 
to bending. If the factor ec/R^ of Eq. (7-2) exceeds unity, then 
CK of Fig. 7-2 must be greater than twice the average stress CE. 
Also, fc min. from Eq. (7-3) wiE have a minus sign. In order to 
expedite the work of making a preliminary test, it is usually 
sufficient to neglect the transformed section of the steel in com- 
puting ec/R^ unless the percentage of steel is large. For a 
rectangular column, the approximate value of 

£2. = _ eZ) X 6 X Z) X 12 6e 

21 2 X bD^ ~ D' 

For a circular column, 

^ _eD X tD^ X 64 8e 

2/ 2 X 4 X 

Therefore, using these approximate formulas, it is possible to 
determine whether or not the member in question is likely to 
have tension upon part of its cross section. The following 
articles are prepared to give the designer a reasonably accurate 
method for analyzing rectangular or circular columns when the 
tension in the concrete must be neglected. 

If the direction of the applied bending moment is such that it 
acts diagonally with respect to the sides of a rectangular member, 
and if the direct compression is relatively small, approximate 
resultant unit stresses may be computed by resolving the bending 
moment into two proper components, calculating the stresses 
that result from each one, and then combining these partial 
values. However, one should notice that the compressive force 
is included twice so that the computed stresses are much too 
great when P is large. When a structure is sufficiently impor- 
tant, one can guess the location of the neutral axis (perpendicular 
to the bending tendency), divide the section into small imaginary 
parts, compute trial expressions for P and M, check the results 
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with the assumed axis, and then try another location for the axis 
if necessary. 

Although it was stated in Chap. 6 that the boundary of the 
effective section of a column is linaited to about in. outside the 
hoops or spirals, it will not be restricted in this way in cases of 
combined bending and direct loads. 

7-6. Rectangular Members with Reinforcement on Tensile 



Side and with Tension on Part 
of the Section. Figure 7-5 pic- 
tures a member that has tensile rein- 
forcement only. It is acted upon by 
the force P and the bending moment 
M. 

An analysis of the internal stresses 
shows that there is a compression in 
the concrete, denoted by Cc, that is 
equal to the volume of a triangular 
wedge. Therefore, 

Cc = (^bkd. (7-6) 

There is also a tension T» in the re- 


inforcement, and 



Fig. 7-6. 


Ts = AsU 
similar triangles, 

^-:fo::id - kd):kd 
n 

(7-7) 


Therefore, 


= Asnfc- 


-M k 


For any member with given dimensions and composed of 
known materials, 5, d. As, and n are known. However, in 
Eqs. (7-6) and (7-8), fc and k are unknown. Therefore, two 
equations are needed to find these unknowns. These can be 
obtained from the conditions for equilibrium; thus. 
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SF = 0, or P = Cc- T, 

P = ^^bkd - (7-9) 

or, substituting pbd for As and solving for/c, 


fc = 



(7-10) 


Next, using an axis at the center of the member, 2-1/ = 0, or 

M.Pe. - “) + - f). (-.11) 


It should be carefully noted that both Eqs. (7-9) and (7-11) 
must be satisfied. Dividing the latter by the former and cancel- 
ing fc gives 


e 


bMd^fP _ 

2 V2 3/ 
bkW 
2 


-f AMil ~k)(d - ^ 
— Asudil — k) 


(7-12) 


When this expression is simplified, it becomes 

** “ ~ ®) ~ 0 ("- 13 ) 

where e' — e d the distance from the tensile steel to the 

real or equivalent eccentrically applied load. Thus, Eq. (7-13) 
takes both the SF and the SM conditions into account. There- 
fore, the remaining unknown k can be found by substituting the 
known data in Eq. (7-13) and solving it by cut-and-try methods. 
With this value of k, Eq. (7-10) can be solved for and there- 
after /« may be determined from Eq. (7-7). 

A cubic equation such as Eq. (7-13) may be solved also as 
follows (calling the method ^'by the use of the differentiar^)M 


1. Assume any reasonable value for the unknown 1- after the numerical 
values of the other terms have been substituted in the equation. 

^ I, S. Podolsky, “Reinforced Concrete Construction, Systematic Course,” 
Part 1, q^heory of Elements of Structures, Moscow Institute of Transporta- 
tion, Moscow, U.S.S.R. 
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2. Solve the equation with this value of k, recording the result, with its 
sign. 

3. Find the first differential of the original equation — Eq. (7-13) in this 
case. 

4. Substitute the assumed value of A in the differential also, and find the 
remainder, with its sign. 

5. Divide the remainder from 2 by that from 4, and subtract the quotient 
from the assumed value of k to find a second trial value. 

6. Using the second trial value of A, repeat steps 2 to 5 inclusive. The 
second correction is usually all that is necessary, as will be seen in the solu- 
tions of subsequent problems. 

Equation (7-13) contains the quantities dy D, p, and e' which 
are dependent upon the dimensions, the steel and the conditions 

of a particular case. Obviously, 
when the member does not exist, a 
tentative section must be chosen and 
then tested. It is laborious to make 
many assumptions and then to ana- 
lyze each tentative member. A 
simple, approximate method must be 
used first. Such a method will be 
developed. 

Figure 7-6 (a) shows a column that 
has the load P applied at the edge of 
the middle third of the section; i.e., 
e = Z)/6. Neglecting the steel, the 
stress diagram will be a maximum at 
B and zero at A. Then, as the load 
P is shifted to the right so that e is 
increased, the bending moment be- 
comes greater, and the neutral axis 
moves toward the compression side 
of the member. Furthermore, as 
this occurs, the relative effect of the direct load declines in com- 
parison to that of the bending moment until, for practical 
purposes, the former can be neglected. During this process, 
the position of the neutral axis with respect to the com- 
pression side of the member changes from D/6 to about |d. 
Figure 7-7 has been prepared to show an empirical curve 
which may be assumed to approximate this variation in the value 
of k. 
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1 . 

e/D. 


IN ext, scale the value of k from Fig. 7-7. Then y = i — , 3 



Fig. 7-7. Diagram showing trial magnitude of k. 


2^ Referring to Fig. 7-8, write tlie equation for Sil/ = 0 about the tensile 


■Pe' = Ccjd — 



( 7 - 14 ) 


where /« - the allowable working stress. From this, the width 6 can be 
found. If It js unreasonably great or small, assume a new D, and begin the 
problem over again. 

3. The tentative steel area may be found by considering that = 0 
Therefore, referring to Fig. 7-8^ 


Ts =^Cc~ P, 


(^jbkd^ - P A. X 


a-p = A./. 

(7-15) 


CL, 


^ bd 








“T 

fc 


LrCc 


4. Having the tentative values of d, D, p, 
and also e', make a test analysis, using Eqs. (7-10) and (7-13). 

In effect, this simply means that a member with a predetermined value 
of k is being proportioned to withstand the loads. However, the results 
obtained from the curve in Fig. 7-7 will give values that are reasonable for 
ordinary cases, at least for trial members. 

Problem 7-2. Design a member with tensile steel only to withstand a 
direct load of 40,000 lb. and a bending moment of 280,000 in. -lb. Assume 
n == 12 and the allowable /r = 750 lb. per sq. in. ' 
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1. Assume D = 16 ia. and d = 14 in. 


M 280,000 „ . 

® “ P “ 40,000 “ 


D 16 


From Fig. 7-7 for e/D — 0.44, k “ 0.67. Therefore, 
k 

y sa 1 — - =n 0.78, kd = 9.4 in., and jd = 10.9 in. 

u 


2. Referring to Fig. 7-8, e' = e + 


(f-) 


13 in. From Eq. (7-14), 


YOU 

40,000 X 13 - — X & X 9.4 X 10.9 and h = 13.5 in. 

3. From Eq. (7-15), 

^ X 13.5 X 9.4 - 40,000 = A. X 12 X 750-^ “ 

As — 1.69 sq. in. (four i-in. round rods = 1.76 sq. in.) 

1.76 

4. Substituting the preceding values of D, d, e, e', b, and p in Eq. (7-13) 
ives 

3A;^ 13 

fc3 _ (g _ 7) _ 5 X 0.0093 X 12(1 - k)-~~ - 0. 

14 14 


k = 0.67 (Too good a guess.) 


From Eq. (7-10), 


13.5 X 14 


40,000 X 0.67 

72 

0.0093 X 12(1 - 0.67) 


= 755 lb. per sq. in. 


{1 — k) 0 33 

^ — = 12 X 755 X = 4,460 lb. per sq. in. (tension). 

The use of the curve in Fig. 7-7 may not always work so well as it did in 
this problem. Therefore, assume that the equation in step 4 is to be solved 
by the use of the differential. When the terms are rearranged. 


+ 0.622^ - 0.622 -- 0 
14 


d(fk) = 3^2 _ H- 0.622 = 0 
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TENSILE AND COMPRESSIVE STEEL 
Try k — 0.5 as follows: 

In (a), 0.125 - 0.054 + 0.311 - 0,622 * -0 240 
In (5), 0.750 - 0.214 + 0.622 = +1.158. 

0.240 

1 158 0-207 (correction). 

Therefore, corrected, 

h = 0.50 - (-0.207) = 0.707 (new trial i-). 

Next, try k = 0.707 as follows: 

In (a), 0.353 - 0.107 + 0.440 - 0.622 =<= +0 064 
In (6), 1.500 ~ 0.303 + 0.622 « +1.819. 


0.064 

1 819 {■9-035 (2d correction). 

Therefore, corrected, 


k ^ 0.707 - 0.035 = 0.672 (final k), 

7-6. Rectangular Members with Reinforcement on Tensile 
and Compressive Sides with Tension on Part of the Section. A 

member that has both tensile and compressive reinforcement is 
pictured in Kg. 7-9. M is the bending moment, and P is the 
direct load. The compressive force in the steel will be called C.. 
The following can be found from Fig. 7-9: 


C, = ^f)kd. 

C, = A:{n - 
T. = A4,. 
fs = 


(7-16) 


(7-17) 

(7-18) 

(7-19) 

(7-20) 


The term kd will be used instead of k in the following work 
because it seems to facilitate the solution of practical problems. 

Writing the equations for SF = 0 and Silf = 0 about the 
center of the member, 


P— Cc-pCs—'Ts 
P = + A:(n - 1)^^/. - 


(7-21) 
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Combining Eqs. (7-21) and (7-22) gives 


[|(Ad){f - y) + - ^')(§ - ^') 

+ AMd - M)(d - ^ 

^{kdy -f A'Xn - 1)(M - d') - AMd - kd) 


(7-23) 


Equation (7-23) is in a convenient form for solution by trial. 
It is also easy to adapt it to the solution of problems that involve 



Fig. 7-9. 



Fig. 7-10. 


double rows of steel. For such a case, it is practicable to assume 
that the two rows of steel are combined as one at the center of 
gravity of the two rows. 
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Another convenient form for Eq. (7-23) is 


+ A'.{n - l)^e + d' - - 

A.nd^e + (f - I) - A:(n - l)rf'^e -f rf' - |) = 0. (7-23a) 

The solution of this expression by the use of the differential is 
generally much easier than it appears to be. 

After /cd has been determined, it can be substituted in Eq. 
(7-21) to find and in Eqs. (7-19) and (7-20) to find /, and /:, 
although fc is generally the only unit stress whose magnitude is 
important. 


If A' - As, As = 'phd, ~ 1 is replaced by n, d' = d", and 
^ '2 distance from the center of the column to the 


steel, then Eq. (7-23a) becomes 


*• + + =«=) - 0 . 

The same assumptions used in Eq. (7-21) give 

h[kH -f 2'pn{2kd - D)]' 


(7-235) 

(7-21a) 


These formulas are often sufficient for practical analysis. One 
should notice that p is not the same as pg used in columns. 

For the design of a member to withstand specified loads, it is 
possible, with good judgment, to design an approximate member 
in the same general manner as that which was outlined in Art. 
7-5, then to add the compressive reinforcement, and finally to 
test the assumed section. 


Problem 7-3. Find /c, and /' for the member and the loading condi- 
tions that are shown in Fig. 7-10. Assume n = 10. 

The first step in this problem is that of getting an idea of the approximate 
location of the neutral axis by using Eq. (7-2) in an abbreviated and approxi- 
mate form. Thus, 


Max. /<. 



A, -f (n - 1)(A. + A[) 



12 X 24 + (10 - 1)(2.4 + 1.2) 


== 702 lb. per sq. in. 
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i.fc = —234 lb. per sq. in 

, , Dimax. fc) 

kd — = 

max. fc + min. fc 

This value of kd exceeds the actual value because it is based upon tension 
in the concrete. When this tension is neglected, the neutral axis will shift 
toward the compression side, fc will become larger, and kd will decrease. 
Therefore, assume kd = 16.5 in., and substitute this value in Eq. (7-23), 
which is reduced to the following by the insertion of the numerical values of 
6, Asf Asi n, and D: 


. (using -- l) 


24 X 702 
702 + 234 


= 18 in. 


Then 


6(fcd)2(12 - 0.333ifcd) + 97.2(fcd - 3) + 216(21 - kd) 
- 3) - 24(21 - kd) 


6 X 16.52(12 5.5) + 97.2(16.5 -■ 3) + 216(21 - 16.5) 

6 X 16.52 + 10.8(16.5 - 3) - 24(21 - 16.5) 


Actually, c = 8 in. Therefore, assume kd = 16 in. For this, the right- 

hand side of the equation is found to be 8.1 in. The real value of kd^ by 

proportion, will be 16.1 in. Then h = 0.765. 

For purposes of comparison, use Eq. (7-23a) and the differential to find kd 
as follows, using the data from Fig. 7-10: 

2(M)3 + 12(4 - 6)(fcd)2 +■ [24(8 + 21 - 12) -j- 10.8(“l)]ica - 

24 X 21 X 17 - 10.8 X 3(8 + 3 - 12) = 0 

(M)3 -- 12(M)2 + igSkd ~ 4,274 - 0. (a) 

dlfikd)] = d{kd)^ - 24:kd + 198 = 0. (6) 

Assume kd — 15 

From (a), 15^ - 12 X IS^ + 198 X 15 - 4,274 = -624 
From (6), 3 X IS^ - 24 X 15 + 198 - +513 

-624 

__ « —1.22 (correction), 
olo 

15 — ( — 1.22) = 16.22 (new trial value of kd). 

Using kd — 16.22, (a) gives +56, and (5) yields +599. 


56 
599 
kd = 16.22 


■ = +0.09 (correction). 

■ 0.09 = 16.1 in. 
Substituting kd and d in Eqs. (7-21), (7-19), and (7-20) gives 


75,000 = ^ X 12 X 16.1 + 1.2 X 9^-^^ 

Jl 

765 lb. per sq. in. 


■3) (21-16.1), 

- 2.4 X 10^———-^/ 


16.1 


16.1 
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fs 


/: 


(d-kd) (21-16.1) 

__ _ — 10 X 765 K 2,330 Ih. per sq. in. 

^ (kd - d') (16.1 - 3) 

— 7i/c — = 10 X 765 ^ = 6,220 lb. per sq. in. 


7-7. Rectangular Members with Reinforcement near All 
Sides and with Tension on Part of the Section. The ordinary 
rectangular column will have longitudinal reinforcement near all 
four faces of the member as illustrated in Fig. 7-1 1(a). Obvi- 
ously, it will be tedious to consider each set of rods independenth" 
in writing the equations for and Therefore, when the 

number of rods is great, they may be replaced by an imaginary 
steel shell which has the same area as the rods. Its thickness 
may be called t. 

Writing the equation for S7 as usual and that for 2d/ about 
the neutral axis (9, instead of the center of the member, gives 


P = + A:(n - + t{n - 1)---^. ^ --— /c 




id - kd) 
kd 


(7-24) 


M 


= p{kd + ^ = -f A',in - + 


Combining these yields 


kd 


kd 


D 


-H e 


_ jbikdy 
\ 3 


-f- Aiin - l)ikd - dT + 


0.67/(n — l){kd — d'y + Asn{d — kdy + 0.67jf7i(d — kdy 
-h A'.in - l)ikd - d') + tin - l){kd - d'p - 




Asn(d ~ kd) — tn{d — kd)''>. (7-25) 




Equations (7-24) and (7-25) are purposely left in a general 
form so as to be clearly applicable to almost any problem. In 
many cases, such as square columns, it is sufficiently accurate to 
omit the terms involving t for the side rods for preliminary work. 
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Problem 7-4. Find /c, /s, and for the column that is pictured in Fig. 
7-12, assuming P = 250,000 lb., e = 11 in., and n = 8. 



Fig. 7-11. Fig. 7-12. 

The total area of steel is 


Asff = 24 X 1.27 s= 30.5 sq. in. 

, , / 30.5 

As = A^ = = 7.6 sq. in. 

30.5 

« 96=0.3J8in. 
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^(l + 250,00o(l + 

Approx, max. fc = — — =s / _ 

A, -f (?i - 30 X 30 +- 7 X 30.5 

718 lb. per sq. in. 

Min. fc — —269 lb. per sq. in. 

. , , 30 X 718 

Approx, kd = =*= 21 8 in 

718 + 269 

When the known data for this problem are inserted in Eq. (7-25), it 
becomes 


kd - 4: = {10{kdy -f 5Z.2{kd - 3)2 -f 1.49(^'d - 3)3 + 60.8(27 ~ kd)^ +• 
1.70(27 - kd)^\ {n(kd)^ + 53.2(M - 3) + 2.23(M -- 3)* 

-60,8(27 - kd) - 2.54(27 - M)2|. 

Then, assuming kd ~ 19 in., so as to be less than the approximate 21.8 in., 
this equation gives 19 - 4 - 15.04 in., instead of 15 in., which is close 
enough. From Eq. (7-24), 

260,000 = 16 X 19/e -1- 7.6 X 7 X ^/c + 2.23 X — /« - 

19 19 

^8 8* 
7.6 X 8 X -fc ~ 2.54 X 

or 

fo =* 768 lb. per sq. in. 

. .(d- kd) ^ ^ (27 - 19) 

/« — nfc — — 8 X ^68 — 2,590 lb. per sq. in. 

. ^{kd~d') ^ (19-3) 

— = 8 X 768 = 5,170 lb. per sq. in. 

kd 19 

7-8. Circular Columns Having Combined Compression and 
Bending with Tension on Part of the Section. In the previous 
article, rectangular columns were considered. The same prin- 
ciples apply to circular columns that have tension upon part of 
their cross section. However, the shape of these members causes 
a great deal of difficulty in the numerical work. Tables and 
diagrams have been prepared by others to facilitate the solution 
of such problems, but their usefulness is restricted to cases that 
are controlled by the same fundamental data as those upon which 
the charts are based. However, it is the purpose of this text to 
develop a general method of analysis which is founded upon the 
basic theory involved, so that any special problem that differs 
Irom those which may be solved by such tables can be worked out. 

Figure 7-13(a) pictures a circular, spirally reinforced column 
with a diameter equal to D and with the diameter of the circle 
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of rods equal to D 2 . This member is acted upon by a direct 
load P and by a bending moment M, as shown in Fig. 7-13(??). 

An analysis of the stress diagram in Sketch (6) will show that 
the imaginary solid that represents the compression upon the 



concrete is an ungula of a circular cylinder [a wedge-shaped solid 
as pictured in Fig. 7-13 (c)]. 

In order to simplify the calculations, the longitudinal rods 
in the column will be assumed to be replaced by a hollow steel 
shell or pipe which has the same cross-sectional area as that of 
all of the longitudinal reinforcement. Then, if Asg = the area 
of these rods, and if = the radius of the circle in which the 
rods are located, 


-^sg 

27rJ?2 


(7-26) 


where t = the width or thickness of the shell. Figure 7-13 (d) 
pictures the steel ring. 

Figure 7-13(6) indicates that this steel shell is subjected to 
compression upon part of its area and to tension upon the rest 
of its cross section. Therefore, the diagrams that represent the 
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stresses upon these two parts of the ring will be like hollow 
ungulas or like wedges cut from a pipe, as pictured in Fig. 7-13 (e). 

In order to show the situation more clearly, let Fig. T-II picture 
the cross section of a circular column and the diagi’am of the 
internal stresses. The applied bending moment, whatever may 
be its cause, can be represented by the direct load P acting with an 
eccentricity e. In order to have equilibrium, it is obvious that 
= 0 and 'ZM = 0. 

The following symbols will be adopted for bre\dty in the writing 
of the foregoing equations for equilibrium: 


X — M 

Co = total compressive stress in the concrete (ungula) 

Cs = total compressive stress in the steel (hollow wedge) 

To = total tensile stress in the steel (hollow wedge) 

a == distance from neutral axis to line of action of Cc 

h — distance from neutral axis to line of action of Cs 

c = distance from neutral axis to line of action of T,. 

Therefore, using these symbols, and taking moments about 
the neutral axis, 

P = Cc + a - To. (7-27) 

P(e + X — E) — Ccd + Cfi5 H” TsC. (7-28) 


By combining these equations, 
{e + X — R)- 


Coa + CJb + ToC 

C. 4- C. - ' 


(7-29) 


In order to assist in the writing of the equations for equilibrium, 
Fig. 7-15 has been prepared to give the volume of an ungula in 
terms of E and /c for any value of x. It also gives the moment 
of this solid about its cutting edge,^’ the neutral axis. In a 
similar manner, Fig. 7-16 gives the volume of a hollow wedge in 
terms of t, z, or S 2 , and P 2 , also the moment of such a wedge about 
the neutral axis. 

In using these curves, the following relationship must be 
remembered: 

_ 1) X volume of the hollow wedge where zi = 


Ts = n X volume of the hollow wedge where Zi 


U 


id - -r) 


X 
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Equations (7-27), (7-28), and (7-29) can now be rewritten in 
more convenient form. They become 

P = +{n- (7-30) 

X X 

P{e -f a: - B) = K,R% -h (n - + 

nK4f !'~ - ^ Bl (7-31) 

X 

(e X — R) == 

KiR^ -f (ra - 1)k /^ ~ ^Rl + nK, M ~ ^ Rl 

r-^s ,j— — (7-32) 

KtR"^ -f (n - 1)kJ ^ — - nKz^ ^Ba 



ungula about its cutting edge. 

The symbols Ki, K^, and Kz are the coefficients given by the 
curves for volumes in Figs. 7-15 and 7-16. Ki, Ki, and Kt, are 
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the corresponding coefficients which can be obtained from the 
curves for moments in these same figures. 

The procedure as applied to problems may be outlined as 
follows: 

1. Find the eccentricity, and see if Se/D exceeds 1. If so, there will be 
tension on part of the section. Make an approximate solution for maximum 
fc and minimum fc by using Eq. (7-2) which is based upon the concrete 
withstanding tension. Let Se/D be substituted for ec/R^, 

2. From these limiting values of fc find the approximate location of the 
neutral axis by means of similar triangles. 

3. Assume a value of x somewhat less than that which is given by the 
preceding step, and substitute it in Eq. (7-32). If the first trial is not 
successful, a second attempt wiU usually locate the neutral axis. 

4. With the proper value of a: = H, solve Eq. (7-30) for/c. 

5. If desired, find and fs from the expressions for zi and za, multiplying 
both by n. 



Fig. 7-16. — Volume and moment of wedge of hollow cylinder about its cutting 

edge. 

In the special case of a rectangular column that has the rein- 
forcement placed in a circle, the methods of this article will apply 
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with the substitution of a rectangular wedge for the diagram of 
stress in the concrete. 

Problem 7-6. Find the stresses in a circular column for which the data 
are as follows : P ~ 100,0001b., M — 600,000 in .-lb., D =* 22m., — 17 in., 

d' — 2.5 in., reinforcement = ten i-in. round rods, n == 10, d = 19.5 in. 
Adequate spiral reinforcement is assumed. 

, M 600,000 ^ . 


- = 
D 

Max. /c = 
A, = 
Va =* 


8X6 

22 

P 


= 2.18 


(- 1 ) 


As\l + (n - l)p,] Atll + (n 
*= 380 sq. in. 


Dm 


4 

A. 


10 X 0.6 
380 


* 0.0158 


Max. fc 


Min. fc 


( 8 X 6\ 

100,000^^1 +_j 


380(1 + 9 X 0.0158) 


~ 732 lb. per sq. in. 


ioo,OQo(i-g^) 


380(1 + 9 X 0.0158) 


272 lb. per sq. in. 


(2) From Fig, 7-17, 


X 

22 


732 

1,004 


X " 16in. ±. 


(3) Assume a; = 15 in. 

The value of xlB, for the concrete (Fig. 7-15) is ff == 1.36. 
The value of aj'/Ra for the steel in compression (Fig. 7-16) is 

(15 - dO __ (15 - 2.5) 

Ra “* 8.5 

The value of rcVR -2 for the steel in tension is 


1.47. 


U-y=kd- 

Fig. 7-17. 


Zx ^ fc 


2 - 1.47 == 0.53. 
{x - d') (15 - 2.5) 


22 = fc 

A, 

ttD^ 


X 

(d - a:) 


15 


« 0.833/,. 


(19.5 - 15) 


t 


6 

TT X 17 


15 

= 0.112 in. 


■fa = 0.3/c. 
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Substituting these values in Eq. (7-32) with the \’alues of Ki, etc., as 
found in Figs. 7-15 and 7-16, gives 

(6 -1-a - 11) = 

0.8 X IP -f 9 X 2.83 X 0.112 X 0.833 X + 10 X 0.58 X 0.112 

X 0.3 X 8.5» 

0.99 X 11“ + 9 X 2.62 X 0.112 X 0.833 X 8.5 - 10 X 1.4 X 0.112 

X 0.3 X 8.5 

(6 -)- s - 11) = -^ = 9.35. 

Then x = 14.35 in. compared to the 15 in. assumed. 

Next, try x — 14: in. 


x/B, for the concrete == jj = 1-27. 
x^/B^ for the steel in compression = 


(14 - 2.5) 
8.5 


x^/R 2 for the steel in tension = 0.65. 




22 


(14 - 2.5) 
14 

(19.5 - 14) 
14 


■/. - 0.82/c. 


= 0.393/c. 


1.35. 


Solving Eq. (7-32) again gives 


0.69 X IP + 9 X 2.45 X 0.112 X 0.82 X S.o^ + 10 X 0.79 

X 0.112 X 0.393 X 8.5" 

~ 0.92 X 11“ + 9 X 2.38 X 0.112 X 0.82 X 8.5 - 10 X 1.57 

X 0.112 X 0.393 X 8.5 

25 — 5 = 8.97 or a; = 13.97 in. (Close enough.) 


If the second guess had not been so close, the first and second values could 
be plotted as in Pig. 7-18, and the value of x would be given by the inter- 
section of the line that joins them with the zero line. The values of zi and 
Z 2 should be changed to agree with this scaled value of a;. Also, the new 
values of x/B and 3:7^2 should be determined for use with Figs. 7-15 and 
7-16. 

(4) Substituting in Eq. (7-30) with x/B for concrete = 1.27, x' /B2 for 
steel in compression = 1.35, x ' /B% for steel in tension — 0.65, 21 = 0.82/c, 
and Z2 = 0.393/e gives 


P = 0.92 X 117c + 9 X 2.38 X 0.112 X 0.82 X 8.5/c - 10 X 1.57 

X 0.112 X 0.393 X 8.5/c. 


/c “ 


100,000 


820 lb. per sq. in. 


122 
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(5) fs compression « fen ~ 0.82 X 820 X 10 = 6,720 lb. per 

X 

sq. in. 

(d “ x) 

fs tension fen — 0.393 X 820 X 10 = 3,220 lb. per sq. in. 

X 

7“9, Approximate Method for the Design of Rectangular 
Columns with Tension on Part of the Section. The previously 



Fig. 7-18. 


explained methods of design and analysis of members having 
combined direct loads and bending moments require consider- 
able labor in their application. As a practical matter, the 
actual conditions do not justify such a degree of accuracy in 
many cases because there are so many unknown factors or 
empirical assumptions in the initial determination of the loads 
and their distribution that the subsequent calculations need not 
be more exact than the fundamental data upon which they are 
based. It is therefore desirable to use a reasonably accurate, 
approximate method of design and analysis which is easy to 
apply. Such a method will now be explained. It was originally 
developed and used by Frederick C. Lowy’- and Erick M. Black.^ 
It has been tested in many cases in the office of The Port of 
New York Authority. 

1 Formerly designer, The Port of New York Authority, 111 Eighth Ave., 
New York City. 

2 Formerly assistant designing engineer, City Railway, Newark, N. J. 
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Consider the distribution of the stresses in a column for an 
eccentrically applied load. Figure 7-19(a) shows a column with 
the load P which has an eccentricity of sufficient magnitude to 
make the stress upon the section vary from zero at A to a maxi- 
mum at B, If there w^ere no steel, e would equal D /6. In other 
words, 

« _ ^ . 7 section modulus 

o 0 area 

where n will be called the “kern radius.’^ Similarly, for the 
reinforced-concrete member, let 

Tk = section modulus of the entire transformed section 
area of the entire transformed section 

Let Ic equal the moment of inertia of the complete section includ- 



Fig. 7-19. 

ing (n — 1) times the area of the steel. The wLole section must 
be used in this calculation. Therefore, 

"" 0.5i)[A, + (n - 1)4.,] 

where Asg = the total area of steel in the entire cross section. 
Thus, the value of may be considered as the limit of the central 
portion, or kern (core), of the member. If the load acts within 
this kern, there will be no tension upon the section ; if it is applied 
at the limit of the stress at A will be zero, but Sit B,fc = twice 
the average stress; if e exceeds r*, the neutral axis 0 will move 
from A toward B, as shown in Figs. 7-19(6) and (c), causing 
tension near A and making fc greater than twice the average 
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C.l.' 



^_e 


(a) 


stress in direct compression. However, when the magnitude of 
e becomes large compared to the depth of the section D, the 
member becomes primarily a beam, the direct stress being 
insignificant. Usually, if e = 2D, the direct load may be 
neglected; and for such a case, kd will approx- 
imate D/3. 

Considering the fact that r* is about equal to 
D/6, it is seen that the kern radius comes ap- 
proximately at the neutral axis of the section 
when the latter is acting as an ordinary beam. 
Therefore, it will be assumed that the stress 
diagram for any position of P, where e exceeds 
Vk, is made up of one part which is the triangle 
of Fig. 7-20(6), where P is assumed to be at r*, 
plus a second diagram as shown in Fig. 7-20 (c), 
the latter being caused by the load P acting, 
with a lever arm of e — Vk, upon the section 
as a pure beam. The resultant stress diagram 
is shown in Fig. 7-20 (d), being indicated in 
the picture as bounded by a broken line 
merely for the reasons which will be explained 
later. 

In the practical design of columns, it will be found that the 
stress in the concrete fc is the critical one. Since /', the compres- 
sive stress in the longitudinal reinforcement, is only n times the 
stress in the concrete at the same point, it is usually low except 
for the indefinite increase which is caused by plastic flow. Also, 
fs is usually unimportant unless the bending moment is very 
severe. Therefore, it is satisfactory to solve for fc alone in most 
cases, it being equal to /i + fz (Fig. 7-20). 

In any such problem, the procedure is simply as follows: 


(b) 

iTTrij, 

ri 1 

illLi 

i. 

(c) 

"'X 

(cO 

1.1 


Pig. 7 - 20 . 


(1) 

Assume a section to be analyzed. 


(2) 

Find n - 

(7-34) 

( 3 ) 

~ A, + {n- IM.; 

(7-35) 

(4) 

Find /a - 

(7-36) 

( 5 ) 

fc = fl + /2. 

(7-37) 
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It must be noted that Ic in step (4) is the moment of inertia of 
the transformed section of the member as an ordinary beam, 
allowing no tension upon the concrete. 

This method still appears to require a great deal of work. 
However, in any structure that has a 
large number of columns, it will be found 
advisable to simplify the work by using 
a moderate variety of sections. There- 
fore, the tentative members can be 
chosen; their areas, section moduli, and 
kern radii can be computed; and then 
the members can be used for any com- 
bination of P and M OT P and Pe for 
which they are safe. Having the prop- 
erties 'of the sections, the labor of find- 
ing /i and f% is very small. 

If it is necessary to find the stresses in the steel, it is not advis- 
able to use the results of this approximate method because the 
errors which are introduced by the approximations often multiply 
considerably in any attempt to use them in Eqs. (7-19) and 
(7-20). That is why Fig. 7-20 (d) is shovm with a broken line 
so as to warn the reader not to attempt such a calculation. 

For important structures it is advisable to design the members 
by this approximate method and then to check them by more 
exact means. 


24 rods 


■>*;f • • • 

-r 

f ; -V 

! 

4 


4 y ; 


f ' ‘ 

Q 


-D 


1 

_jL 

4 \<—6&4''=24-^ 

<-J' 

U-d=27"— » 


i<— D'JC?"— >J 

1 

Fig. 7-21. 



Problem 7-6. Find ]c for the column shown in Fig. 7-21 if P = 250,000 
lb., e = 11 in., and w = 8. (This is the same as Problem 7-4 of Art. 7-7.) 
The first step is the calculation of 


f + (» - 

+ (8 - 1)(14 X 1.27 X 12« + 4 X 1.27 X S" + 


12 


Then, from Eq. (7-34), 


i: 


4 X 1.27 X 42) = 88,260 in.^ 
88,260 


rk = 


0.5I>[A, -h (n - l)Aso] • 15[900 4- 7 X 30.5] 


= 5.28 in. 


The next step is the calculation of /«. For a square member with the rods 
symmetrically placed, neglecting the fact that the area of the steel in com- 
pression should be multiplied by (n — 1) rather than by n, and taking 
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moments about the neutral axis, 


D{kd)^ 


nAi 


, , nAsg 

U ~ + 


°(f " 

4 


( nA,„Y 

D2 


+ nA^g. 


(7.38) 


, , 8 X 30.5 , 

kd = — ' + 


30 


4 


(8 X 30.5)g 
30" 


+ 8 X 30.5 = 9.5 in. 


30 X 9.53 


4- 8(14 X 1.27 X 122 + 4 X 1.27 X 82 + 4 X 1.27 X 4^) 

+ 8 X 30.5(15 - 9.5)2 - 39,700 in.^ 
2P 2 X 250,000 

(n - l)Asg "" 900 + 7 X 30.5 




250,000(11 - 5.28)9.5 


Ic 39,700 

Jc — fi +■ h — 449 + 342 =*= 791 lb. per sq, in. 


342 lb. per sq. in. 


This value of fe differs only about 2 per cent from the value, 810 lb. per 
sq. in., which was found in Problem 7-4. 

Problem 7-7. Assume the same column as that of Fig. 7-21, and test it 
for the following combinations of direct load and bending, assuming n ~ 8 
and the allowable fc “ 800 lb. per sq. in. 

(1) P = 200,000 lb., M = 2,800,000 in.-lb. 

(2) P == 300,000 lb., M = 2,000,000 in.-lb. 

(3) P - 175,000 lb., M - 3,000,000 in.-lb. 

(4) P = 350,0001b., M = 2,400,000 in.-lb. 

For all of these cases [Ag -j- (n — l)Aso] = 1,114 sq. in., M — 9.5 in., 
le = 39,700 in.'* and — 5.28 in. as for Problem 7-6. 


2,800,000 

(1) e — r~"" = 14 m. 


/i = 


h - 


200,000 

2 X 200,000 


1,114 

200,000(14 ™ 5.28)9.5 


= 359 lb. per sq. in. 


= 417 lb. per sq. in. 


39,700 

Sc = 359 + 417 = 776 lb. per sq. in. 

(2) e = = 6.67 in. 

' 300 

^ 2 X 300,000 

/i — — iTi4 ^ 

^ 300,000(6.67 - 5.28)9.5 

S 2 = r^— rr = 100 lb. per sq. in. 


39.700 



Art. 7-10] COMBINED BENDING AND TENSION 


209 


/c *= 539 -{- 100 — 639 lb. per sq. in. 


3,000 

(3) e = = 17.1 in. 


(Too low for economy.) 




175 

2 X 175,0 00 
1,114 


= 314 lb. per sq. in. 


^ 175,000(17.1 - 5.28)9.5 

== 494 lb. per sq. 

Jc — 314 -j- 494 “ 808 lb. per sq. in. 

2,400 

1,114 

, 350,000(6.86 - 5.28)9.5 

avSS 132 lb. per sq. in. 

fc = 628 + 132 - 760 lb. per sq. in. 


These calculations illustrate the ease with which any given member can 
be tested for its stresses when it is subjected to various combinations of 
loading. 


7-10. Combined Bending and Tension. There are some cases 
in which reinforced-concrete members are subjected to bending 
moments and direct tensile forces. One of the most common 
instances of such a combination occurs when a drop in tempera- 
ture aifects a member the ends of which are not free to move. 

To illustrate the internal resisting stress when bending and 
tension are combined, let Fig. 7-22 (a) represent a beam that has 
unsymmetrical reinforcement. Sketch (5) shows the assumed 
stress distribution when the bending moment M is applied. If 
the external tensile force P is added at the center of the member, 
it will cause an additional elongation of the tensile reinforcement 
and a decrease of the compressive stresses. Up to a certain 
extent, the concrete may resist tension, but such action will not 
be relied upon. If the resistance of the member was symmetrical, 
the stress diagram would be a rectangle like A BCD of Fig. 7-22 (c). 
However, the unequal resistance due to relieving of the com- 
pressive stresses and the increase of the tensile ones may cause 
another bending moment which will make the diagram become 
somewhat as showm by AEFD. When the two sets of stresses 
are combined as shown in Sketch (d), the resultant diagram may 
be represented by the triangles GHO and OLM of Fig. 7-22(0. 
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The general result of all of this is a decrease in the compres- 
sive stresses, an increase in the tensile ones, and a raising of the 
neutral axis, i.e., a decrease of kd. However, the same principles 
that were utilized in the previous articles must apply to this 
case also. Therefore, using H instead of F, ZH = 0, and 
'EM = 0. 



From Fig. 7-22 (f) these equations can be written and then 
solved in the same manner as for the preceding cases. 


Practice Problems 

Problem 7-8. Assume a short, circular column like that of Fig. 7-3 (a). 
Let jD = 22 in., Di = 19 in., D 2 = 17.5 in., the rods == 12 equally spaced 
1-in. rounds {As — 9.48 sq. in.), and n ~ 10. Find the stresses in the steel 
and the concrete for a centrally applied load of 200,000 lb. and a bending 
moment of 250,000 in.-lb. about the axis X~X. 

Discussion, Follow the same procedure as in Problem 7-1, 

Problem 7-9. Recompute Problem 7-8 with all data remaining the same 
except for the use of twelve |-in. round rods. 

Problem 7-10. Assume a rectangular member like that of Fig. 7-5. 
Let 6 = 16 in., d = 18 in., the total depth 2) — 20 in., the longitudinal 
reinforcement = five |-m- round rods, n ~ 12, and the allowable fc = 800 
lb. per sq. in. Find the stresses in the member if the direct load — 50,000 lb. 
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and the bending moment about an axis parallel to the tow of rods =* 500,000 
in.-lb. Is the member safe? 

Discussion. Use Eqs. (7-13), (7-10), and (7-7). 

Problem 7-11. Find the stresses. in the member of Problem 7-10 if the 
direct load == 75,000 lb., the bending moment = 450,000 iii.-lb., the allow- 
able /c = 900 lb. per sq. in., and n — 10. Is the member safe? 

Problem 7-12. Assume a rectangular member like that of Fig. 7-10. 
Let 5—16 in,, d = 18 in., the total depth == 21 in., the longitudinal rein- 
forcement — five |-in. round rods 3 in. from the left edge and another equal 
set 3 in. from the right edge, and n = 12. Find the stresses in the member 
if the direct load = 80,000 lb. and the bending moment about an axis 
parallel to the rows of rods = 560,000 in.-lb. 

Discussion. Use Eq. (7-23a) to find kd, Eq. (7-21) to get /,,, and Eqs. 
(7-19) and (7-20) to find fs and 

Ans. kd = 14.3 in., fc — 610 lb. per sq. in., = 5,800 lb. per sq, in., 
/a = 1,900 lb. per sq. in. 

Problem 7-13. Find the stresses in the member of Problem - 7-12 if 

n = S. 

Problem 7-14:. Assume a square column like that of Fig. 7- 12 (a). Let 
5 D = 28 in., d = 25 in., the longitudinal reinforcement == twenty 
If-in. square rods spaced uniformly, the cover over the rods = 3 in., and 

= 8. Find the stresses if the direct load == 175,000 lb. and the bending 
moment = 2,100,000 in.-lb - 

Discussion. Solve the problem in the same manner as Problem 7-4. 

Problem 7-16. Find the stresses in the column of Problem 7-14 if n “ 10, 
the direct load == 160,000 ],b., and the bending moment = 2,000,000 in.-lb. 

Problem 7-16. Find the stresses in a circular column like that of Fig. 
7-13(a) if P * 120,000 lb., M = 840,000 in.-lb., D = 24 in., d' = 3 in., 
D 2 - 18 in., d = 21 in., n = 10, and the reinforcement is twelve 1-in. 
round rods. 

Discussion. Follow the procedure used in Problem 7-5, using the curves 
of Figs. 7-15 and 7-16. 

Problem 7-17. Recompute the stresses in the column of Problem 7-S if 
n = 8, the direct load = 90,000 lb., and the bending moment = 450,000 
in.-lb. 



CHAPTER 8 
RETAINING WALLS 

8*1. Introduction. Retaining walls are used to provide lateral 
support for a mass of earth or other material the top of which is 
at a higher elevation than the earth or rock in front of the wall, as 
shown in Fig. 8-1. 

Gravity retaining walls such as that in Sketch (a) depend 
mostly upon their own weight for stability. They are usually 
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(b) (c) 


Fig- 8-1. 

low in height. They are expensive because of their inefficient 
use of materials; sometimes they can "be cheapened by using 
Cyclopean concrete — concrete in which fairly large rocks are 
buried. 

In contrast to them, Fig. 8-1(6) pictures an ordinary canti- 
lever^^ retaining wall. Part of its stability is obtained from the 
weight of the earth mass ABCD, but the walks resistance to 
collapse depends upon the strength of its individual parts as 
cantilever beams. This action is pictured in Fig. 8-1 (c) . 

Figure 8-2 shows some of this type of work as it looks in a 
large construction job. It is part of the Exit Plaza of the South 
Tube of the Lincoln Tunnel at New York City. In the back- 
ground is part of a wall for which the concrete of the lower half 
has been placed and from which the forms have been stripped. 
Beside it is another portion for which the reinforcement has been 
placed and the forms are being built. The next part is a com- 
bined wall and pump room with the inside forms and part of the 
reinforcement clearly visible. The nearest portion shows the 
forms in place, braced, and ready for the pouring of the concrete. 

The design of retaining walls requires a combination of theory 
and practical engineering sense. The designer must think of 

212 
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them in terms of the procedures that are involved in their con- 
struction. Therefore, in order to sho.w these things clearly and 
to illustrate all of the principles that may be involved in such 
construction, the problems that are used in this chapter are 
practical cases which are taken directly from such work as that 



Fig. 8-2. — Construction of retaining walls, Exit Plaza of the Lincoln Tunnel, 
New York City. 


in Fig. 8-2. The solutions of more simple problems vill be 
relatively easy. 

8-2. Definitions of Parts. The various portions of a typical 
reinforced-concrete retaining wall are defined as follows, using 
Fig. 8-3 (a) for reference: 


1. Stem — the portion ADKL. 

2. Footing, or base — the part 

3 Toe — the projecting part of the footing on the side toward which the 
wall tends to tip JKGH, 

4. Heel — the projecting portion of the footing on the side from which the 
wall tends to tip CDFE. 

5. Back — the surface AD. 

6. Front — the surface LK. 

7. Foundation — the material under the footing, below HE. 
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8-3. Types of Reinforced-concrete Retaining Walls. T-shaped 
Wall. A T-shaped retaining wall is shown in Fig. 8-3 (a). 
This is the most simple and common type of cantilever wall. 
The base should be from 0.4 to 0.6 times the total height AH, 
but it mil vary somewhat with the position of the stem along 
the base and with the strength of the foundation. The length 
of the toe JK should be about one-fourth to one-half of the base, 
the stem being located nearer the rear when it is desired to 
obtain foundation pressures that are as small and as nearly 
uniformly distributed as it is possible to have them — as for 

Barfh. 
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(d) (e) (f) 

Fig. 8-3. 

foundations upon clay. Possible troubles from sliding because 
of the decrease in the dead load will be discussed later. 

L-shaped Wall. An “L-shaped^’ wall such as that in Fig. 8-3(5) 
is used when the wall is along a property line or in other situa- 
tions 'where a toe cannot be provided. Its disadvantages are 
excessive pressure at the front edge B and difficulty in resisting 
the bending moment at the junction between the stem and the 
heel. The base should be about 0.5 to 0.55 times the height AB. 

Reversed L-shaped Wall. A ^‘reversed L-shaped’’ wall is 
illustrated in Fig. 8-3 (c). It is usually difficult to make such a 
wall stable and to keep it from sliding if the height is great, 
because of the fact that the dead load is relatively small. How- 
ever, such walls are useful in cases where it is expensive or impos- 
sible to provide a heel. The base BC should be about 0.5 to 
0.6 times the height AC. 
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Counterforted Wall A ^^counterforted^’ wall such as that of 
Fig. 8-3 (d) is a modification of the T- or L-shaped ones. It has 
intermittent vertical ribs called counterforts. This is advan- 
tageous for very high walls because the counterforts can be 
heavily reinforced so as to act as ties to connect the stem and the 
heel, really transforming the last two parts into continuous 
slabs which are supported by the counterforts. Although the 
stem and the heel can be relatively thin, the extra formwork 
and details may offset the economy in materials. The base 
should be about the same width as for a T- or an L-shaped wall. 

Buttressed Wall A ''buttressed” wall such as that in Fig. 
8-3 (e) is like a reversed counterfort type with ribs or walls that 
serve the same general functions as the corresponding parts 
in a counterforted wall except that they are compression mem- 
bers instead of ties. The toe and the stem are continuous slabs. 
Such a wall may be built with an inclined stem as showm in 
Fig. 8“3(/). The base BC should ordinarily be about O.o to 
0.6 times the height AB, depending upon the size of the heel. 

8-4. Stability and Safety Factor. The stability of a retaining 
wall is its ability to hold its position and to perform its func- 
tion safely. The safety factor is a measure of the magnitudes 
of the forces that are required to cause failure of the structure, 
compared to the forces that are really acting upon it. Thus, if 
the safety factor is 1, the wall will be upon the point of failure. 
If, for any given design, it is 2, then the overturning moment 
or the horizontal forces may be doubled before the wall will fail. 
The magnitude of the safety factor to be used in a design will 
depend upon the engineer's judgment, the specifications, or the 
building code that is to be follow^ed. In general, it may vary 
from 1.5 to 2. 

A retaining wall may fail in one of four ways: by the collapse 
of its component parts, by overturning about the front of its 
toe, by excessive pressure upon its foundation, or by sliding upon 
its foundation. In a well-balanced design, the wall should be 
equally safe in all respects. 

The bending of the individual parts and the pressures that 
act upon them are illustrated in Fig. 8-1 (c). Each part must 
act as a cantilevered beam. 

In order to illustrate overturning, let W of Fig. 8-4 represent 
the resultant of all of the vertical forces, including the w^eight 
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of the wall and the vertical component of the lateral earth 
pressure (if any) and of the earth on top of the base; let H = the 
resultant of all of the horizontal forces. Then En represents a 
moment that tends to overturn the wall as an entity, rotating it 
about the point A, but Wm is the "'righting/^ or ^‘stabilizing/' 
moment which resists this overturning. If Hn exceeds TFm, the 
wall will tip over because the resultant of H and W will pass 
outside the base (beyond A). 

Failure due to excessive pressure on the foundation will 
result in the tipping or overturning of the structure. When the 
wall is founded upon rock, it may actually rotate about the 

corner A, because the rock is very 
strong, but when it is on earth, the 
latter will settle, and the wall will tilt 
about a point to the right of A if the 
concentration of pressure becomes too 
great. The effective value of m will be 
decreased. If the overturning moment 
exceeds the reduced righting moment, 
the wall will overturn. 

Sliding on the foundation may be 
demonstrated by considering Fig. 8-4. 
The resultant of W and H is represented 
by R, This, in turn, must be resisted 
by an equal and opposite reaction which 
may be called —R and which will have 
components equal to — TF and —H. The latter force is caused 
by the friction of the base upon the foundation so that F = — i?. 
Then, if / = the coefficient of sliding friction, F = Wf. When F 
can actually counteract H, the wall is said to be “stable against 
sliding." Of course, when the wall is built upon an irregular rock 
surface, there is no difficulty about sliding. 

A retaining wall needs weight in order to resist overturning 
and sliding. Therefore, it is not usually advisable to use high- 
strength concrete and excessively thin sections for ordinary walls 
because they will be too light in weight. Web reinforcement in 
retaining walls is very troublesome. It should be avoided by 
keeping the shearing stresses low. 

It is often difficult to secure the desired safety factor against 
sliding in the case of earth-borne walls. The ground in front 
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of the structure may have considerable abutting power or passive 
resistance to being shoved aw^ay, but the wall should stand with- 
out depending upon this force. Absence of the earth in front 
of the wall when the backfill is placed behind the structure, 
thoughtless excavation of the earth 
along the toe by someone in the 
future, possible scouring or washing 
away of this material — all of these 
are reasons for this statement. 

Sometimes this passive resistance is 
relied upon, but this should be done 
with caution. 

8-6. Foundations. Retaining 
walls that are founded upon earth 
present more of a problem than do 
those which are supported upon rock, 
because the high pressures that can 
be applied to the rock are not per- 
missible upon the earth. Those 
pressures are the result of the com- 
bined action of the direct vertical 
load W and the overturning moment 
Hn. 

Two different sets of pressure "H- 
distributions are shown in Fig. 8-5. 

These differences are caused by the 
relative effects of the direct load and 
the overturning moment, but it is 
convenient to look upon them in 
terms of the position of the point at 
which the resultant of W and H 
intersects the bottom of the footing. 

If G is this point, its location with respect to W can be found by 
taking moments about G itself. Therefore, 

a = (8-1) 



This enables one to compute e, the eccentricity of the resultant 
with respect to C, the center of the base. 

When G is at the right of L, it is inside the middle third of the 
footing. Therefore, the pressure diagram AEKJ of Sketch (a) 
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is made up of a uniformly distributed pressure equal to EN which 
equals W /B for a 1-ft. strip of wall, and a uniformly varying 
pressure which is caused by the moment 

M = We. 

QJ or = We X 


Therefore, 



where p is the intensity of the greatest or the least pressures, and 
B is the width of the footing. The positive sign is to be used to 
find the maximum pressure AJ; the negative sign will give the 
minimum pressure EK, For earth-borne walls, the pressure 
diagram should be as nearly rectangular as it is practicable to 
make it. 

When the resultant falls outside the middle third (left of L), 
the pressure diagram in Fig. 8-5(5) results. Since there can 
be no tension upon the base near E, Eq. (8-3) cannot be used. 
The pressure diagram is assumed to be the triangle AFH. Its 
total area must equal the direct load IF, and its center of gravity 
must lie vertically below (?. Therefore, for a strip 1 ft. wide, 
AH X AF/2 = W. Therefore, the maximum pressure AH is 


AH == p 


2W _ 2W 
AF SAG' 


(8-4) 


The exact distribution of the resisting pressure of the foundation 
may not vary as a straight line, but it is sufficient to assume that 
it does so. 

The safe bearing value of any given soil and its probable 
deformation are so problematical and so dependent upon the 
qualities of the material itself that it is unwise to set any exact 
magnitudes for them, but the data of Table 8-1 may be used as a 
general guide. However, the conditions at the site must be 
examined and the bearing value of the soil should be tested before 
one designs an important retaining wall. 

The frictional resistance of the foundation when a wall tends 
to slide upon it is also uncertain. For some soils, the resistance of 
the material against sliding upon itself is greater than that for the 
concrete sliding upon it. In order to take advantage of this 
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greater frictional resistance, the footings of walls are often made 
with projections on the bottom, called “cutoff walls,” as shown 
in Figs. 8-6 (a) and (h). Sometimes the bottom of the toe is 


Table 8-1. — General Data regarding Foundation Materials 


Material 

Safe bear- 
ing capacity, 
kips per 
square foot 

Angle of 
repose, 
degrees 

Maximum 
coefficient of 
friction of 
concrete on 
foundation 

Sound rock 

80 



Poor rock 

30 



Gravel and coarse sand 

10 to 12 

37 

0.6 to 0.7 

Sand (dry) 

6 to 8 

33 

0.4 to 0.6 

Fine sand (wet but confined) 

4 

25 

0.3 to 0.4 

Clay and sand mixed 

4 to 5 

36 

0 . 4 to 0 . 5 

Hard clay 

5 to 6 

36 

0.4 to 0.6 

Soft clay 

2 

26 

0.3 


sloped upward, as in Fig. 8“6(c). The first method is likely to 
cause disturbance of the earth as the result of digging the trench 
in it. Probably the real value of these measures comes from the 




increase of the shearing and abutting values of the confined earth 
when it is subjected to the large pressures that exist under the 
forward portion of the footing. 

It is very important to found all walls upon undisturbed 
material. The consolidation' that has been produced by Nature 
has probably given the soil the best treatment that it can have 
for use as an ordinary foundation. In no case should a wall be 
placed upon newly deposited fill when avoidance of settlement is 
important. Furthermore, the excavation for the footing should 
be sufficient to remove organic matter and to get below tlie frost 
line—about 4 to 5 ft. in cold climates. 
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Another foundation problem which must not be overlooked in 
long walls is that of founding them partly upon rock and partly 
upon earth. If such conditions cannot be avoided, the structure 
should be designed so that the last portion that rests upon rock 
has a seat to receive the footing of the adjacent earth-borne 
structure, the latter being a rather long section which can act 



Fig. 8-7. 


like a vertical beam as shown in Fig. 8-7. The compaction of 
the earth will then merely open the joint at A slightly, and it 
will close the one at B somewhat, but the motions will not be 
very apparent. On the other hand, if the rock has only local 



SecKon 



Fig. 8-8. 


gullies of shallow depth, concrete piers without reinforcement 
may be built to carry the loads to the surface of the rock as 
shown in Fig. 8-8. 

8-6. Lateral Earth Pressure. When an excavation is made in 
earth or when earth is piled up, the soil tends to slump and to 
move sidewise as shown in Fig. 8-9. Force is required to pre- 
vent this motion. The force exerted by the earth against any 
opposing structure is called the ^'active’’ earth pressure in order 
to differentiate it from the “passive^’ pressure — -the resistance 
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of the earth to being shoved aside by an outside force. The 
greatest angle at which the earth slope vill remain in equilibrium 
is called the angle of repose/' and it is usually denoted by 
It ordinarily varies from 30 to 40° from the horizontal. 



Fig. 8-9. 


The magnitude of the active earth pressure— called “earth 
pressure" hereafter— is rather indeterminate. The soil behind 
any wall may vary greatly in its 
characteristics from place to 
place; when the backfill is de- 
posited behind the wall in Fig. 

8-10, it may exert a certain lat- 
eral pressure upon the struc- 
ture; but when the wall deforms slightly, as showm by the dotted 
lines, it may tend to relieve itself of some of the pressure because 
of the cohesion or friction of the earth upon itself ; if traffic or some 
other force causes vibrations that break down this internal fric- 
tional resistance, it may cause an increase of pressure upon the 
wall; when the earth dries out, it may shrink and settle as it 
dries; and when the soil is saturated by a rain, it may expand 
again. 

It is not possible to discuss in this text the various theories of 
earth pressures that have been developed by others. However, 

it is necessary to adopt one theory 
of earth pressures for use as a basis 
of design. Coulomb's theory^ will 
be used in this text. This theory is 
based upon the assumption that the 
wedge of earth that lies above the 
plane of rupture — a plane at or above 
the one that is established by the 
angle of repose — will tend to slide downward and will shove the 
wall before it or will tip it over. A general case is pictured in 
Fig. 8-1 1(a), where 4> is the angle of repose of the soil and P is the 
total earth pressure per linear foot of wall, P being parallel to the 
plane of rupture. The meaning of each of the other symbols is 
obvious. 

Coulomb’s general formula for the total thrust of the earth 
per foot of the length of the wall is 


Roadway 



Fig. 8-10. 


^ For brief explanation of both Coulomb’s and Rankine’s theories, see 
Milo S. Ketchum, ^‘Structural Engineers’ Handbook.” 
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P = ^wh^- 


sin^ (d — <j>) 


sin^ 0 sin (^ + 2 ) 


hi 


sin (z + (l>) sin {<j> ~ 5) 
sin (d + z) sin {6 ~ 6) 


)■ 


(8-5) 


where the meanings of all of the terms are indicated in Fig. 
8~ll(a). When applied to a reinforced-concrete cantilever wall, 
the conditions become as shown in Fig. 8-11(5). The vertical 
line BE — labeled hi — through the end of the heel can be taken 



(a) (b) 


Fig- 8-11. 

as the effective back of the wall unit, of which ABCD is earth. 
Then 2=0 and 0 = 90°. Therefore, Eq. (8-5) becomes 


P = ^whl — z (8-6) 

2 (1 + V 2 sin^ (j) — 2 sm (j) cos <#> tan 8)^ 

The point of application of this force is hi/Z above the bottom of 
the footing, assuming a triangular pressure diagram. Roughly, 
this is about equivalent to the fluid pressure caused by a liquid 
weighing 30 to 35 lb. per cu. ft. 

If the angle of repose = 30°, then Eq. (8-6) becomes 


P = 


1 ,2 0.87 

■zrWhi . : . - zz— " — * 

2 (1 + VO .5 - 0.87 tan 8y 


(8-7) 


It has been stated that the force P is assumed to be parallel 
to the plane of rupture. This is a debatable question when the 
embankment or fill is subjected to vibrations due to trains, trucks, 
etc., which tend to break down the plane of rupture. In these 
cases, it is safer to assume that the earth pressure acts horizon tally. 
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8-7. Surcharge. Surcharge” generally denotes a temporaiy^ 
or live load which is applied on top of the earth behind a retain- 
ing wall, tending to increase the earth pressure. These loads 
may be caused by trains, vehicles, or even piles of materials. 

Surcharge diagrams are shown in Pig. 8-12. Sketch (a) 
pictures a highway upon an embankment; W is the wheel load 
of a truck. Obviously, the earth spreads the load W over 
increasingly large areas of soil as the depth is increased. The 
pressure diagram may be assumed to be a cone. The horizontal 





B 



Section A-A 
(b) 



Secfion B'B 
(c) 

Fig. S-12. 



B 

Section C-C 
(d) 


components of the pressure lines upon a vertical plane like AB 
of Fig. 8-12 (a) must vary with the pressures and their directions. 
Experiments that have been made by M. G. Spangler^ indicate 
that the diagram of horizontal pressures on AB which are due 
to the surcharge is somewhat as shown in Fig. 8-12 (h) — a pro- 
tuberance. They also indicate that the distance x has a great 
effect upon this diagram. When x is small, the magnitude of the 
resultant horizontal surcharge Ps is large, and its distance from 
the top of the wall is small As x increases, the maximum inten- 
sity of pressure decreases as in Fig. 8-12(c); the forces are spread 
over a greater area; and y increases. 

1 Associate structural engineer, Iowa Engineering Experiment Station, 
Iowa State College, Ames, Iowa. The data have been published in Paper 
J-1, Vol. 1, p. 200, of Proceedings of the International Conference on Soil 
Mechanics and Foundation Engineering; also in Iowa Engineering Experi- 
ment Station, Iowa State College, Bull, 140. 
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At the same time, the pressures from the surcharge have 
vertical components as shown in Fig. 8- 12 ((f). Part of these 
cause downward, stabilizing forces upon the heel BC] others 
may cause a downward frictional force F'. However, the latter 
does not seem to be reliable because of the effect of vibrations. 
Therefore, it will be allocated to those things which may increase 
the safety of the structure but are not included in the design. 

With Spangler^s report as a starting point, curves have been 
drawn as shown in Figs. 8-13, 8-14, and 8-15. The first two 
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NegJecf effect offocto/s 
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from back ofwa/L 
For X less than 2 ft, 
use values ofP^ for 
x =2 ft Feglect effect 
on base below top of 
heel. 



Fig. 8-13. — ^Lateral pressure due to concentrated surcharge loads. 


enable one to determine and to locate a single horizontal force 
which should be included in the equations for moment and for 
sliding. On the other hand. Fig. 8-15 is prepared in order to 
give an approximate uniform load for the downward pressure 
on the heel as shown in Fig. 8-12(d). In preparing these sur- 
charge diagrams,^ W was assumed to be 18,000 lb. The result- 
ant of the horizontal components of the surcharge forces was used 
as a concentrated load. A piece of wall 18 ft. long was assumed 
to act as a unit, and the total force was then divided by 18 to 
get its average magnitude per foot of wall. When x exceeds 10 
ft., the effect of the surcharge is neglected; when A is greater 
than 15 ft., the effect of the surcharge is assumed to be constant 
in magnitude and position because the effect of the bottom of 
the diagram of Fig. 8-12(5) is negligible. However if the load 
W' differs from that assumed herein — 1,000 lb. per ft. over 18 ft. — 
the values in Fig. 8-13 may be modified in proportion but Fig. 


^ The curves have been prepared by Dr. A. H. Baker, formerly designer, 
The Port of New York Authority. 
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8-14 should not be greatly affected. It is unnecessary to include 
impact in these loads. Of course, the real downward pressure 
at any point on the heel (Fig. 8-15) varies \\ith the location of 
the load, the height of the wall, and the relative position of the 
point on the heel. However, great refinement is not justified. 



concentrated surcharge loads. 

Therefore, a conical distribution at a maximum of 45° is assumed, 
and the curves have been made accordingly. This downward 
pressure becomes relatively so small when a wall is more than 15 
ft. high that one may neglect it, but it is included in problems 
here for purposes of illustration. 

If the surcharge is a uniform load — say 300 lb. per sq. ft. — it 
may be converted into an equivalent depth of earth. Using 
100 lb. per cu. ft. as the weight of earth, this surcharge is similar 
to an extra fill 3 ft. deep. The wall can be designed as though 
the top of the earth really came to a point 3 ft. above its actual 
surface— as far as the earth pressure alone is concerned. ^ 

8-8. Water Pressure. Although a wall may have longitudinal 
drains behind it or small holes called ‘^weepers'’ through the 
stem, as pictured in Fig. 8-16(a), the ground water behind the 
wall may become impounded if the outlets clog up or become 
filled with ice. If the wall is built upon solid rock, the water 
may be almost entirely held back. If the foundation is composed 
of earth, water may be able to escape under the footing, but it is 
likely to require some head to force it through the soil. 
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The presence of water in the soil increases the lateral pressure 
on the wall. If the weight of saturated earth is assumed to be 
120 lb. per cu. ft., and if the lateral pressure that it exerts is 
60 per cent^ of this weight, then this pressure equals 72 lb. per 
sq. ft. per ft. of depth. However, using Eq. (8-7) for dry earth, 
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Fig. 8-15. — Downward pressure due to concentrated surcharge loads. 


assuming 5 = 0, and using w = 100 lb. per cu. ft., P = 

If hi = 1 ft., P = 0,15w = 0.15 X 100 - 15 lb. This shows 
that the pressure for the dry earth is 30 lb. per sq. ft. per ft. of 
depth, since it varies uniformly from zero to a maximum. (P = 
area of pressure triangle = p X 1/2). The saturated earth 
exerts a pressure that is 42 lb. per sq. ft. larger than that of the 


Weepeoi^j^ 



Drain ^ ^ , 

jcJop of wafer 
'T fable 


Fig. 8-16. 


B 




45cl? 






J ^ 

‘45 c? 3 

Cb) 


dry earth, but this excess will be called 45 lb. per sq. ft. per ft. 
of depth. However, the top of the “water table’’ must be 
ascertained before one can determine the total pressure caused 
by the water. 

Theoretically, the existence of water pressure on the back of 
the wall would be accompanied by hydrostatic uplift under the 
footing and downward pressure on top of it, all but the last of 
these pressures tending to tip over the wall. However, these 

^ Karl Terzaghi, Pressure of Saturated Sand, Eng. News-Record, Feb. 22, 
1934. 
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forces are rather indeterminate, and the inclusion of them causes 
needless complication of the calculations. On this account, the 
horizontal hydrostatic pressure %rill be used alone; the maximum 
distance from the invert of the drain to the top of the water table 

d in Fig. 8-16 (a) will be assumed to have an arbitrary magni- 
tude of 8 ft. (For small walls, the water will be assumed never 
to be less than 5 ft. below the top of the earth even when it 
reduces d'.) The diagram of horizontal hydrostatic pressures 
will therefore be taken as shown in Fig. 8-16(», the resultant 
being called P^o. If the back of the wall is sloped, the water 
pressure also has a vertical component, but it is usually negligible 
because of the steepness of the back. 

8-9. Local Thrust at the Top of a Wall Due 
to Temperature. Some retaining walls are likel^^ 
to have a localized thrust (Pt of Fig. 8-17) 
which will act near their tops. One cause of such 
a horizontal thrust is the action of frost. If the 
soil were saturated and then it froze solid, no ordinary wall could 
withstand the resultant pressure. With properly drained soil, the 
pressure from freezing must be greatly reduced from that which 
would be caused by solid ice. However, it seems that the expan- 
sion of backfill upon freezing and then its contraction and settle- 
ment upon thawing may account for the failure of some retaining 
walls after years of service, particularly small ones. 

In order to make some arbitrary allowance for this pressure 
from ice, 700 lb. per lin. ft. of wall, applied at the top of the ground 
and parallel to the surface of the earth, will be assumed . This fig- 
ure has no experimental verification. It is the product of experi- 
ence and judgment, and is being used as indicated because of 
its relatively large effect upon small Avails for which the thrust of 
the earth alone is small. If the ground is nearly level and the con- 
ditions facilitate the formation and collection of ice, this pressure 
will be included in the calculations; if the earth slopes and is thor- 
oughly drained, it may be omitted. It should also be omitted 
from all calculations for sliding because the ground in front of 
the Avail Avill be frozen also and it Avill resist the shear caused by 
ice pressure behind the structure. 

8-10. Preliminary Steps in the Design of a Cantilever Retain- 
ing Wall. In order to illustrate the theory of the design of a 
reinforced-concrete retaining Avail, a practical example will be 



Fig. S-17. 
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worked out in detail, using a problem that will illustrate most 
of the forces to be encountered in such work. For this, assume 
that the wall is to support a roadway with a 4-ft. sidewalk; it is 
to have a concrete parapet to protect traffic; the top of the 
pavement is to be 20 ft. above the adjacent ground. Assume 
also that the following data are specified: 

w == weight of earth = 100 lb. per cu. ft. 

Safe bearing value of earth = 7,000 lb. per sq. ft.; its ultimate 
value == 14,000 lb. per sq. ft. 

Angle of repose of earth = 4> = 30°. 

Maximum coefficient of sliding friction of concrete on 
earth = 0.45. 

Maximum coefficient of shearing friction of earth on earth = 
0.55. 

/' = 2,500 lb. per sq. m., and n = ~ 2 ~ ^q q ^ 

fc = 750 lb. per sq. in. 

fi = 18,000 lb. per sq. in.; elastic-limit stress = 36,000 lb. per 
sq. in. 

Vl = 0.02/' = 50 lb. per sq. in. without special anchorage, 
0.03/^ with special anchorage, 

u = 0.05/^ = 125 lb. per sq. in. 

The maximum stresses in shear and bond shall not exceed two 
times those given above when testing for the safety factor. 

Safety factor = 2, because the wall supports an important 
highway, and this value is very conservative. Its use will 
emphasize the relative seriousness of failure due to sliding, also 
the difficulty of securing the necessary safety factor against 
such action. 

Equation (8-6) will be used to calculate the earth pressure. 

The surcharge force and its position will be determined 
from Figs. 8-13 and 8-14; its downward pressure on the heel, from 
Fig. 8-15. 

Water pressure will be 45 lb. per sq. ft. per ft. of depth, using 
a height of 8 ft, above the weepers. 

Ice pressure will be 700 lb. per lin. ft. at the top of the roadway. 

In any problem like this, there generally are certain funda- 
mentals and details that are desired by the engineer who is in 
charge. These automatically influence the design. In this 
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case, some such points will be explained for the purpose of 
illustration, because these practical things are important and 
because they should be decided upon before the calculations are 
made. They are shown in Fig. 8-18. 



1. The wall is to be the T-type with a large heel and short 
toe— the latter being about 0.25S— ^o as to utilize the dead load 
of the earth. 

2. The bottom of the toe is to be sloped up 2 in. per ft. 
to help resist sliding. 

3. The front face is to be battered i in. per ft. for appearance. 

4. The parapet is used as a guard rail. It is to be 12 in. 
thick at the top, and it is to be 3 ft. 6 in. high. 

5. The top of the main wall is to be at least 20 in. thick. 
This provides a shelf which may improve the appearance of the 
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wall by reducing its apparent height. It also enables men to 
work inside the reinforcement and the forms during the placing 
of the concrete. (It is very difhcult to avoid honeycombing 
when concrete is poured into forms for high, thin walls, but it 
can be avoided if portions of the upper part of the forms are 



Fig. S-19. — Footing of reversed L-shaped retaining wall, New York approach to 
Lincoln Tunnel. 

left off until the concrete is placed in the lower part of the 
structure.) 

6. The footing is to be poured in sections about 30 to 40 ft, 
long with af construction joint for the stem as shown in Figs. 8-18 
and 8-19, the latter being a picture of a footing for a heelless 
wall. The projections above the toe and heel are important as 
stops against which the forms for the stem can be held so as to 
keep them from being displaced or becoming wavy during the 
j>ouring of the concrete. The 4-in. key is made so as to resist the 
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shear. The width of the forward, raised portion of it should be 
from one-fourth to one-half of the thickness of the stem, because 
the concrete that will be in the tensile side of the stem is not so 
effective in resisting shear as that which is in compression. 

7. The stem is to be poured in one operation so as to avoid 
the marks and the change of appearance that may occur at 
horizontal construction joints. (Such deep lifts are difficult to 
make, and they are likely to have detrimental effects upon the 
quality of the concrete.) 

8. The parapet is to be placed flush with the back of the 
wall with a T-in. step at the outside as shown in Fig. 8-20 (a). 



(a) (b) 


Fig. 8-20. 

The step is placed below the sidewalk so that the top construction 
joint will not be visible. This arrangement with the offset on 
the outside face of the -wall avoids the likelihood of settlement 
of the sidewalk away from the ledge, wdiich might occur if it were 
constructed as in Fig. 8-20(6). On the other hand, if the side- 
walk in the latter case is supported upon a shelf on the stem, 
settlement of the fill may tilt the slab or even crack it. 

9. The bottom of the footing is to be 4 ft. 6 in. below' the 
finished grade in front of the w'all so as to be below the frost line. 

10. Weepers 4 in. in diameter and 10 ft. e.c. are to be used 
at the level of the surface of the ground in front of the w'all. 

8-11. Design of the Stem. The effective height of the stem 
will be assumed to be 22 ft. The surcharge for trucks will be 
assumed to be about 1 ft. from the curb. The loading diagrams 
are then as pictured in Fig. 8-21.^ 

From Eq. (8-7), with 8=0 and w = 100, 

P = -whi . — — = lo/d- iS-S) 

2 (1 -h V0.5 - 0.S7 tan d)- 

P = 15 X 222 = 7^260 lb., 

1 Note that the answers in such problems as these are not carried out to 
more than three significant figures in most cases. 
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where h is used instead of hi. The force P is assumed to be horizontal 
because of the vibrations caused by traffic. When there are no such 
vibrations, the horizontal force may be assumed to equal P cos (f> (see 
Problem 8-1). 

Writing the equation for moments about C, the top of the toe in Fig. 8-21, 
since the stem is a vertical cantilever beam, 


h (8 -b 2) 

o o 

22 450 10 

M = 700 X 22 + 7,260 X — + 10 X — X - + 500 X 17 

O 4/0 

M * 84,600 ft.-lb. 

^=surcharge >>=1000 lb./ ft 





\^Ps-500/A/ft 




Cand B areaf 
same elevation 

Ice Thrust Eotrfh Pressure Water Pressure Surcharge 
( 0 .) (b) (c) (ol) 

Fig. 8-21. 


450 lb/ sq.ff 


From Table 5 in the Appendix, with /«, and fe equal to 18,000, 2,500, 
and 750 lb. per sq. in., respectively, X for a balanced design is 111, and 
j = 0.889. Then, using Eq. (2-7), 


bd^ 


K 


or 


'84,600 X 12 
12 X 111 


27.6 in. 


Assume d == 28 in. and the cover of the rods = 3 in. (to provide thorough 
protection against the moisture in the adjacent earth). P = 31 in., giving 
a batter of | in. in 12 in. for the back below the sidewalk. 


As 


f/d 


84,600 X 12 
18,000 X 0.889 X 28 


2.27 sq. in. per ft. (approx.) 


If 1-in. round rods are used at 4 in. c.c., = 2.37 sq. in.; if 4| in. c.c., 

A., = 2.11 sq. in. Inasmuch as the direct compressive load due to the 
weight of the stem will decrease the tension in the bars, the latter will be 
assumed. 
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The intensities of the shear and the bond stresses at the base of the stem 
are 


— = - Py + ^ + + Ps ^ 700 + 7,260 + 2,250 -f oOQ 

hjd 12 X 0.889 X 28 


H 


10,710 


3.14 X ^ X 0.889 X 28 
4.5 


36 lb. per sq. in. 
~ 51 lb. per sq. in. 



Tig. 8-22. — Diagram for determining the required lengths of reinforcement in 

stem. 


It is unnecessary to extend all of these heavy rods for the full height of the 
stem. The required areas of steel at intermediate heights can be found with 
sufficient accuracy by assuming j = 0.88 and designing the wall for bending 
alone, neglecting any compressive steel. At mid-height, 

M = 700 X 11 + (15 X 11-) X V + X 6 = 17,400 ft.-lb. 

, M 17,400 X 12 „ . 

A. = — = — = O.o9 sq. m. 

f.jd 18,000 X 0.88 X 22.5 


From such calculations, the curve of Fig. 8-22 can be drawn, showing the 
permissible cutoff of the rods. It is customary to extenii them beyond the 
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theoretical points a distance that need not exceed what is required to develop 
them through bond. In this case, 

^ Asf. 0.79 X 18,000 . 

Jj = == ^ 36 in. 

J.OXU 3.14 X 125 

The rods should not be much farther apart at the top than the thickness of 
the wall at this point. 

The stem has a safety factor of 2 because, if M is doubled, the stresses 
in the steel and the concrete will not exceed the elastic limit of the rods 
or the ultimate strength of the concrete. 

8-12. Stability and Foundation Pressure. Before the base 
of the wall is designed in detail, it is advisable to assume its size, 
to test the retaining wall for stability, and to see that the founda- 
tion pressure is satisfactory. To do so for this case, assume that 
the thickness of the footing is about equal to that of the base 
of the stem, that B == 0.6Ai, and that the toe is about 0.25B. 

Thus, let D = 30 in. ; 

B - 0.6(22 -f- 2.5) = 14.7 ft. Assume B = 14= ft. 9 in. and the toe = 3 
ft. 6 in. 

Figure 8-23 (a) diagrammatically pictures the forces that are to be con- 
sidered. ^ The stabilizing effect of the surcharge Ws is found from Fig. 8-15 
for —8.67 — 0.46 + 5 ~ —4.13. It is 46 lb. per sq. ft. Also, from 
Eq. (8-8), 

P - 15 X 24.52 = 9,000 lb. 

12 52 

P^, = — ^ X 45 = 3,500 lb. 


The weight of the earth on the toe will be neglected. 

The magnitudes and lines of action of the resultant of the vertical forces 
W and the resultant of the horizontal forces H are found as follows, taking 
moments about E because of convenience in finding the proper lever arms : 


Vertical forces 

Stem We 

Footing Wf = 2.5 X 14.75 X 150 
Earth We = 8.67 X 22 X 100 
Earth ITl - 0.46 X 22 X 0.5 X 100 
Surcharge = 45 X 8.67 


Weight Lever arm Moment 


7,640 

X 

9.93 == 75,900 

5,530 

X 

7.38 = 40,800 

19,100 

X 

4.34 = 82,900 

500 

X 

8.82 = 4,400 

390 

X 

4.34 = 1,700 


W = 33,160 1}). ^M = 205,700 ft.-lb 


X 


Sil/ 205,700 

— — = ^ ^ 6.2 ft. 

IT 33,160 


1 Notice that P is assumed to be horizontal so that Pv - 0. This is 
conservative, but there is much difference of opinion among engineers as to 
whether or not P may be assumed to slope at the angle (j> under 
such conditions. If P is sloped, P^, is its vertical component. 
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Horizontal forces 

Force 

Lever arm 

yiom 

Temperature Py 

= 700 

X 24.5 

17,200 

Surcharge Ps 

- 500 

X 19.5 

9,800 

Earth P 

= 9,000 

8.17 

73,500 

Water Pw 


4.17 

14,600 


H = 13,700 lb. 
— = ^ 15,100 
H ~ 13,700 


s-V = iiaaoo 


8.4 ft. 


These two forces are shown in Pig. 8-23 (b). 



(b) 

Fig. S-23. 


The next step is the determination of the foundation pressures. The 
eccentricity of the resultant of W and H with respect to the center of the 
base is found by taking moments about H of Fig. 8-23(6). Thus, 

W(B -x) - Hn ~\ 

W 



e - 7.38 


283,500 - 115,100 
33,160 


2.3 ft. 


This is less than B / 6 = 2.46 ft. Therefore, the pressures on the foundation 


are 

ir 

Max. p = — 

ir 

Min, P = — I 
B 



33,160/ 6 X 2.30\ 

14.75 V ^ 1^-75 / 


= 4,350 lb. per sq. ft. 


144 lb. per sq. ft. 


The maximum is quite conservative. 

The safety factor against overturning must now be tested. Assume the 
overturning moment Hn to be doubled. In this case, let n remain 
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unchanged, and replace H by 2F as in Fig. 8-23 (c). Therefore = 
13,700 X 2 X 8.40 = 230,200 ft.-lb. Take moments about A [Fig. 
8-23(c)l. 


m 


2Hn 

W 


230,200 

33,160 


6.94 ft. 


BA = 14.75 — 6.2 — 6.94 = 1.61 ft. The point A is thus inside the toe 
B, but the pressure upon the foundation must be investigated. In Fig. 
8-23 (c), assume a triangular pressure diagram with the resultant W at its 
center of gravity. Therefore, AC — 2 (BA) — 3.22 ft., and the maximum 
pressure is 

BD X BC 

^ 


or 


2W 2X33,160 

R]j =S SS " ' ' ' 

BC 4.83 


13,700 lb. 


This value is less than twice the permissible pressure of 7,000 lb. per sq. ft. 
which was one of the conditions of the problem. If BD had exceeded the 
capacity of the earth, the latter would yield, and the pressure diagram might 
look like the dotted line in Fig. 8-23 (c). 

Remembering that the thrust due to the effects of temperature Pr is to 
be omitted when one computes the forces that cause sliding, the required 
coefficient of friction is 


B - Ft _ 13,000 
W ” 33,160 


0.39. 


This seems to give a safety factor of the permissible coefficient divided by 
the required one, 0.45 -r- 0.39 = 1.15, which is far below the desired value. 
However, assume that the passive resistance of the soil in front cf the wall is 
10 times its active pressure so that P = 10 X Then, for a depth 

of 4.5 ft., this gives 3,040 lb. extra resistance per ft. of wall which increases 
13,000 - 3,040 

the safety factor to 0.45 — = about 1.5. The bottom of 

33,160 

the toe will be sloped upward as pictured in Fig. 8-18 in order to take 
advantage of the fact that the coefficient of shearing friction of earth on 
earth was assumed to equal 0.55 at the start of the problem. Since Fig. 
8-23 (c) shows that, before failure, most of the pressure diagram will be 
acting upon the toe, this higher coefficient will be used. Then the new 


safety factor is 0.55 


13,000 - 3,040 


= 1.83. 


33,160 

original requirements, but it will be accepted,^ 


This is not quite up to the 


* An assumption that approximates Rankine’s theory. 

1 Earth-borne retaining walls generally must be heavier than those which 
are on rock in order to prevent sliding. However, when one considers all 
probable forces, as has been done here, a safety factor of 2 is very con- 
servative. If Pv is added to the vertical forces, the situation is improved. 
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8-13. Design of the Heel The footing, as it has been 
assumed in the preceding article {D = 30 in.), will now be 
designed for strength. 

From Fig. 8-23 (a), it is apparent that the weight of the earth 
and the heel and also the pressure from the surcharge are the 
forces that will affect the heel when the wall tends to tip over, 
causing the heel to bend as shown in Fig. 8-24(a). The pressure 
upon the foundation tends to relieve this bending. Figure 
8-24 (h) indicates the portion of the pressure diagram that acts 
in this way. 


The heel is a cantilever beam which projects from the line of resistance, 
the tensile steel in the stem. Therefore, taking moments about O, 


M = (We Ws) X lever arm ■ weight of heel X lever arm — area of 

pressure diagram X lever arm. 


2 5 X 8 92^ 

M = (19,100 + 390)(4.33 + 0.25) + ^ — X 150 - 

2,644 X 8.92 8.92 

2 ^3 


144 X 8.92» 
2 


= 64,700 ft.-lb. 




To find a trial value for the reinforcement, assume that d = 27 in. and 
i = 0.87. Then 


M _ 64,700 X 12 

JJd “ 18,000 X 0.87 X 27 


1.84 sq. in. 


The rods that are used should be spaced in multiples of 4h in. so as to match 
those coming down from the stem. Using 1-in. round rods at 4) in. .-.c, 
f) 7Q V 12 

gives A, == =2.11 sq. in. Therefore, 

4.5 


^ ^ == = 0 0065. and pn = 0.0065 X 12 = 0.078 

^ bd 12 X 27 

Jq s= 2pn -f (pfi)^ ” 0.324 (see Fig. 12, Appendix). 
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j ^ I = 0.89 

f _ JL ^ 64,700 X 12 ^ 15 300 lb. per sq. in. 

~ A4d 2.11X0.89X27 

2M _ __ j X 64,700 X _12 

" h]W 0.324 X 0.89 X 12 X 27= 
y ^ heel - pressure diagram. 

Therefore, 

2,544 X 8.92 

V = 19,100 + 390 + 2.5 X 8.92 X 150 - 144 X 8.92 - ^ 


vl 


u 


JL = = 35 lb. per sq. in. 

bjd 12 X 0.89 X 27 

V ^ = 61 lb. per sq. in. 

(2o)jd g X — X 0.89 X 27 
4.6 


Before calling these results satisfactory, the heel must be checked to see 
that, if the wall tips so as to relieve the upward foundation pressures under 
the heel, the resultant stresses will not exceed the elastic limit of the steel— 
f, = 36,000 lb. per sq. in. — or the ultimate strength of the concrete. For 
this case, 

^ ^ _|_ If J X lever arm + weight of heel X lever arm. 

Therefore, 

M = (19,100 -h 390) (4.33 +0.25) H = 104,200 ft.-lb. 

Since this does not exceed twice the 64,700 ft.-lb. previously calculated, the 
rods in the heel will not be overstressed. 

The heel will be sloped on the top from Z) = 30 in. at the stem to 18 in. 
at the back edge so as to save concrete, but the stresses will not be recom- 
puted Alternate rods may be cut off at about 7 ft. from the stem, but the 
others will be extended full length and will be hooked as pictured in Fig. 8-29. 

8-14. Design of the Toe. Part of the pressure diagram of 
Fig. 8-23 (b) is reproduced in Fig. 8-25(a). Under its influence 
the toe will bend as shown in Fig. 8-25(5), but the weight of the 
concrete of the toe will be counted upon to counteract some 
of the bending moment. Technically, the frictional resistance 
along the base and under the toe will also tend to annul part 
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These stresses will be accepted. 

The magnitudes of vl and u are close to the allowable values that were 
assigned in the problem. Therefore, the rods should be hooked to improve 
the condition. The toe will be shaped, and the reinforcement will be 
arranged, as shown in Fig. 8-29. 

If the safety factor is tested by doubling and if the resultant pressure 
diagram of Fig. 8-23 (c) is applied to the toe, the upward pressures will be as 
shown in Fig. 8-25 (c). Then 


M = (3,770 - 300) X ^ + 0.67 X 9,930 62,000 ft.-lb. 

f ^ y 1 ? 32,000 lb. per sq. in. 




1.05 X 0.92 X 24 
2 X 62,000 X 12 
0.253 X 0.92 X 12 X 24^ 


== 930 lb. per sq. in. 


These two stresses are within the allowable values. 
1,700 + 3,770 ...\ 3.6 


Vl 




2 

29,500 

12 

3.14 X — X 0.92 X 24 
9 


12 X 0.92 X 24 
= 319 lb. per sq. in. 


= 111 lb, per sq. in. 


The shearing stress is satisfactory as a maximum value, since vl can be 
0.03 X 2,500 X 2 == 150 lb. per sq. in., but the magnitude of u should not 
exceed 0.05 X 2,500 X 2 = 250 lb. per sq. in. However, rods E of Fig. 8-29, 
which are added for the reasons that are explained in Art. 8-16, will make 
up the deficiency. 


8-15. 








F= 500 /b/' 


Design of the Parapet. The parapet at the top of the 
wall must be made sufficiently strong to 
withstand the effect of a vehicle colliding 
with it. The force of such a blow is prob- 
lematical but, since it may be spread over 
a considerable length of the parapet, it 
will be assumed to be 500 lb. per ft. of 
wall, applied as shown in Fig. 8-26. It 
will not be considered in the design of the 
of the latter’s safety factor and inertia. 


\A^ 


Fig. 8-26, 


main wall because 
Assuming j = 0.9, 


500 X 36 


A = K = 

‘ .Ujd 18,000 X 0.9 X 10 


0.11 sq. in. 
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Using H-in. round rods 12 in. c.c., A. = 0.2 sq. in. These rods 
will be adopted and no further analysis is necessary 

of Reinforcement and Other Practical 
Details. Figure 8-27 is a photograph of the lower portion of the 
stem of a 35-ft. retaining wall which is located on the south side 
of one of the plazas of the Lincoln Tunnel at New York City. 
Ihe work has been stopped at a horizontal construction joint. 
It shows many of the features that have been or will be di.scussed, 
such as the division into sections by expan.sion joints, keyways, 



Fig. 8-27.— Partially completed retaining wall. Exit Plaza of the Lincoln Tunnel, 
New York City. 


form ledges, dowels, flashing at expansion joints, and extensions 
of rods for the next pour. 

Expansion (or contraction) joints should be located about 
30 to 40 ft. apart so as to eliminate shrinkage and temperature 
cracks. Special horizontal reinforcement will be placed in the 
stem of each section to hold it together as a unit. For this 
purpose, an area of steel equal to 0.2 per cent of the cross section 
of the stem will be used with about two-thirds of the steel near 
the front face because of its greater exposure. The parapet will 
have reinforcement equal to 0.3 per cent. Then 
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As = 0.002 ^— X 12 = 0.61 sq. in. per ft. of height of stem. 

ji 

Use |-in. round rods 12 in, c.c. at the front and 24 in. c.c. at the 
back. (Ag == 0.66 sq. in.) 

As = 0.003 X 12.5 >^12 = 0.45 sq. in. per ft. of height of parapet. 

Use |-in. round rods 10 in. c.c. front and back. (As = 0.48 sq. 
in.) 


Fig. 8-28. — Placing reinforcement in the footing of a retaining wall, Lincoln 
Tunnel, New York City. 

The longitudinal rods in the footing itself will be designed 
upon the basis of their use as ties; for a wall that is on earth, 
they should be 0.1 to 0.2 per cent of the cross section of the base 
in order to serve as adequate temperature reinforcement. Of 
course, when a footing is on rock, these rods are needed only 
as ties because the keying effect of the rough rock will not let 
the wall move. 

Figure 8-28 is a picture at the base of the wall of Fig. 8-27 — 
the small-heel and large-toe type. Note the way the toe rein- 
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forceniGiit is bBiit up to servo as dowels for the stem, the cutting 
off of alternate rods in the toe, the tie rods, the heel reinforce- 
ment which the men are placing, the strips of concrete which 
will support the future chairs or spacers to be placed under 
the rods, and the timbers in the background for making the keys 


r" 




CM 



Schedt'le of reinforcement 
A = 9" c.c. 

B == V'^, 9" c.c. 


C 

D = 


I'V, 9" c.c.. alt. rods 15'-3" Ig. 


tf>, c.c., alt. rods ll'-lO'' Ig. 

18'' c.c. 

F == 'V, F.L. (Full length) 

G = 27" c.e. 

H - 12" C.C., F.L. 

J = "A 24' c.e., F.L. 

K = :"<(>, 12" c.c. 

L - 24" c.e. 

M = "A IG" C.C., F.L. 
iV s"4>, 27" C.C., o'-O" Ig. 

Notes. — Exposed surfaces to be smooth finish. 
Ult. strength of concrete = 2,500 lb. per sq. in. 
Exp. joints 30'-0" ± c.c. Min. lap = 3G diam. 
Min. hooks = S diam. 




Fig. 8-29. — Dimensions and reinforcement. 


and form-supporting strips which are shown com])lt‘Te(l in 
Fig. 8-27. 

A sketch of the wall that has been designed here, as it woukl 
be made for contract purposes, is shown in Fig. 8-29. Tiie 
explanations for certain practical details that have been shown 
in the sketch are as follows: 
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1. Rods A are extended as dowels for the stem, splicing 
rods C which are placed on the concrete of the construction joint 
after the base is set. (Rods should not be ^'hiing in the air” if it 
is avoidable,) If the spacing of the bars is small, rods A should 
be placed farther from the back so that rods C can be set at their 
rear instead of beside them, thus avoiding a “screening effect” 
which might seriously injure the development of bond on the 
backs of these rods. The radius of the bend in rods A should be 
reasonable but not excessive. 

2. Rods B are hooked into the footing ana extended into the 
stem as far as they are required in order to avoid unnecessary 
laps. However, these rods must not be too long, or they will 
become difficult to hold in place. They are also useful in resisting 
the effect of the downward shear 'which comes from the loads 
on the heel. If the heel is large and all of the rods from the stem 
are bent like rods Aj there is no reinforcement that extends 
directly into the region of the compressive forces caused by the 
cantilever action of the heel. 

3. Rods D are extended into the toe to develop them beyond 
the neutral axis of the stem. The designer should notice that 
there is considerable ques'-ion regarding the bond stresses along 
rods D in front of the stem. A glance at Fig. 8-1 (c) shows the 
fundamental actions of the parts. Both the heel and the toe 
tend to rotate in the same direction. A substantial fillet at the 
junction of the toe and the stem might help to develop the bond 
under the compressive side of the stem, but it would be somewhat 
troublesome to build. In fact, rods A are also a possible source 
of weakness in bond, but one may look upon them as “cables” 
carried through the concrete to prevent closing of the angle 
between the top of the toe and the front of the stem. 

4. Rods E are added arbitrarily in the footing to care for 
the bending stresses caused by tlie weight of the stem before the 
backfill is placed. 

5. Rods F are below the main rods so as to simj)lify the 
supporting of the latter. 

6. Rods G are set on the construction joint so as to support 
rods H which serve as temperature reinforcement. 

7. Rods J are in front of A, B, and C because it is assumed 
that the back form for the stem will be erected first; then C 
vnW be placed. Rods G will be set next; then rods H will be 
wired to them; after which the front forms will be erected. 
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8. Rods K are bent to knit the top of the parapet together 
and to develop them. 

9. Rods L are stuck into the wet concrete and serve as ties 
for rods M, the latter being on the outside because they are 
placed later. They might be placed inside of K and L. 

10. Rods N are anchors to hold rods G and H so that they 
will not be displaced during the concreting. 


Fig. 8-30. — A buttressed masonry retaining wall, Weehawken, N. J. 

8-17. Stone-faced Retaining Walls. A buttressed masonry 
retaining wall is pictured in Fig. 8-30. Such a wall must be 
more or less of the gravity type. However, walls of similar 
appearance may be built with stone facing which is backed by 
reinforced concrete as shoivn in Fig. 8-31. 

If the masonry is applied on the face of the concrete and 
anchored thereto after the latter is set, the wall should be designed 
as an ordinary reinforced-concrete structure, neglecting the fac- 
ing. Ho'wever, if the stone facing is laid first, as it should be, a 
few feet at a time, then backed up with concrete which bonds 
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to it thoroughly, the stones should not be disregarded in the 
design. Bearing in mind that stress and strain are coexistent, it 
is not correct to assume that the stones carry no load. Therefore, 
some fundamental principles vdll be explained, and a method for 
the design of such walls will be outlined. 

What is the distribution of the stresses upon a cross section 
of the wall of Fig. 8-32(a)? If the section is taken through 
the mortar— jgJ = about 1,500,000 lb. per sq. in., for cement and 



Fig. S-31. — Construction of a stone-faced retaining wall, New Jersey Plaza of the 
Lincoln Tunnel. 


lime,/' = about 1,500 lb. per sq. in, — the location of the neutral 
axis will depend partly upon n, which may be 20. Theoretically, 
the situation will be as shown by the solid lines in Fig, 8-32(5). 
If the section passes through the granite — E = say, 6,000,000 lb. 
per sq. in., and for solid granite/' = about 12,000 lb. per sq. in. — 
the theoretical position of the neutral axis will be very different 
because n, may be 5. The dotted hues of Fig. 8-32(5) show this 
latter condition. Obviously, the neutral axis will not jump from 
0 to O' and back again at each stone; the unit stress in the mortar 
cannot be one thing and that in the stone something else; the 
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stress in the steel opposite the mortar cannot be thousands of 
pounds different from what it is an inch or two away, opposite 
the stone. The stresses must be consistent and reasonable. 

If the wall is assumed to be a set of blocks as shown in Fig. 
8-32(0), with a rubber band tied to their backs and with shear 
dowels near their fronts, and if a moment is applied to the set, 
they will distort as pictured. The compressive stresses ^^ill be 
concentrated at the front edges of the blocks. The bands will 
stretch. Then A; = 0, and j — 1. This will approximate the 



action of the granite and the steel alone if the wall is entirely 
granite and steel with no concrete. On the other hand, if the 
wall is composed of concrete 'only, h may be somewhere around 
0.25 to 0.4, and j may be 0.92 to 0.87. Furthermore, the mortar 
in the Joints, being weaker than the granite, wall control the allow- 
able magnitudes of the compressive stresses. 

In general, the values of Table 8-2 may be used, assuming the 
best mortar and good workmanship: 


Table 8-2. — Properties of Stone Masonry 


Kind of masonry 

Weight, 
lb. per 
eu. ft. 

1 

E, lb. per 
sq. in. 

! 

1 

n 

Allo\va})le com prcs- 
sive stress, lb. per 
sq. ill.,/,- 

Ceiuent- 

liine 

mortar 

C'euieiit 

mortar 

Best granite ashlar. . . 

165 

4,000,000 

7.5 

650 

SOO 

Medium granite ashlar 

160 ' 

4,000,000 

7.5 

500 

700 

Rubble 

150 

2,000,000 

15 

1 

250 

350 
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The last column in this table may seem to indicate high values 
for fc, but they will almost surely occur unless the wall is made 
unreasonably thick or the unit stress in the steel is kept very 
small. Unless the facing is relatively thin, the fact that some 
of the concrete is in compression may be neglected. 

Therefore, in the design of masonry-faced walls, the following 
procedure is recommended: 

1. Deduct at least 1 in. from the front face because of the weathering of 
joints. Then find d accordingly. 

2. Use fc and n as given in Table 8-2 for the materials and workmanship 
that are applicable. 

3. Allow the usual maximum stress in the steel — 18,000 lb. per sq. in. — 
but the designer should notice that fs will be low when a poor quality of 
masonry is used, because fc must be low. 

4. Design the wall as though it were concrete, but use the value of n from 
Table 8-2. 

5. Be sure that the stones are well bonded into the concrete so as to 
resist the longitudinal shear. 

6. Use expansion joints as for concrete wails. 

7. Generally, unless the wall is very thick, use no front layer of steel 
because it will interfere with the work. Place all of the temperature steel 
near the back. 

A stone-faced wall supporting a side hill above a roadway cut 
is pictured in Fig. 8-33. The following features shotild be 
noticed: 

1. The back of the stem is covered with membrane and asphalt water- 
proofing in order to avoid staining of the front by the leakage of water. 
This waterproofing is protected from injury by covering it with a 4-in. 
layer of concrete. (Sometimes bricks or 2-in. precast concrete blocks set in 
mortar are used.) 

2. Since the 'wall rests upon rock, seepage water cannot readily pass under 
it. Weepers discharging onto the sidewalk will be objectionable, therefore 
a longitudinal drainage pipe with loose joints and surrounding gravel cover 
is placed on the heel. It has occasional outlets through the wall to a main 
drain under the roadway. 

3. The toe is large and the heel is short so as to minimize excavation, but 
the latter must provide sufficient space for men to work in — about 21 in. 
clear. 

4. The term ‘‘net line” means the theoretical line inside wliich no rock 
will be allowed to project. These lines are used as the theoretical dimen- 
sions of the base. The bottoms of the heel and toe are sloped upward in 
order to reduce excavation costs and because it is impossible and useless to 
require anyone to blast out rock so as to provide sharp, reentrant angles or 
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corners. A trench may look very nice on a drawing, but when the designer 
looks for it in the field he will probably see just a sort of gully. That is wh}' 
it is usually customary to establish ^‘payment lines” for excavation and 
concrete, these lines being beyond the net lines. However, the foundation 
must be clean and free from loose material. The concrete must be poured 
to sound bed rock as indicated in Fig. 8-33. 

Drotmcr0Q gutter: 



Fig. S-33. — A masonry-faced wall with membrane waterproofing. 

5. The batter on the front face of the wall is used to avoid the optical 
illusion of leaning forward — an effect that may result if a vertical face is 
viewed against the background of the sloping hillside behind it. 

6. The toe is depressed below the curb and sidewalk in order to provide 
space for ducts and pipes and to get below frost depth. 

7. The coping seals over the top of the masonry facing and the membrane 
waterproofing. Both are thus protected against the penetration of water 
and loosening of the materials. 

The reinforcement used in this wall is shown in Fig. 8-34. 
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8-18. Miscellaneous Data. The wall in Fig. 8-27 appears to 
be tapered— and it really is— becoming shallower in the back- 
ground. This varying of height is a common occurrence, and 


Schfeduie of rBinfotremcnl" 



Dimensions oind Rernforcement 
Fig. 8-34. 


it introduces some problems in detail. These problems vary 
with the particular situation, but some suggestions that may be 
helpful are the following: 

1. Design the wall for a series of heights varying by 4 or 5 ft., then inter- 
polate for intermediate heights if necessary. 

2. Fix the alignment of the wall with the front edge of the top or coping 
as the controlling line. 
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3. Use a constant width of coping and top thickness of the stem unless the 
range of variation of height is too great. In such a ease, make one or two 
definite breaks in the back of the coping and wail at contraction or expansion 
joints in order to decrease the thickness of the top. 

4. Maintain a constant depth of coping or unifonn top marking arrange- 
ment as shown in Fig. 15-6. 

5. If the top of the wall is level whereas the bottom varies, keep inter- 
mediate markings and joints level also; if the top slopes and the bottom is 
level, keep them parallel to the bottom. In neither case should markings or 
joints die out to feather edges. It is better to make distinct breaks at 
vertical construction joints. In the ease of Fig. 15-6, when the top and 


Exp.jf.* 

Const 

Expjf.-^ 

f 






(a) 

'Exp.Ji-*- 

1= 

Consi.fl.-*- 

jrKey 

Asphalt Oi 

Exp.Jf.-* 

n seat 

P 


(b) 


Consf. Jt- Exp. jt -s 


(c) 

Fig. S-35. — Construction of footings for tapered retaining walls. 

lower V-cuts approach within one or two feet of each other, omit the lower 
one of them beyond the vertical joint; if they are separating and exceed the 
adopted spacing by more than one or two feet, add another one. In any 
such case, draw a perspective view as well as an elevation before accepting 
any pattern of markings. 

6. Use a constant batter for the front and rear faces, starting from the 
top, and let the width of the stem vary at the bottom. 

7. If the rate of slope of the bottom is small, the lower side of the footing 
may be set parallel to the grade whereas its top, if buried, may be in level 
steps as pictured in Fig. 8-35(a). This uses more concrete but it simplifit's 
the formwork and the reinforcing. 

8. If the rate of slope of the bottom is large, the lower side of the footing 
may have to be stepped as in Fig. 8-35(6). Note particularly the filler wall 
at the offset and the relation to the vertical joint. The footings should not 
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be made as shown in Fig. S-35(c) because the differences in action at the 
junction of the higher and lower footings will almost certainly crack the wall. 
Furthermore, be sure that the excavation can be stepped safely without 
weakening the bearing value of the soil too much. It may be advisable to 
excavate as near the desired shapes as possible, then pour the footing directly 
on the soil, wherever it is. 

9. Endeavor to use a uniform style of reinforcement and size of rods in the 
wall, varying the spacing in sections in order to simplify the work. Do not 
attempt to vary the spaces by less than one inch. Ho%vever, make a com- 
plete change when necessary ; e.g., do not try to use Ij-in. rods in 6-ft. walls. 

Practice Problems 

Problem 8-1. Assume a concrete retaining wall like that in Fig. 8-3(a). 
LK is vertical, LA = 1 ft., LK « 15 ft., JK = 3 ft., FTi) = 2 ft., DC = 4 
ft., KG = 2 ft. 2 in., DF ~ 2 ft., HE is level. Let w, the weight of earth, = 
100 lb. per cu. ft.; <^, the angle of repose, = 34°. The soil will withstand an 
allowable working pressure of 6,000 lb, per sq. ft.; its ultimate strength is 

15.000 lb. per sq. ft. The maximum coefficient of friction is 0.5. Using 
these data, find the following: 

а. If the earth is level and flush with point A, find the bending moment 
at the level of K for the earth pressure alone. 

Discussion. Use Eq. (8-6) with 5 — 0 to find P, which is inclined at the 
angle (j>; then find the horizontal component of P in order to compute the 
bending moment. 

б. Repeat Part a, but include the effect of water pressure for an 8-ft. 
head above K at 45 lb. per sq. ft. per ft. of depth, plus ice pressure of 700 lb. 
per lin. ft, at A, 

c. How much bending moment is caused at K by the surcharge effect of 

1.000 lb. per ft. of wall at a point 5 ft. behind A? Combine this with b and 
with a, but assume that the full magnitude of P is to act horizontally. 

Discussion. Use the data in Figs. 8-13 and 8-14 to find the magnitude 
and position of the lateral thrust. 

d. Draw the pressure diagram for Part a. Test for sliding and for a 
safety factor of 1.75 for overturning. 

€. Draw the pressure diagram for Part h. Test for sliding and for a safety 
factor of 1.75 for overturning. 

/. Draw the pressure diagram for Part c. Test for sliding and for a 
safety factor of 1.75 for overturning. Consider the surcharge as given in 
Figs. 8-13, 8-14, and 8-15. In this case, neglect the vertical component of 
the earth pressure in computing stability. (This will show that the footing 
should be larger.) 

g. Find the stresses in the concrete and the steel at K for Part c. Neglect 
the effect of the weight of the stem. Use n = 12, the steel = |-in. round 
rods 6 in. c.c., and d = 21 in. 

h. Find the stresses in the heel and toe for Part /if n = 12, As and d for 
the toe = 1.2 sq. in. and 23 in., respectively, and As and d for the heel - 
0.88 sq, in. and 21 in., respectively. 
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i. If the earth is sloped, as in Fig. S-l(6), at 1 vertically to 2 horizontally, 
starting 6 in. below A, find the bending moment at the level of K due to earth 
pressure and a head of water S ft. above K as for Part b. 



Pig. S-36.— Retaining wall designed for the connection to the Harlem River 
Speedway, Highbridge Park, New York City, 

Discussion. Use Eq. (8-6) with tan 5 = | to find P] then use Ph = P 
cos 4 >. 

j. Draw the pressure diagram for Part /. Test for sliding and fora safety 
factor of 1.75 for overturning. The vortical component of the eartli pressure 
is to be included in computing the stability. 

k. Find the stresses in the concrete and the steel in the stem at K, also 
in the heel and the toe, if the earth is sloped as for Part j. 



254 


RETAINING WALL8 


Problem 8-2. Assume the heavy concrete retaining wall of Fig. 8-36. 
Analyze it completely if the following data are to be used: w = 100 lb. per 
cii. ft., 4> ~ 34®, 5 = 0; P is to act horizontally with its full naagnitude 
(because of vibrations, its vertical component being assumed = 0); sur- 
charge is to be as given in Figs. 8-13, 8-14, and 8-15 for W' — 1,000 lb. per 
ft. of wall, the wheel load being applied 1 ft. from the curb; ice pressure 
500 lb. per lin. ft.; water pressure « 45 lb. per sq. ft. per ft. of depth with 
a head of 8 ft. above the top of the toe; /' = 3,000 lb. per sq. in., n — 10; 
the maximum coefficient of friction ~ 0.6; the safety factor =» 1.75. 



CHAPTER 9 
FOUNDATIONS 


9-1. Introdtiction. A building or a bridge is generally con- 
sidered to have two main portions — the superstructure and the 
substructure. The latter is often called the “foundation,” It 
supports the superstructure, but it may contain various parts or 
units of its own. There are many special kinds of foundations 
for which concrete is used, but this chapter will be confined 
mostly to general types of construction which utilize reinforced 
concrete in bending. 



(b) diagram 

Fig. 9-1. 


When concrete rests directly upon sound rock, the latter often 
has a strength equal to or greater than that of the concrete itself 
so that there is no difficulty in obtaining sufficient support for 
the superstructure. Sometimes, concrete caissons or piles are 
used to carry the loads through inadequate material to rock or 
some other suitable stratum at a lower level. These are special 
cases. Most of the illustrations herein will be confined to 
structures that are supported upon the earth which is directly 
under them. 
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The term foundation generally includes the entire supporting 
structure. Sometimes, as in the discussion of retaining walls, 
it is used to designate the material upon which the wall is sup- 
ported. It must not be confused with the word ^Tooting, 
which generall}" applies only to that portion of the structure 
which delivers the load to the earth, as illustrated by AB of 
Fig. 9-1(5). These are called '^spread footings^’ because they 
distribute the concentrated load over a large area which has a 
low intensity of pressure. When a soil under a building is so 
poor that the footings are all joined together in one large slab 
or floor under the whole structure, the resultant footing is 
sometimes called a ^'reinforced-concrete mat.” 

9-2. Pimdamental Principles. There are certain fundamental 
principles to be considered in the design of earth-borne founda- 
tions. When a load is placed upon earth, the latter is compressed 
somewhat. The amount of this deformation depends upon the 
intensity of the load, the loaded area, the nature of the soil, 
the depth at which the load is applied, and similar matters. 
These settlements will not be investigated here, but they must 
be kept in mind because it is essential to plan any foundation 
so that the entire structure will settle equally. If the unit bear- 
ing pressures vary greatly, the settlements of different parts 
of the structure are likely to vary also, causing cracks to appear. 
For instance, if a wall is loaded as shown in Fig. 9-1 (a), the ends 
tend to settle and to cause a crack in the top. It is best to have 
the pressures uniformly distributed; but if this cannot be done, 
it is desirable to have the greater deformations near the center 
so that there will be a tendency for the structure to compress near 
the top rather than to open up. Of course, cracks at the bottom 
should also be prevented. 

No foundation should tilt. The resultant of the resisting 
pressures under the foundation will pass through the center of 
gravity of the applied loads, including those of the foundation 
itself. However, if the resultant is offside the center of 
gravity of the bearing area, the side having the higher pres- 
sures may settle more and cause the structure to lean in that 
direction. 

The effects of live loads and impact are usually omitted in the 
study of the settlements of foundations unless the structure is 
a warehouse or a building which may be subjected to large live 
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loads for long periods of time. The reason for this is the fact 
that the soil will not move or squeeze out quickly. One-half or 
more of the live load may be considered in the case of warehouses, 
but the uniformity of the distribution of the foundation pressures 
for dead load alone must be investigated also. However, the 
live load and impact must be included in the loads for which 
the members of the foundations are designed. 

If the foundation of a building is partly upon rock and partly 
upon earth, the situation is dangerous. This is obvious. In 
such a case, one should use caissons or piles down to the rock 
under the portion of the structure that does not rest directly 
upon it, isolate the two portions of the structure so that the 
settlement will not cause trouble, or, if the condition is unavoid- 
able, use a very low intensity of pressure upon the soil. 

It is advisable to place the bottoms of all spread footings 
below the frost line, usually 4 to 5 ft. in cold climates. 

The safe bearing value of any soil is a difficult thing to ascer- 
tain. Borings and loading tests should be made at the site 
before any important structure is built. However, Table 8-1 
of the preceding chapter may be used as a general guide. When 
a foundation goes to a depth of 10 ft. or more below the surface 
or any adjacent excavation in natural, undisturbed soil, these 
specified soil pressures may be increased to some extent. 

The vertical component of hydrostatic pressure under a 
foundation is not considered as an additional load in the design 
of the footings. Since SF = 0, it makes no difference if the 
structure tends to float like a boat as a result of hydrostatic 
uplift, because the total pressure is dependent upon the weight 
of the entire structure. However, the side walls of basements 
in such special cases must be designed to withstand lateral 
pressures, and the basement floor will have to be of the mat type 
— or partially so. 

As stated in connection with retaining wulls, the pressure 
upon the soil must be computed by including the weight of the 
footing, but the loads for which the footing itself must be designed 
may not include this weight because the wet concrete is already 
supported by the earth before it sets. This reduced intensity 
of load may be called the ^het” pressure upon the footing. 

9-3. Plain Concrete Pedestal. It is customary to use plain 
concrete pedestals under columns even when the structure rests 
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lipon rock. Such pedestals can be used also in case of earth- 
borne foundations when the loads are small. 

It must be remembered that the reinforcement in concrete 
cannot be effective in its ordinary function unless the concrete 
can elongate or bend. Some footings are primarily blocks rather 
than members which act as beams. For instance, suppose that a 
column is supported by a concrete pedestal which rests upon rock 
as pictured in Fig. 9-2 (a). The reinforcement which is shown at 
the bottom is almost perfectly useless. If the rock is properly 
prepared and roughened, the footing cannot possibly spread 
sidevise so as to open up cracks and to stretch the reinforcement 
because of the shearing resistance of the rock. Then, since 
there is no strain in the direction of the rods, there can be no 
stress in them. 

The lines of the forces in a pedestal are somewhat as pictured 
in Fig. 9-2(6), a combination of direct compression and shear. 
The only reinforcement that will do much good in such a case 
is that which will prevent the formation of cracks at the top 
of the pedestal as shown in Fig. 9-2(6). These cracks are not 
likely to occur if the pier has sufficient area. The Code states 
that the stress at the bottom of a column shall not exceed 

r-a = 0.25/'^ (9-1) 

w^here ra = the compressive unit stress in the pedestal directly 
below the column, A' == this loaded area, and A == the cross- 
sectional area of the pedestal itself. Otherwise, the pedestal 
must be reinforced as a column. 

Figures 9-2(c), (d), and (e) show some ways of arranging the 
reinforcement. The first two picture hoops or bands with a few 
supporting ties, alternate bands being reversed in direction. 
The last shows a tw^o-way mat with the rods bent down. Both 
schemes are to prevent bulging and failure because of shear. 

^Tienever a heavily reinforced column rests upon a concrete 
pedestal (or footing) , the stresses in the longitudinal rods cannot 
suddenly vanish. If the steel is needed in the column shaft, it, 
or its equivalent, is also needed where the column joins the 
pedestal. It is therefore necessary to provide dowels that have 
the same area as the main rods and that extend up into the 
column and down into the pedestal sufficiently to develop them 
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by means of bond. Such dowels are shown in Fig. 9-2(c). 
Spirals are not often used in the pedestal, but sometimes the 
ends of the longitudinal rods in the column can be squared off and 
made to bear directly upon a steel slab which rests upon the 
concrete. 

When a steel column and a billet are supported upon a concrete 
pedestal, the allowable stress under the steel slab may be 0.375/,', 
according to the Code, if the cross-sectional area of the pedestal 
is three times the area of the bottom of the billet, 0.25/' if the 



(c) (d) <e) 

Fig. 9 - 2 . 


areas are equal, or it may vary proportionately between these 
limits. 

The dimensions of a pedestal like that of Fig. 9-2 (a) are largely 
a matter of judgment. If founded upon rock, the distance o 
should not be less than 4 or 6 in. so that the forms for the column 
can be supported upon the pedestal. The depth h must be 
sufficient to develop the dowels. In no case should an unrein- 
forced-concrete pedestal have a depth that is less than the 
offset 0 . 

When a plain concrete pedestal is on earth, it must be large 
enough to spread the load without exceeding the allowable 
pressure upon the soil. In such a case, too, a certain amount of 
bending may be set up in the pedestal itself which then becomes a 
short, thick, cantilever beam acting in two directions. It can be 
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designed as a beam of homogeneous material, using a limiting 
tensile stress of 0.03/' and a maximum shearing stress of 0.02/', 
according to the Code. The principles will be illustrated by 
direct application to a problem. 


Problem 9-1, Find the stresses in the plain concrete pedestal of Fig. 
9-3(a) if /c = 2,500 lb. per sq. in. 

Although the intensities of the soil pressures may vary somewhat as shown 
by the dotted diagram in Fig. 9-3 (a), it is customary and satisfactory to 
assume that they are practically equal at all points. The rectangle SVXW 
will therefore represent these pressures. Since the weight of the footing 
itself is excluded, the upward pressure 


At NQ, 



30,000 

2.52 


= 4,800 lb. per sq. ft. 


P 30,000 
A 144 


208 lb. per sq. in. 


This is much less than Eq. (9-1), which gives 


Va — 0.25f^^ ■' 0.25 X 1,150 lb. per sq. in. 

Therefore, no reinforcement is needed as far as the pressures at the top of 
the pedestal are concerned. 

The upward pressures upon the bottom of the pedestal tend to cause 
compression in its top and tension at the bottom so as to split it apart, as 
shown in exaggerated fashion in Fig. 9-3 (c). The concrete, since it is 
unreinforced, must act as a beam of homogeneous material in resisting this 
tension. The Code recommends disregarding the bottom 2 in. of the 
pedestal. 

The footing under a continuous wall acts as a pair of cantilever beams 
which bend one wmy, but this pedestal must bend in two directions. There- 
fore, assume that the portion of the base that is outside the column area 
[AFHG of Fig. 9-3(6)] may be divided into quarters, like the trapezoid 
ABEF.'^ This acts as a cantilever beam about the face AF, The bending 
moment is 

AC AC 

M p X AC X AF X — -h P X 2 X BC X — X 0.6AC 

Z 2 

/O.752 

M = 4,800( X 1 + 0.6 X 0.753 2,560 ft.-lb. = 30,700 in.-lb. 

^ The 1940 Code recommends assuming the bending moment in an indi- 
vidual spread footing to be 85 per cent of the static moment on the entire 
portion of the footing on side of the section considered, the allowable bond 
stress also being reduced 25 per cent. However, many engineers use the 
trapezoidal-area assumption shown herein. 



Art. 9-3] 


PLAIN CONCRETE PEDESTAL 


261 


The lever arm O.GAC is used instead of 0.67*4 C, in accordance ivith the 
earlier Codes. When AC is less than the depth of the footing, the full width 
JK is assumed to be effective in resisting the bending. Therefore, the 
tensile stress in the bottom of the ped- 
estal is 


ft - M 


_ 30,700 X 6 

6 ” 30 X 122 M 

= 43 lb. per sq. in. 


In calculating the shearing 
stresses in a pedestal or footing, 
the punching shear around the 
perimeter of the column is some- 
times considered. This is sup- 
posed to be a pure shear without 
any combination tvith tension. 
However, it is difficult to see how 
the pedestal can fail in this way. 
If the angle a of Fig. 9-3 (c) is less 
than 45*^, a part of the effect of the 
upward pressures p will be a diag- 
onal compression Do which trans- 
mits them directly to the column. 
There will be also a resisting ten- 
sion T. It is apparent that this 
condition is not one of pure shear 
or pure flexure. Therefore, in 
this case, no shearing stress needs 
to be computed, since a is con- 
siderably less than 45°. 

If the pedestal is so wdde that 
45° slope lines from N and Q of 
Fig. 9-3 (a) fall inside S and F, 
the footing generally ought to be 
reinforced. 


W 




(b) 



Fig. 9-3. 


A plain concrete footing may be used under a wall if its depth 
exceeds twice the projection beyond the face of the wall. It can 
be analyzed as previously described by considering a rectangular 
piece 1 ft. wide. However, one should question its use if the 
loads are very heavy and the structure is important. 
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9-4. Reinforced-concrete Rooting for a Column. When a 
column load is large and it must be spread over a considerable 
area of earth, a plain concrete pedestal will not be strong enough 
unless it is very thick. It is then economical to use a reinforced- 
concrete footing. Such a footing may be made as one large, 



(c) 


Fig. 9-4. 

flat slab; it may be stepped as in Fig. 9-4 (a) in order to save con- 
crete; or it may be sloped on the top as pictured in Fig. 9-4(6). 

The design of a footing is not a very exact affair. The mem- 
bers are so short and thick that they are not free to curve so as 
to make the common theory of flexure accurately applicable. 
Shearing and bond stresses are usually high. 
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The upper part, or pedestal, of a stepped footing may be 
poured monolithically with the main footing so as to avoid 
failure through longitudinal shear at the junction between the 
two. This causes trouble in the form work and sometimes in 
slumping of the concrete from the higher to the lower level. 
However, the pedestal is useful in reducing the stresses in the 
footing and in providing embedment to develop the dowels. 
It should not project too much — possibly not more than 0.3 or 
0.4 of the offset o — and its depth need not exceed about 0.4o 
[Fig. 9-4 (a)] for proper proportioning. 

The action of the pedestal of a stepped footing will be more 
clearly understood by examining Fig. 9-4 (c). If the footing 




Fig. 9-5. 

bends under the load, there will be compression in the concrete 
between D and C. The curvature of the footing, if it could be so 
extreme, would cause a crack between the footing and the 
pedestal, with the latter receiving a concentrated compressive 
load near D and C. These loads, in turn, might tend to cause 
tension in the bottom of the pedestal, but it is impossible to have 
the footing shorten from D to C while the pedestal elongates at 
the same point unless the concrete fails along the junction. How- 
ever, it is sufficient to assume that the pedestal is an unyielding 
support for the footing and that the critical bending moments 
will be in the cantilevered portions of the footing. 

The reinforcement for the footing may be arranged in two 
layers as shown in Fig. 9-5 (a), or it can be placed in two normal 
and two diagonal bands as pictured in Fig. 9-5(5). The latter 
is not worth while in ordinary simple footings because of the 
complication of the details of the reinforcement and the packing 
up of the four layers at the center. 

For both types of footing shown in Figs. 9-4(a) and (5), it is 
customary to assume that there will be a sort ('>f cone of compres- 
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sion which will act downward from the pedestal or column, the 
outer slope being inclined at 45° and shown by CA in the figures. 
This cone intersects the rods at A and Z). The pressure upon 



the portion AF will cause shear 
along AB as for any other beam. 
As far as the steel is concerned, all 
of the rods within DA can be 
counted in resisting bending. 
Those between A and F, normal to 
the picture, are not so effective as 
those between A and D. It is 
sufficient to assume that the real 
effective breadth of the beam b is 
the average of DA and EF. It is 
often advisable to alter the spacing 
of the rods in Figs. 9«4(o) and (h) 

r 

4 

I 

L 





Fig. 9-6. 


Fig. 9-7. 


SO that they are closely spaced under the pedestal with none out- 
side of the width DA. These things will be illustrated by the 
solution of a problem. 

Problem 9-2. Design a square, sloped-top footing for a circular column 
as shown in Fig. 9-6 for which the data are as follows; P = 275,000 lb., 
diameter of the cohiinn ~ 24 in., /' = 2,500 lb. per sq. in., n = 12, ~ 750 
lb. per sq. in., = 16,000 lb. per sq. in., v'l - 75 lb. per sq. in., u = 125 lb. 
per sq. in., the allowable soil pressure = 6,000 lb. per sq. ft. 

In the case of a circular column, assume a square section of the same area. 
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Figures 9-6 (a) and (h) picture the footing as it will be assumed. 


CA — 1 ft. 10 iiL.j 


AE = 9J in., 
6 ft. 2| in. 


QR = 5 ft. 5 in., 


The critical section for bending in the footing may be assumed to be 
either at the edge of a deep pedestal like that of Fig. 9-4 (a) or at the edge 
of a concrete column like that of Fig. 9-4(6). When a steel column rests 
on a billet that is directly on top of a foothig like that in Fig. 9-4(6), it is best 
to assume the critical section to be about halfway between the center of 
the column and the edge of the billet. However, if a deep pedestal is used, 
the maximum bending can be assumed to be at the edge of the pedestal. 

Taking moments about MX, 

MS OS^ 

M = p XST X MSX— + 2pX~X 318 X O.e.V^ 

2 z 

( 2 62^ 2 62 \ 

M ( 1.75 X 4- 0.6 X 2 X X 2.6205,700 « 96,000 ft.-lb. 

1,150,000 in.-lb. 

The effective section of the footing for bending at MX is shown in Fig. 9-7. 
It is not a rectangle. Ordinarily the compressive stress is low so that it 
need not be computed, and J can be assumed = 0.88. If this is done, and 
As is assumed to be the area of ten |-in. round rods (4.4 sq. in.), 


_ JL _ 1,150,000 

Asjd 4.4 X 0.88 X 22 


13,500 lb. per sq. in. 


However, in order to illustrate the design fully, a more careful calculation 
will be made. 

Try the ten f-in. round rods which have been assumed previously. Tak- 
ing the static moments about the neutral axis, 


_ ~ J = n X 4.4(22 - kd) 


kd ~ 6.05 in., d — kd = 15.95 in., and 


= 12 X 4.4r22 - kd) 


k 


6.05 

22 


0.275 


3 


2 X 20.75 X e.o'"* 2 X 20.75 X 6.5 


36 


(6.05 - 2.17)2 
+ 12 X 4.4(22 - (5.05,12 = 1(5,(500 in.< 


Is - 

kd 6.05 


2,740 inS 
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M _ 1,150,000 
^ “ 2,740 


420 lb. per sq. in. 


= = 13,300 lb. per sq. in. 

U 16,600 

This is rather conservative, but it will be accepted. 

The shear at MN * the pressure upon the trapezoid MOPN [Fig. 9-6(6)]. 

+ . .s,300 lb. 


Then, since all of the rods in the width 6 are assumed to be effective, the 
bond stress is, using j - 0.88, 


: 143 lb. per sq. in. (slightly excessive). 

{■2o)jd 10X2.36 X0.88 X22 

The transverse shear at MN = yy =» V /bkd = 65,300/21 X 6.05 = 514 lb. 
per sq. in. This equals 514/2,500 = 0.21/', which is satisfactory. 

Now test the longitudinal shear at A of Fig. 9-6(a). 


,, . . S,70O<«^«.79 - 28,000 lb. 


Assume that the section ^ rectangular, that 6—65 in., that d = 17 in., and 
that J == 0.88. Then the longitudinal shear is 


Vl 


_F_ 

bjd 


28,000 

65 X 0.88 X 17 


— 29 lb. per sq. in. 


The finished design is shown in Fig. 9-8. The dowels are hooked so as 
to resist moments. All of the rods in the bottom of the footing are hooked 
also in order to provide the necessary length for their development and to 
prevent bond failures near their ends. The lower layer of rods is placed 
about 3| in. above the bottom, giving about 4 in. average for the two sets. 
The rods which are SJ in. from the edges of the footing are added, but they 
are not counted in bending. These last rods might be omitted, but so many 
assumptions and approximations are used in the calculations that they will 
be relied upon to help reduce the bond stress. However, another way to 
accomplish this is to use a larger number of |-in. rods having relatively more 
surface area. 

If it is desirable to use a stepped footing instead of a sloped one, 
the general procedure will be the same, but the computations 
will be more simple. The bottom edges of the pedestal are the 
lines about which the bending moments are usually calculated. 
Unless the pedestal is too wide or too shallow, it will need no 
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special analysis except for local compression near its top, and 
for shear. 

9-5. Column Footings Subjected to Overturning Moments. 

In practical work, one frequently must design footings for 
columns carrying direct loads and bending, the latter being due 
to such things as wind pressures 
and lateral crane loads when 
the columns are fixed at their 
bases; sometimes footings sup- 
port direct loads from columns 
plus horizontal shears delivered 
by them to the tops of the 
pedestals, as when the columns 
bend due to wind but are not 
fixed at their bases or when they 
have bracing members connect- 
ing near their bottoms; occa- 
sionally the moment may be 
caused by the fact that the col- 
umn is located eccentrically on 
the footing. In such cases, the 
soil pressures are not uniformly 
distributed as in Fig. 9-3 (a) but 
they may be assumed to vary 
uniformly across the footing. 

When these overturning moments always act parallel to one axis 
of the footing, it may be economical to make the footing rectan- 
gular with its long side in the direction of the overturning 
tendencies. 

Problem 9-3. Design a spread footing for the steel columns shown in 
Fig. 9-9, using one of the typical columns along the north (right-hand ! side 
of the concentrator. It supports one side of a suspended bunker about 
30 ft. deep; the moment is due to wind on the outside and to crane forces 
from the inside of the building, and of course it is reversible. The soil is 
caliche, having an allowable bearing value of 5 tons per sq. ft. The allow- 
able /sj/c, and u are 18,000, 1,200, 90, and 1501b. per sq. in., respectively; 
n - 10. Since the bin may be full or empty when the wind blows, the 
combination of wind and maximum vertical load produces the critical bend- 
ing moment in the footing and pressure on the soil, but when the bin is 
empty, the wind may overturn the footing. Both cases must be investi- 
gated, the design data being the following: 
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Max. P + 3/ » 725,000 lb. + 300,000 ft. -lb. 

Min. P + M = 40,000 lb. + 300,000 ft.-lb. 

= 15,600 lb. 

where P — vertical load, M = moment, and S = horizontal shear, all at 
the bottom of the steel. 

For a combination of wdnd and live loads, assume that the allowable 
bearing pressure and unit stresses may be increased 30 per cent. 



Fig, 9-9. — Suspended ore bin along north side of concentrator at theMorenci 
Reduction Works, Phelps Dodge Corporation, Morenci, Arizona. View looking 
w’est. 


WTien starting such a problem, the designer should see what limiting 
factors affect the case — ^interferences with width and length, use or omission 
of a pedestal, size of pedestal if used, depth to bottom of footing, etc. He 
should choose the type of footing that he thinks is best, then see if he can use 
it; if something interferes, then the design should be modified as necessary. 

One way to obtain trial dimensions of such a rectangular footing is to find 
the minimum area for direct load only, adding an estimate of the weight of 
the footing and soil or flooring over it. Thus, call P = 775,000 lb. 

^ 775,000 ^ 

^ 10 000 S X 10 ft.). 


Next assume that, for direct loads and overturning, the pressures under the 
footing vary uniformly. Then the maximum pressure under the footing is 


P ^ ^ ^ 


(9-2) 


where B and H are, respectively, the width and length of the footing, the 
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latter being in the direction of the rotational tendency. Then, assume If 
and solve for B. 



ia) 



Fig. 9-10. — Footing under column supporting ore bin, Morenci Reduction W orks, 
Phelps Dodge Corporation, Morenci, Arizona. 

Assuming H = 10 ft., and using M at the bottom of the footing as 300,000 
+ X 5 = 378,000 ft.-lb., 

775,000 , 6 X 378,000 
lOB ' lOOB 


10,000 X 1.3 


B = 7.7 ft. 
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This could be used, but test out a longer, narrower footing 6.5 ft. X 13 ft. 
Its area will be about the same as the broader one. Therefore, it will be 
adopted because it is more effective in resisting the overturning. 

Before proceeding further, test the pressure for the case of overturning 
with the minimum vertical load P = 40,000 lb. + 50,000 lb. for the footing, 
etc., M = 378,000 ft.-lb. 

378.000 

"Sccentncitv = e = — ~ 4.2 ft 

90.000 

The pressure diagram is therefore as shown in Fig. 9-10 (d). 


(v X 


90,000, p ~ 4,000 lb. per sq. ft. 


This is satisfactory. 

The trial footing is shown in Fig. 9-10. An estimate of its weight plus 
the floor and earth over it is 52,000 lb. The revised maximum P and M 
are given in Fig. 9-1 0(a); the pressure diagram, in Sketch (c). Since the 
footing is narrow, it is sloped two ways only. This makes a strong ridge 
clear across the top. Because of this and the many approximations made 
in such designs, the bending moment at the edge of the pedestal will be 
computed at the section EF of Sketch (6) for the pressure on the entire 
portion EBCF with 600 lb. per sq. ft. deducted from the values given in 
(c) because of the weight of the footing and earth on it. 


Mef = 6.5^9,080 X y + 1,620 X 5 X 0.67 X 5^ = 914,000 ft.-lb. 

-Assume j = 0.88; d = 39 in. 

4 91^,000 X 12 . 

' (18,000 X 1,3)0.88 X 39 


For the maximum vertical load alone, 


Mef = -Yg “ 6.5(9,200 - 600)|^ = 699,000 ft.-ib. 

, 699,000 X 12 

‘ ' “ 18,000 X 0.88 X 39 “ 

Therefore, use fourteen 1-in, sq. hooked rods 5 in. c.c. longitudinally. Put 
in a few transverse spacer ties as shown in Fig. 9-10(a). 


Vbf for Fig. 9-10 (c) = 




600 5 X 6.5 = 321,000 lb. 


321,000 

56 ^)^ 0881^39 ^ 
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For vertical loads alone, 


(9,200 ~ 600)5 X 6.0 
56 X 0.88 X 39 


145 lb. per sq. in. 


Since the puncliing shear for vertical loads, counting ail of EBCF, is 


(9,200 - 600)5 X 6.5 
78 X 0.88 X 39 


104 lb. per sq. in., 


inspection alone shows the longitudinal shearing stress vl, at the bottom of 
a 45° pressure cone, to be satisfactory. Using Eq. (2-5a), 


/c = 


hd^ 


6 X 914,000 X 12 
78 X 392 


— 555 lb. per sq. in. 


(Very safe.) 


A test of the loading case shown in Fig. 9-10(d), shows that the shears 
and moments in the footing are less than those already considered, hence 
the footing is satisfactory. 

If the anchor bolts shown in Fig. 9-10(a) did not go to the bottom to 
grip the footing, reinforcement would have to be used to keep the pedestal 
from being ripped off. The rods under the billet are used arbitrarily to 
prevent cracking of the top by shear. 

Whenever the designer prefers to consider the bending moment as that 
due to the pressure on the trapezoidal area ABCD of Fig. 9-10(5), he may 
compute it on the basis of the pressure diagram of Sketch (c) acting on 
AGHD, a uniform pressure of 9,680 — 600 lb. per sq. ft. acting on ABG ana 
DHC, and a triangular pressure diagram varying from 0 to 1,620 lb. per 
sq. ft. on these two triangular areas (remembering that the volume of a 
pyramid == | base area X altitude, and the lever arm from AD to the 
center of gravity — | X the altitude AG). 

Suppose the footing of Fig. 9-10(a) is subjected to overturning moments 
both lengthwise and crosswise of the footing. It will be sufficient to com- 
pute the bearing pressure for the vertical load alone, add to it that due to the 
moment in one direction {6M/BH-), then add also the pressure caused by 
the crosswise moment {QM' /B“H). The bending moments in the footing 
may generally be computed at one side of the pedestal for P J/ alone 
or at the adjacent side for P + M' only. 

Problem 9-4. Check the footing shown in Fig. 9-11 for the loads and 
overturning moment given therein. This footing is notched out to clear a 
heavy machinery foundation which must be isolated from it. The maxi- 
mum permissible soil pressure is 4 tons per sq. ft.: n = 10; max. f,, /r, 
and u = 20,000, 1,200, 90, and 150 lb. per sq. in., respectively. 

The weight of the footing is taken as the approximate total weight of the 
concrete and the earth over it, this weight being assumed to I'je at the center 
line of the column. The earth is often omitted from the calculations, 
especially when the footings are deep. 
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Since this footing is not rectangular, Eq. (9-2) must be used in its general 
f nrm A procedure yielding su fficiently satisfactory answers is the following : 

1. Locate the center of gravity of the assumed bearing area. 

2. Compute the moment of inertia of this area about both rectangular 
axes. 



Fig. 9-11. — Unsymmetrical footing for steel column in industrial plant. 


3. Combine the moments due to eccentricity of loading with those due to 
other causes. 

4. Compute the resultant pressure by adding that due to the direct load 
to those caused by the moments. 

5. Find the critical portion of the footing, approximate the bending 
moment, and test the section. 

Axis X-X : 


Part 

A 

1 

M 

/2 

I CG 

AP 

S/ 

ABQG 

22. 

2.25 

49.5 

5.06 

29.3 

111.3 

140.6 

GDEF 

33.8 

55.8 

2. 

-67.6 

-18.1 

4. 

57. 

135.2 

192.2 

332.8 


-18.1 


IpQ = Ix - Ay^ = 332.8 - 55.8 X 0.32^ = 327 «.■< 


I100lbjsq.ff. 
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Axis Y-Y: 


Part 

A 

1 

M 

F 

IcG 

AU 


ABCG 

22. 

-1. 

-22. 

1. 

55.5 

22. 

77.5 

GDEF 

33.8 

55.8 

0. 

0. 

-22. 

0. 

158.2 

0 . 

158.2 

235.7 


-22 

a; = = -0.4 ft. 


Im.v ^ 1y - Az^- = 235.7 - 55.8 X OA^ «= 227 ft.^ 

P = 236,000 lb. (Assume it at center of column.) 

Mx at bottom = 12,000 X 5.5 4- 236,000 X 0.32 = 142,000 ft.4b. 

4/rat bottom = 50,000 + 3,000 X 5.5 236,000 X 0.4 = 161,000 ft, lb. 

The greatest pressure is likely to be at B or D of Fig. 9-11 *c). Letting 
the subscripts denote the point under consideration, then 


236,000 

161,000 X 2.15 


142,000 X 4.57 



",.8 + 

227 

+ 

327 

= 7,700 

lb. per sq. 

236,000 

161,000 X 4.15 


142,000 X 0.57 



55.8 

227 

+ 

327 

7,400 

lb. per sq, 



The pressure diagram under the whole footing is shown in Fig. 9-11 ((f). 
The use of this in designing the footing generally involves broad approxima- 
tions. A designer might resort to various detailed computations, but it is 
seldom worth while. His psychological reaction resulting from such tedious 
work may be beneficial to him, hut probably the real value of the answer 
is not in proportion to the fussiness of the computations. Such footings 
are generally the exception, having little duplication. Therefore, the 
designer should think first whether or not his time and that of the checker 
of his work will cost more than the use of a few more rods in a design that is 
obviously safe. Each special problem requires the use of good judgment in 
deciding these matters. 

The following computations show one way of designing this footing: 

1. Looking at Figs. 9-1 1(d) and 9-12(a), it seems that a strong band or 
beam might be made running lengthwise of the footing, such as KBYP of 
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Fig. 9-12(a‘). Make it strong enough to carry the shears and moments from 
the entire portion JABL about TL, or HMEF about SQ. Assume it to be 
3 ft. 6 in., a little wider than the pedestal. 

2. Judge whether TL or SQ is the critical section. Test both if it 
seems to be necessary. Although the area JABL is less than HMEF, it is 
subjected to larger pressures and appears to be the critical side. 

3. From Fig. 9-1 1(d) and similar computations, get the pressures at each 
of the four corners, then average that at A and B, also at J and L. The 
resultant approximate pressure diagram is shown in Fig, 9-12(6). The 
average dead load of the footing and the material over it is 36,000 -5- 55.8 
= about 600 lb. per sq. ft. Then the approximate net pressure diagram is 
that shown in Fig. 9-X2(c). The bending moment at TL is 

5.5^4,000 X + 1,200 X 2.75* X 0.67^ = 117,000 ft. -lb. 

/ 2.75\ 

6.5l 4,000 X 2.75 -h 1,200 X “ ) = 70,0001b. 

4. Using Eqs. (2-6a) and (2-5a), with d ~ 21 in., 


Mtl — 
Vtl = 


117,000 X 12 
iiu,uuu X X 


== 3.8 sq. in 


Use twelve f-in. round rods at 31 in. c.c., hooked. 
6 X 117,000 X 12 


vl 


70,000 


42 X 0.88 X 21 
spreading. 

70,000 


^ 450 lb. per sq. in. 

42 X 21® ^ 

=* 90 lb. per sq, in. wdthout considering any 45° 


23.5 X 0.88 X 21 


=* 161 lb. per sq. in. (near enough). 


5. The strip UDMR of Fig. 9- 12(a) seems to have the greatest bending 
of any crosswise to KBNP. Arbitrarily assume a piece 12 in. wide with an 
average net upward pressure of 6,400 lb. per sq. ft. For this strip, Mur == 
20,000 ft.4b. and A, required == 0.65 sq. in. Therefore, use |-in. round 
rods 3| in. c.c., for which ti == 161 lb. per sq. in. 

The final reinforcing plan is shown in Fig, 9-12(d). The top hoop and the 
bars in the pedestal are shown in Figs. 9-11 (a^ and (6). 

9-6. Combined Footings. In some cases, where structures are 
founded upon soils having low bearing capacities, it is advisable 
to combine the footings of two or more columns. One common 
example of this occurs when the outside row of columns is close 
to the building line and it is impossible for the footing to spread 
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over on to adjacent property. The load upon the outer column 
is also likely to be larger than that on the inner one because of 
the heavy walls. The footing may be built somewhat as shown 
in Fig. 9-13, with an enlargement near the outer column so as to 


produce a uniform intensity of 
pressure. Sometimes an elongated 
pedestal may be added in order to 
make the structure a sort of in- 
verted T-beam which is supported 
by the two columns. Of course, the 
fundamental objective is to secure 
uniform settlement and to avoid 
tipping of the footing. 



Many industrial buildings are equipped with heavy cranes 
that are carried on columns along the exterior walls. The 



Fig. 9-14. — Eeinforcement in invert of the New Jersey shaft of the Lincoln 
Tunnel at New York City. 


foundations for these may be made with spread footings for the 
columns and grade beams for the walls, or they may be continuous 
concrete walls with pilasters and medium-sized tootiiigs at the 
columns. In the latter case, the wall may be designeti as a 
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stiffening girder or a long, narrow footing to spread the crane 
column’s load. This latter type of foundation may require more 
excavation and concrete, but it produces a stiff construction. 

In other cases, like the invert of the New Jersey shaft of the 
Lincoln Tunnel (Fig. 9-14), all of the footings are combined into 


il^oblem 9 - 5 , Find the stresses in the pier which is pictured in Fig. 9-16. 
It is part of the viaduct of the New Jersey approach to the Lincoln Tunnel 


Fig. 9-15. — Merchants Refrigerating Comoany Building, New York City. 
(Courtesy of Turner Construction Co,) 

a thick, continuous, reinforced-conerete slab or mat. This is 
done here in order to make a hoxlike structure which will with- 
stand hydrostatic pressures. In the case of the Merchants 
Refrigerating Company Building, Varick St., New York City 
(Fig. 9-15), a solid 5-ft. mat was used in order to spread the load 
to the soil. 
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at New York City. Assume n = lOf/^ = 3,000 lb. per sq. in. s and /, and 
fc — 18,000 and 1,000 lb. per sq. in., respectively. 

This problem will illustrate the use of wooden piles as supporting mem- 
bers for a foundation. It is given here in order to show the nature of many 
practical cases. 

The entire pier is designed to act as a unit, carrying four concentrated 
loads from the superstructure. Various conditions and combinations of 
loading must be investigated in the design of such a structure: but in this 
problem, full live load and dead load will be combined with longitudinal 



Fig. 9-16. — Foundation for six-lane viaduct, New Jersey approach to the Lincoln 
Tunnel, New York City. 


wind and braking forces. The vertical loads are 900 kips at each pedestal ; 
the longitudinal loads are 70 kips acting horizontally at the top of each 
pedestal, normal to the long axis of the pier. There are 144 piles arranged 
in 24 rows having 6 piles each. 

Two special features must be noticed in this problem : (1) The four vertical 
loads are equal, meaning that the pier is not like a continuous beam which is 
on rigid supports; (2) the piles are supported by the frictional resistance of 
the surrounding material (clay) so that, for dead loads which are constant 
and continuously^’ applied, the load on the piles is assumed to be distributed 
equally among them all on account of the plasticity or minute movement 
of the clay. It is therefore assumed further that for both live and dead 
loads, the reactions of all piles are equal because the live loads are relatively 
small. However, the temporary longitudinal forces are assumed to cause 
uniformly varying loads upon the piles across the narrow dimension of the 
picT, and all transverse rows of piles are assumed to act in the same manner. 
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The total dead load of the pier, neglecting the piles, and assuming the 
ypace that is occupied by pile heads to be solid concrete, is about 1,500 kips. 
This is assumed to be uniformly distributed, and it causes a load of 
l,500yT44 = 10.4 kips per pile. The superstructure produces a load of 
4 X 900/144 « 25 kips per pile. These give 35.4 kips vertical load on 
each one. 


force = k 



Fig. 9-17. 



(b) 


Fig. 9-18. 


On the other hand, the longitudinal forces try to overturn the entire pier. 
If these forces are applied as shown in Fig. 9- 17(a), the moment that acts 
upon one row of piles is 

4 X 70 

— , — __ — X 8.17 — 95 ft. -kips. 

24 


The piles are 3.5 ft. apart so that the vertical force on the outer piles is 
_ _ 95 X 8.75 832 ^ 

I 2(1.752 + 5.252 + 8.752) " 214 "" 
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The total vertical reactions of the piles are then as pictured in Fig. 9-17 h\ 
Of course, the horizontal reaction which balances the longitudinal forces 
comes from the hearing of the clay upon the sides of the footing and of the 
piles. 

It now becomes necessary to make some broad and arbitrary assumptions 
in order to proceed efficiently with the design, because the loading conditions 
and the distribution of forces within the pier are too uncertain to justify a 
long, supposedly exact analysis. One must use good judgment and be 
conservative without undue wastefulness. Therefore, the following will 
be assumed: 

1. The effective cross section of the pier which is counted upon to with- 
stand the lengthwise bending of the pier is ABCDEFGHA [Fig. 9-18' a}]. 
The general shape is chosen so as to have a 
narrow strip showing above the soil, to allow 
pouring a 12-in. sealing slab around the pile 
heads prior to making the structural base, 
and to produce a stiff, chunky footing. 

2. The effective width of the pier for 
transverse bending is 18 ft. at the end ped- 
estals and 15 ft. at the intermediate ones as 
shown in Sketch (5). The average point of 
greatest transverse bending moment is 2 ft. 
from the center of the pedestals. 

3. The effective depth of the footing is 56 
in. (see Fig. 9-21). 

4. The stiffening effect of the connecting 
rib on top of the main footing between the 
two central pedestals (Fig. 9-20) is not 
relied upon because it is used primarily as a 
filler between these pedestals, and because it 
is poured after the main footing, causing a 
plane of weakness at the junction between 
the base and the top. 

5. Each transverse strip supports six rows of piles. 

6. The longitudinal bending moments are to be computed at the centers 
of the pedestals; the shears are to be calculated at the edges of the 45^ shear 
cones under the pedestals; and the effective width for punching shear is to 
be the width of the base of the pedestal. 

The bending moments and shears in the longitudinal strip as a whole are 
caused by the dead and live loads of the superstructure which are taken as 

W L - 4 X 900 84.67 = 42.5 

kips per ft. of pier. The overturning forces do not increase the total vertical 
loads but merely add to those on one side and relieve those on the other. 
Also, the weight of the pier itself does not cause bending in this strip. The 
shear and bending-moment diagrams are pictured in Fig. 9-19. The values 
are obtained by wmrking from A to the center E. 


n 


h 

aL_ 






S CL 


Loading diagram 


j 255k'^Y\ 

Shear diagram 

(b)"" ! 

-/I40% "^^00% 

— , 

Bending momentdiagnam 
Fig. 9-19. 
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From Eq. (2-6a), a trial value of As at point D is 

3,700,000 X 12 

* — oO sc 

18,000 X 0.88 X 56 


If l-in. square rods are placed at 4J in. c.c., there will be 51 of them across 
the 19-ft. section shown in Fig. 9-18(a). Similarly, the tensile steel in the 
top at C, Fig. 9- 19(c), should be at least 


1,140,000 X 12 

18,000 X 0.88 X 56 


15,4 sq. in. 


Try seventeen l-in. square rods at 6 in. c.c. Since the bending moment at 
By Fig. 9-19(c), is half of that at D, use l-in. square rods at 9 in. c.c. 

Figure 9-20 pictures the arrangement of the longitudinal reinforcement. 
The assumed effective beam for bending at D is as shown in Fig. 9-21 (a). 
Solving for the stresses that result from a positive bending moment of 
3,700 ft.-kips on a rectangular section 9 ft. wide gives approximately 


kd 

Ic 


(kd)^ 

108 X -f 9 X ^(kd - 4) = 10 X 51(56 - kd) 

== 18.5 in., d - kd 37.5 in., k * 0.33, j = 0.89 
= 957,000 in.-*, Sc = 51,800 in.^ 

3,700,000 X 12 

^ 51,800 = 860 pel sq.m. 

3,700,000 X 12 X 37.5 X 10 j,. ,,, 

957,000 


Similarly, at B of Fig. 9-19(c), with As — 25 sq. in., /c — 625 lb. per sq. in., 
and/s == 16,200 lb. per sq. in. 

The greatest shear is at the left of D [Fig. 9-19(5)]. The bottom of the 
45“ pressure cone is (4 -f 4.67) ft. from D, The total shear at this point is 
645 — 42.5 X 8.67 = 277 kips. Then the horizontal shearing stress at 
this point is 


vl = 


V 


bjd 


277,000 

108 X 0.89 X 56 


51 lb. per sq. in. (Narrow section.) 


The greatest bond stress, assuming the full shears at B and D, is at B 
because the steel area here is half of that used at D. Then, using the shear 
at the edge of the pedestal 4 ft. to the right of B, and assuming j - 0.88, 

V 503,000 - (4 X 42,500) 

“ “y5~X~4' X 0.88 X 56 = 


The transverse shearing stress at the edge of the pedestal 4 ft. to the left 
of D [Fig. 9>19(6)] is 


V _ 1,000(645 - 42.5 X 4) 
bikd) 108 X 18.5 


238 lb. per sq. in. 
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The unit stresses at point C of Fig. 9- 19(c) are found by using the section 
of Fig. 9-21 (a) as an inverted T-beam with tension in the top. Neglect the 
few' rods that serve as temperature reinforcement in the top of the sloping 



sides of the footing. From Fig. 9-20, *4« == 17 sq. in., and A' ~ 25 sq. in. 
From Fig. 9-2 1(a), h = 228 in. 


228 




+ 9 X 2^(kd - 4) 10 X 17(56 *- hd) 


M = 8 in., d — kd = 48 in., D ~ 434,500 in.** 
^ 1,140,000 X 12 X 8 

434,500 

1,140,000 X 12 X 48 X 10 


434,500 


252 lb. per sq. in. 

15,100 lb. per sq. in. 


The maximum bending moment in a transverse strip due to longitudinal 
forces is found, from Fig. 9-18(5), to occur in the section BS. Applying 
the pile loads in Fig. 9-17(5), the bending moment in a 1-ft. strip at a point 
2 ft. from the center of the pedestal is (using six row's of piles) 

Ml - t 5(3.9 X 6.75 -f 2.34 X 3,25) - 13.6 ft.-kips. 


The bending moment in this transverse strip due to the superstructure is 
Ms = 25(6.75 + 3.25) 3.5 == 71.4 ft.-kips per ft. of pier, where 25 kips is 



Fig. 9 - 21 . 






Iw-) 


roas 

9''c.c. 


(b) 


the load per pile (4 X 900/144). This must be combined with the effect of 
the longitudinal forces so that 

M ^ 13.6 4- 71.4 = 85 ft.-kips. 
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The cross section of a 1-ft. strip is shown in Fig. 9-21(6) without con- 
sidering the f-in. rods in the top ; then 

kd « 10.1 in., d — kd 45.9 in., Ic = 32,130 in."^ 

fc == 320 lb. per sq. in., == 14,600 lb. per sq. in. 

Since the foregoing calculations show that the stresses at the critical 
points are safe, then those at other points are automatically known to be 
safe, and therefore need not be computed. 

9-7. Abutments. The abutments of many bridges are struc- 
tures that illustrate some important principles in the design of 
foundations. When they support an embankment as well as 



the superstructure of the bridge, they are a combination of a 
retaining wall and a pier. 

Figure 9-22 (a) pictures a U-shaped abutment. The arrows 
represent the assumed reactions of the superstructure. One can 
readily see that the abutment will act as a unit. The earth 
inside and behind the wing walls and bridge seat tends to burst 
out the former and to push the latter forward. The wing walls 
may serve as counterforts for the front wall. In cold climates 
a contraction joint with a key should be used through the middle 
of the abutment (or elsewhere as conditions warrant) to avoid 
cracking due to freezing. 

Another type of abutment is shown in Fig. 9-22(6). This has 
straight ving walls with pilasters for the support of the bearings. 
It is an ordinary retaining wall with two large concentrated loads 
and two buttresses. Figure 9-23 shows a somewhat similar 
abutment. 

These two illustrations show that the design of actual struc- 
tures often becomes very complicated. It is necessary for the 
designer to study each case carefully, to see how he can separate 
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it into parts, to find the forces that act upon each portion, and to 
decide how he can approximate its action so that his design will 
be reasonable and safe. 

It is not possible to give an elaborate example here, but a 
simple one will be illustrated. 



Fig. 9-23. — Abutment forming part of the New Jersey approach to the Lincoln 
Tunnel, New York City. 


Problem 9 - 6 . Find the maximum bending moment in the toe of the 
central portion of the abutment of Fig. 9 - 24 . Assume earth = w - 100 ib. 
per cu. ft., <^> = 30°. 

The bridge structure itself is assumed to be a highway overpass composed 
of a steel framework encased in concrete as pictured in Fig. 9-24(dL The 
reactions of the main girders are represented by P in Sketch {a\ the bearings 
of the main girders being in recessed pockets. Figure 9-25 shows a bridge 
bearing which is being placed in a similar position. The stringers at the 
■ end of the bridge rest directly upon a shelf on the abutment, and their 
reactions are P'. 

The portions AB and CD of the abutment are separated from the central 
part by expansion (or contraction) joints because the structure is so long 
that it is likely to develop shrinkage or temperature cracks if all of it is tied 
together. However, these joints are keyed so as to hold the parts in proper 
alignment, vertically and horizontally. These outer parts, if they were to 
be designed, might be treated as retaining wails by assuming a 1-ft. strip 
at the highest point and another near the middle. The results of the design 
of these strips would enable one to approximate the stresses, areas of rods, 
and dimensions for the rest of the section. 
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The central portion of the abutment will be assumed to be isolated from 
the rest. It must be designed for two sets of bridge loads, viz,, (1) dead load 
and applicable longitudinal forces only and (2) the combination of dead 
load, live load, impact, and longitudinal forces. The loads and the loading 
conditions are taken arbitrarily. Of course, the minimum values are for 
dead load alone. The '‘min. F’^ is due to longitudinal wind and temperature 
effects, but “max. F’^ has the additional loads due to traction and braking 
forces from live loads. Transverse wdnd pressure is omitted because it is 
not important in this particular analysis. 



Fig. 9-24. 


No surcharge will be assumed back of the abutment because the approach 
slab rests on the backwall and acts as a beam. However, the pressures 
caused by earth, temperature effects at the top, and water will be included. 
The magnitudes of these three forces per foot of abutment are : 

1. From Eq. (8-7) of the preceding chapter, with the angle of slope of the 
earth S equal to zero, <f> = 30°, and w = 100 lb. per cu. ft., 

P = 15hl = 15 X 24.52 = 9,000 lb. 

2. The top pressure due to temperature will be the same as in Art. 8-9, or 

Ft ~ 700 lb. per lin. ft, 

3. The top of the water tabkd will be assumed to be 8 ft. above the drain, 

^ Water pressure might be omitted in this case, but it is included for 
the purpose of illustration. 




Abt. 9-7] 


ABUTMENTS 


285 


10 ft. above the top of the footing. Then, as illustrated in Art. 8-8, 
Px. - 10 X 45 X ¥ = 2,250 lb. 



Fig. 9-25. — Setting a bearing for a steel bridge over the New \ ork approach to 
the Lincoln Tunnel, New York City. 

The weight of the abutment per foot must now be determined. Assume 
that the average cross section of the o2-ft. central portion is shown in Fig. 
9-26. Take moments of all parts about A, 

Lever 

Portion Weight artfi Moment 

(а) IX 3.5 X 150 == 520 X 3.5 = 1,840 

(б) 3.5 X 18.5 X 150 - 9.720 X 4.75 = 46,200 

(c) 0.5 X 0.33 X 18.5 X 150 = 460 X 6.61 = 3,040 

(d) 3 X 2 X 150 = 900 X 1 .5 = 1 ,350 

(e) 2.5 X 7.83 X 150 = 2,940 X 6.92 = 20,350 

(/) 3 X 22.5 X 100 = 6,750 X 1.5 = 10,130 

(g) 4 X 2 X 100 - 800 X 8.83 = 7,070 

2ir = 22,090 Ib. 24/ = 89,980 ft.-lb. 
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Then 


89,980 

22,090 


^ 4.07 ft. 


One other preliminary step is the calculation of the bridge loads per foot 
of abutment. The entire central section of the 
abutment will act as a unit because it is a rigid block. 
The forces must be summed up and transformed 
into equivalent values per foot of abutment. 
From Fig. 9-24 (&), the following can be found: 
Minimum loads: 


K'*->j<-*l k-H 


T 

ri 




R 


I ^ 
Cvll 


c 


S''/0 
<— >1 




f%y\ 

f 


Yertical 




2P 4- 6P' 
52 


= -— = 8.85 ] 


ij *0^ 

;r 


Horizontal = — = 
52 

Maximum loads: 

2P -f 6P' 


Vertical = ■ 


52 


Fig. 9-26 


m 

52 

^ - 
52 “ 

" 52 
40 


0.385 kip 


= 16.35 kips 


Horizontal = ~ ~ = 0.77 kip. 

5^ oi/ 


The vertical loads will be taken at a point 5.25 ft. from the tip of the heel. 
The horizontal forces will be assumed to be at the bottom of the girder seats, 
18.5 ft. above the bottom of the footing. 

Now that these fundamental loads have been found, the toe must be 
designed for the more severe of the two loading conditions: (1) the minimum 
bridge load with the corresponding lateral force; (2) the maximum bridge 
load with the maximum lateral force. These two combinations are pictured 
in Fig. 9-27 in which (a) represents the first case and (6), the second, and 
where W a = the weight of the abutment, and Wb = the weight of the 
bridge superstructure and live load per foot of the abutment. 

Consider Sketch [a] first. Take moments about A to find where the 
resultant P hits the base. 


(22,090 + 8,850)a:' 

x' 

e 


= 22,090 X 4.07 + 8,850 X 5.25 + 700 X 24.5 + 

385 X 18.5 4 9,000 X 8.17 4 2,250 X 3.33 


= 7.8 ft. 
= 7.8 - 


10.83 

2 


2.38 ft. 


From Eq. (8-4) of the previous chapter, 


2ir _ 2(22,090 4- 8,850) 
/b \ 3X3.04 


6,800 lb. per sq. ft. 
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!Next, consider Sketch (6) of Fig. 9-27. The equation of moments about 
A is 

(22,090 -h 16,350)1' = 22,090 X 4.07 -f- 16,350 X 5.25 -b 700 X 24.3 + 

770 X 18.0 4- 9,000 X 8.17 + 2,250 X 3.33 

x' = 7.5 ft. 

, , 10.83 

e = 7.0 — = 2.08 ft. 


2Tr 2(22,090 -|- 16,350) 

v - V 


3 X 3.34 


'^q = 6,850/B.— 


Wa= 22, 090 /h- 


5H 16,350 Ibr — 

— Pt = 700/5. Ip— 




|HHi-F=565/& 

"1 (R '^A=22,090lb.- 

I S 


H 9=9000 ib. 


6,800Ib./° 


■J Pw = 2,250 /b. 

SR 


9=770Ib. 

»! 


P= 9000/6. 


^9^=2,250lb 


->■ Z04'U60S'A K-/7/' 
<-B=/0.SJ--> 


zeeo/b/’l.^ 


^334^6.68' -:AW-a6l' 
<- 9>=m3--> 


It is obvious that the second case produces the greater bending in the toe, 
but this is not always so for all abutments, since it depends upon the posi- 
tions and the relative magnitudes of the forces. 

The critical loading conditions upon the toe are pictured in Fig. 9-2S. 
The moment at C is due to the pressure diagram minus the weight of the 
earth and the concrete. Then 


M - 5,110 X ~ + 0.67 X 2,550 X - -"(2 X 100 + 2.5 X 150)- 


M = 50.000 ft.-lb. 
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If such an abutment as this is founded upon earth (Fig. 9-27), the footing 
must be capable of withstanding the loads that are imposed upon it before 
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Fig. 9-28. 

enable one to design such 


the backfill is placed. This may 
necessitate considerable reinforce- 
ment in the bottom of the heel. 

The varieties of construction 
used for abutments, and for piers 
also, are too extensive and too 
much affected by local conditions 
to warrant detailed discussion of 
them herein. However, the prin- 
ciples and kinds of reasoning illus- 
trated in this chapter will generally 


Practice Problems 

Problem 9-7. Assume a plain concrete pedestal like that of Fig. 9-3. 
It is 3 ft. square and IS in. deep. It rests upon earth. It supports a column 
that is 16 in. square and that carries a load of 40,000 lb. What is the tensile 
stress in the concrete? 

Problem 9-8. Assume a rectangular, plain concrete pedestal like that of 
Fig. 9-3, supported on earth. It is 3 ft. wide, 4 ft. long, and 20 in. thick. 
It carries a 16-in. square column which supports a load of 50,000 lb. What 
is the maximum tensile stress in the concrete? 

Problem 9-9. Design a simple, square, reinforced-concrete footing to 
support an IS-in. square column which carries a load of 150,000 lb. Let 
/e = 2,500 lb. per sq. in., n = 12, the allowable fc = 800 lb. per sq. in., 
/s = 18,000 lb. per sq. in., the maximum shearing stress = 75 lb. per sq. in., 
with hooked rods, w = 125 lb. per sq. in., and the allowable soil pressure 
== 5,000 lb. per sq. ft. 

Discussion. The footing is like that of Fig. 9-4 (a) but without the 
pedestal. The solution is similar to that of Problem 9-2 without the effect 
of the slope. 

Problem 9-10. Design a square, reinforced-concrete footing with a sloped 
top for the column of Problem 9-9 if all of the conditions remain unchanged 
except that the permissible soil pressure = 4,000 lb. per sq. ft. 

Discussion. Assume that there is a flat top 24 in. square and that the 
slope is about 1 :4 as in Fig. 9-4(5). Design the footing as for Problem 9-2. 

Problem 9-11. Design a square, stepped footing like that of Fig. 9-4 (a) 
to support a column load of 300,000 lb. The column is 24 in. in diameter, 
c = 3.5 ft., n — 12, the allowable fc = 800 lb. per sq. in., fs = 18,000 lb. per 
sq. in., the max. vl = 75 lb. per sq. in., with hooked rods, u = 125 lb. per 
sq. in., and the allowable pressure on the soil = 5,000 lb. per sq. ft. Detail 
the footing. 

Discussion. Follow the same procedure as for Problem 9-2 with c instead 
of a as the dimension that determines the starting points of the 45° sloped 
shear or distribution lines. 



CHAPTER, 10 

MISCELLANEOUS STRUCTURES 

10-1. Introduction. The purpose of this chapter is to illus- 
trate the design of several important types of reinforced-eoiicrete 
construction which may be handled by one who does not have a 
thorough knowledge of the analysis of indeterminate structures. 
Where necessary, the Code or other specifications will be resorted 
to in the determination of moments, shears, etc. 

10-2. Positive Bending Moments in One-way Slabs. Slabs 
that have their main reinforcement extending in one direction 
(one-way slabs) and that are supported on two opposite sides 



by steel beams, or slabs which are an integral part of a series 
of concrete T-beams, are often used in bridge and building con- 
struction. When the live loads are uniformly distributed, such 
slabs are designed as if they were a series of adjacent beams, each 
1 ft. Avide. However, this should not be done when the live loads 
are large concentrations. 

When a concentrated load is placed upon a slab between tht‘ 
supports as pictured in Fig. 10-1, the slab will deflect so that 
its surface is minutely concave on top. Contours of this surface 
might look somewhat like those in the sketch. The limit of 
these deflections in one direction will be the clear span L'; in the 
other direction it will be some distance such as B. This lateral 
spreading is due to a combination of the resistance of the slab to 
shear and bending. 

This lateral spreading of the deflections indicates that a 
considerable ^ddth of the slab is subjected to bending moments, 

289 
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K th M at right angles to the supports and My paraUel to the 
both M. g of these moments at any given point 
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tion and the load. Furthermore, the total bending moment at 
one point will be the summation of fe individual momen t 
tbit are caused by each concentrated load which affects tl a 
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The data that have been prepared by Dr. H. U, Westergaard^ 
will be used for the calculation of positive bending moments in 
large one-way slabs. These data are generaly and they facilitate 
the solution of problems that involve loads of any inagnitude in 
any position. They will be used without going through the 
mathematical work by means of tvhich they wxre derived. 

Figure 10-2 (except for the changes in symbols wiiich are 
necessary to agree with those used herein) gives Dr. Wester- 
gaard's curves showing the bending moment for a unit load 
per foot of width at the center of a simply supported slab w'hcn a 
load is placed at its center. The three scales at the right of the 



diagram are to be used for the three other cases to w’hich they 
apply. When the ends of the slab are restrained but not fixed, 
the coefficients may be found by interpolation between the values 
that are given for zero restraint (simply supported) and for 
100 per cent restraint (fixed). 

Figures 10-3, 10-4, 10-5, and 10-6 give the additional bending 
moments (at the center of the slab) wffiich must be added to those 
obtained from Fig. 10-2 in order to include the effects of adjacent 
concentrations. Each condition of loading is illustrated clearly 
in the figures. How^ever, it should be noticed that these four 
diagrams do not consider any effect from the thickness of the 

1 See Computations of Stresses in Bridge Slabs Due to Wheel Loads, 
Public Roads, March, 1930. This investigation is a mathematical analysis 
of the bending moments in an isotropic slab with two opposite edges simpl>' 
supported; the slab is very long in the direction parallel to the supports; tin* 
concentrated loads are distributed over a circular contact surface; and the 
supports are unyielding. 
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slab or from the diameter of the loaded area, but this is a satis- 
factory procedure unless the loads are too close together. 

The curves are entirely general, but the designer must con- 
sider the relation of bridge slabs to the direction of traffic in 
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order to place the loads properly. The loading diagram for an 
H-20 truck is shown in Fig. 10-7. 

It is well known that the restraint of the ends of a slab will 
decrease the magnitude of the positive moment. However, 
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owing to the deflection of the supports and the rotation of the ends 
of the slabs because of loads on one span but not on the adja- 
cent one, the amount of this restraint is uncertain. In the case 
of a continuous slab which rests upon steel beams as pictured 
in Fig. 10-8 (a), it is advisable to design the slabs as simply 
supported ones when the stringers are over 16 or IS ft. long and 
when the beams are not more than about o or 6 ft. c.c. because 
the deflections of the beams are appreciable. In such a case, it 
is also advisable to use the same reinforcement for both positive 
and negative moments. If the steel stringers are very stiff or 
if the spans of the slabs are large, it is safe to assume oO per cent 
restraint at the supports. However, in the case of monolithic 
reinforced-concrete construction like that of Fig. lO-S(h), the 



W (b) 

Fig. 10-S. 


slabs may be considered to have 75 per cent restraint for live 
loads. ^ 

The formulas for the bending moments that are caused by 
uniformly distributed dead loads or live loads may be assumed 
as follows: 

1. Positive M at the center of a simply supported slab = wEl/S, where 
Li is the clear span plus the depth of the slab, and w == the intensity of load 
per square foot. 

2. Positive M at the center of the end spans of two or more spans = 
wL'^/lOj where L' is the clear span. 

3. Positive M at the center of interior spans when there are three or more 

spans = wL'“/ 12. ^ 

4. Negative M at interior support when there are two spans == ivL^ , 10 
if the span does not exceed 10 ft., or wL'*‘/S if the span is greater than 10 ft. 

5. Negative M at first interior support when there are more than two 
spans = wL'‘^/ 12 if the span does not exceed 10 ft., or u'L'", 10 if the span is 
greater than 10 ft. 

1 Modifications of the computed bending moments can be made to allow 
for stringer deflectioiis by using the principles ot moment distribution as 
given in Art. 13-8 (Chap. 13). Tlie defiectioii of the stringer is the distance 
d through which the ends of the slal) are offset. Also st‘e Nathan M. 
Newmark, A Distribution Procedure for the Analysis of Slabs Continuous 
over Fle.xible Supports, University of Illinois, Bull. 304. 
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6. Negative M at other interior supports for any span = wL'^112. 

7. Shear at outside edge of first interior support = l.2wL'/2. 

8. Shear at other supports = wL' /2. 

9. The lateral moment My for uniformly distributed loads is zero. 

These values listed above apply when the intensity of the» 
uniformly distributed live load does not exceed three times that 
of the dead load and when the longer of two adjacent spans does 
not exceed the smaller by more than 20 per cent. L' is the clear 
span for positive moments and the average of the two adjacent 
clear spans for negative moments. Furthermore, the foregoing 
values apply to reinforced-concrete structures in which the 
slabs and beams are poured monolithically. If the slab is sup- 
ported by steel I-beams, the span in all cases should be the 
distance center to center of beams. 


Table 10-1.— -Lateral Reinforcement for One-way Slabs 
(Percentage of main reinforcement) 



Span 

length, 

feet 

In middle 

In outer 

Direction of main reinforcement with 

half 

quarter 

respect to direction of traffic 

of span, 

of span, 


per cent 

per cent 


Oto 10 

45 

30 

Parallel .... 

10 to 20 

35 

25 


Over 20 

25 

15 

Transverse . 

0 to 10 

65 

45 


The recommended percentage of lateral reinforcement^ (for 
My) is given in Table 10-1. One must remember that the 
effective depth is decreased because the lateral rods are above the 
main ones. 

Problem 10-1. Figure 10-9 shows part of the Bronx approach of the 
Bronx- Whitestone Bridge, at New York City, the sketch being a partial 
cross section of the deck. Design the slab AR to withstand the positive 
bending moment caused by two H-20 trucks in any position traveling 
lengthwise of the structure (parallel to the stringers). Assume that the 
point A is 75 per cent fixed- for live loads; c, the diameter of the loaded con- 

^ See Erps, Googins, and Parker, Distribution of Wheel Loads and Design 
of Reiiifoiced Concrete Bridge Floor Slabs, Public Roads, October, 1937. 

2 When the student is familiar with moment distribution (Chap. 13), 
such “assumptions” can be obtained readily by trial analyses. 
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tact surface, = 1.25 ft.;/e == 1,000 lb. per sq. in.;/* = 20.000 lb. per sq. in.; 
and n = 8 (a rich concrete). 

1, Dead4oad Moments. Assume that the slab is 12 in. thick. Then the 
dead load, including the 2|-in. concrete pavement, is 1S2 Ib. per sq, ft. 
Therefore, using formula No. 2 previously stated, 

Positive M = = 3,780 ft.-lb. 

2. Live-load -f- Impact Moment at Center of Span. Although the point of 
maximum bending may be slightly to the right of the center of the span, it is 
satisfactory to compute the live-load moment at the center of AB and then 



Fig. 10-10. 


to add it directly to the dead-load moment. Also, since .4 is assumed to he 
75 per cent fixed but B is hinged, the effect at the center line is equiva- 
lent to 38 per cent restraint at both ends. 

The positions of the loads in Fig. 10-10 arc chosen so as to place one loaci 
at the center. The load at the left of A is over the stringer, and it can be 
disregarded. The wheel at F is slightly closer to the curb than is necessary, 
but it is conservative. 

The bending moments at C due to these concentrated loads are found a.< 
follows: 

a. Rear Wheel at C, Psing Fig. 10-2. 


c 

L' 


1.25 

14.42 


0.087; 


L' _ 14.42 

7 “ 1 


= 14.42. 
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If simply supported, il/x = 0.33P; if 100 per cent fixed, Mx is decreased by 
practically 0.07P; then, for 38 per cent restraint, Mx - 0.33P - 0.38 X 0.07P 
= 0.303P. Similarly, M, 0.26P - (0.26 - 0.22)0.38P = 0.245P. 

b. Rear Wheels at E and. P, Udng Fig. 10-3. For E, x = 0.20BL'; for P, 
r = 0.4161/'. Then, using the same ratios as for the load at C to approxi- 
mate the effect of restraint. 


Mx 


Mx = My 


0 303 

: O.IP X ^ = 0.092P for E. 

0.33 

0 303 

= 0.025P X = 0.023P for F. 

0.33 






■ iz " -->1 


-1 


c. Front Wheel in Line with C, Using Fig. 10-5. The front wheels of the 
^ trucks are 14/14.42 = 0.971/' from the rear ones. 
Therefore, y — 0.97L'; interpolation for 38 per 
cent restraint yields Mr ~ 0.02P; and My - 
-0.015P. 

d. Front Wheels in Line with E and F. Figure 
10-6 indicates that these loads cause only a slight 
effect at C for simply supported slabs, but Fig. 
10-5 also indicates that, for fixed slabs, wheel 
loads even near the center line produce negligible 
moments. It is therefore reasonable to assume 
that other loads nearer to the supports may be 
disregarded. 


Ncm 


T3 

,X 


7\ 


Fig. 10-11. 
e. Total Moments at C: 


The impact factor is 


/ = 


50 

125 + 14 


0.36. 


Therefore, 


and 


= 16,000 X 1.36 == 21,800 lb. 


Mx = 9,550 ft.-lb., and My = 7,520 ft.-lb. 

3. Design of Slab. The total bending moment from DL LL + / is 


Mx = 3,780 -I- 9,550 = 13,330 ft.-lb. 
My - 7,520 ft.-lb. 


The section in Fig. 10-11 is assumed and tested, yielding fc 885 lb. ptr 
sq. in. and /« = 19,100 lb. per sq. in., which is satisfactory. 

The amount of reinforcement in the bottom of the slab to withstand My 
will be taken as 0.65 of that for Mx, or A, = 0.65 X 0.88 = 0.57 sq. in. 
(Table 10-1). Therefore, use f-in. round rods 9 in. c.c. in the middle half 
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and 12 in. c.c. in the outer quarters of the slab. The top ties are arbitrarily 
made |-in. round rods 18 or 24 in. c.c. 

10-3. Negative Bending Moments in Continuous One-way 
Slabs. The calculation of the magnitudes of the negative 
bending moments at the supports of large, continuous, one-way 
slabs, due to concentrated loads, is an important subject about 
which there does not seem to be sufficient data to permit easy and 
exact computations. 

The procedure that is set forth herein^ is based upon that 
which is used in the design of continuous beams, with an arbi- 



01= Proportion of Spoin, L 

Fig. 10-12.- -Influence lines for negative moment at left end for various restraints 

of ends. 

trary correction of the bending moments to allow for the fact 
that a large area of the slab participates in supporting the loads. 
The three fundamental assumptions upon which the method is 
founded are as follows: 

1. The total negative moments in the slab are the same as 
those which would occur in a prismatic beam having the same 
span and loads. 

2. The width of the portion of the slab, at a support, tiiat 
resists the negative bending moment due to any load will vary 
somewhat in proportion to the distance from the support to that 
load. This widtli is called the “effective width” k. This is 
equivalent to assuming that the load on a 1-lt. strip is P 6,. 

^ This method is empirical, without experimental proof, l)Ut it seems to 
give results that are reasonable. 
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3. The total negative bending moment per foot of width of 
slab is assumed to be the sum of the various moments per foot 
which are caused by the individual loads, the moment due to 
each one being distributed over its particular effective width. 



Fig. 10-13. — Influence lines for negative moment at left end for various restraints 

of left end. 

Figures 10-12 to 10-15, inclusive, are influence lines which 
'mil facilitate the calculation of the total moments — ^also the 
total reactions. 

The effective width ha is the mdth of an imaginary rectangular 
strip of the slab across which the concentrated load may be 



a = Proportion o? Span,L 

Fig. 10-14.— Influence lines for reactions for various restraints of left end. 

considered to be uniformly distributed along a line through 
the load and parallel to the supports and for which the calculated 
unit stresses are taken as the greatest unit stresses that actually 
will exist in the slab under the action of that particular load. 
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The magnitude of is not really known, but it is assumed con- 
servatively to be 

he = 2c I Ad or he — 2t + 1.4<i (10-1) 

ill which c = the diameter of the contact surface under the load, 
d = the distance from the center of the load to the edge^ of the 



a = Propor-|'ion of Span, L 


Pig. 10-15. — Influence lines for reactions for various restraints of ends. 


support that is being considered, and t = the thickness of the 
slab, all being expressed in feet. The part of Eq. (10-1) that 
gives the greater effective width is to be used. The meaning 
of the formula is shown in Eig. 10-16. The minimum value of 
he will be assumed to be 5\/F, where i is the slab thickness in feet. 



If the distance from the edge of the support to a load is les^ 
than the depth of the slab, it is probable that the load will have 
little effect upon the bending moment in the slab because it 
will tend to go rather directly into the support. If more ade- 
quate data to determine he are developed in the iiiture, the 

^ In the case of steel beams, d should be measured froii the center line of 
the beams. See Fig. 10-7 for the magnitude of c. 
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designer ma}" use them without necessarily changing the funda- 
mental method of attacking the problem. 

Figure 10-17 indicates the general principle for the summation 
of the effects of multiple loads. In Sketch (a), the loads are on 
the same strip of slab; in (5), they are on separate strips, but, 
obviously, part of the slab is affected by both loads, the moments 
being additive if the overlap is considerable (about 20 per cent). 



Fig. 10 - 17 , 


When the overlap is slight, one may add 50 per cent of the effect 
of the lesser of the two moments. When a series of concentra- 
tions such as two H-20 trucks 9 ft. c.c. can be placed parallel 
to the supports, Eq. (10-1) should be used with varying d and 
different combinations of wheels to plot a zigzag curve for 'E(P/be ) ; 
then an average curve of 2(P/be) can be drawn in terms of d for 
design purposes, giving about P/I: for the equivalent load upon a 
1-ft, strip of a very large slab (18 to 20 ft.). 

Of course. My, the bending moment that is parallel to the 
support, is assumed to be zero at the support. 

Problem 10-2, Design the slab AB of Fig, 10-9 for the negative bending 
moment at A, using the same data as for Problem 10-1. 

It must be noticed at once that the degree to which point A is restrained 
will depend somewhat upon the loading. It is possible to use a truck in 
each of the three lanes, in which case A should be considered 100 per cent 
fixed, or two trucks can he used so as to load the span AB hut so as to leave 
HA almost unloaded. In the latter case, the slab is assumed to be 75 per 
cent fixed at A for live loads. From the principles of continuity, it is clear 
that the three trucks loading both spans will give the larger bending moment 
at A ; but for the purpose of illustrating the method of analysis, both condi- 
tions will be tested. 
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1. Dead4oad Moment at A; 


Ma 


182 X 14.422 
10 


3,780 ft.-lb. 


2. Live-load + Impact Moment at A for Two Trucks. An examination of 
Fig. 10-13 shows that the wheel loads will cause the maximum moment at A 
in a rectangular beam if they are between O.IL and 0.8L from A. On the 
other hand, Fig. 10-16 indicates that the bending moments per foot of width 


JIJfSL 

f- 456 


/2J8-- 

Fig. 10-18. 

decrease as d increases. Therefore, determining the critical positions of the 
loads requires some experimentation. The positions given in Fig. 10-18 
will be tested, the wheel at D being neglected. 

а. Effective widths, using Eq. (10-1), are 

he for load at S' = 2 X 1.25 + 1.4 X 1.44 ~ 4.5 ft., 
or, assuming t = 1 ft., 

he = = 5 ft. 

he for load at F — 2 X 1.25 + 1.4 X 4.44 — 8.7 ft. 
he for load at (7 = 2 X 1.25 + 1.4 X 10.44 == 17.1 ft. 

б. Rear Wheels at E, F, and G, Using Fig. 10-13 for 75 Per Cent Fixed 


End at A: 




For E, 

Ma = 



For F, 

Ma = 

14.42 

^ 0.224P 

For G, 

0.095 X F X 
'l7.1 

14.42 

■ O.OSO/'’ 



Total 

= 0.491F. 


c. Front Wheels. An examination of Fig. 10-17 shows that the effect of 
the front wheels can be neglected because they are 14 ft. from the rear ones. 
Even in the case of the one that is in line with (7, the assumed spreading 
will not overlap the effective width of the rear-wheel load at E. 

3. Live-load -j- Impact Moment at *4 for Three Trucks Placed as ir Fig. 
10-19: 
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a. E^'ective Widths: 

he for load at jEJ = 2 X 1.25 -f- 1.4 X 3.33 ~ 7.2 ft. 

hi for load at F == 2 X 1.25 -f 1-4 X 6.33 = 11.4 ft. 

h for load at (7 == 2 X 1.25 -f 1.4 X 12.33 - 19.8 ft. 




e'-A {<- 


K 








-S'-4" 


Fig. 10-19. 


0,2081! 




tF 


i 


' E- 14,42'- 


h. Rear Wheels at E, F, and G, Using Fig. 10-13 for 100 Per Cent Fixed 


End at A: 



For F, 

Ma 

0,I58PX 14.42 

For F, 

Ma 

_0.1«2PX 14.42 _ 

11.4 

Fort?, 

Ma 

0.07PX 14.42 

19.8 



Total = 0.610P. 


4. Design of Slab. The moment at A for three trucks is greater than for 
two trucks. Therefore, use this moment for the design of the slab. 

d/a for DA = 3,780 ft.-ib. 

Ma for LL -F / = 0.610P = 0.610 X 21,800 = 13,300 ft.-lb. 

SMa - 17,080 ft.-lb. 

If the slab is the same as that of Fig. 10-11 with three i-in. round rods 
in the top and one in the bottom, then A: = 0.316, i = 0.9, /c — 9151b. per sq. 
in., and/., == 15,800 lb. per sq. in. The top reinforcement should be arranged 
80 as to stop one rod and bend down the second one out of the set of three in 
each foot of width, running the third rod clear across the top. The point of 
cutoff and bending should be determined by the use of the moment diagram 
as explained in Figs. 3-5 and 4-12. In the bottom of the slab, the rods will 
therefore be spaced 4 and 8 in. c.c., alternately, near the center, one rod 
extending for the full length. 

Although the end B of the slab is assumed to be hinged, it is advisable 
to arrange the reinforcement at this point so as to provide for a negative 
moment which is about two- thirds of the positive moment at the center. 
The real magnitude of this restraint at B depends upon the torsional resist- 
ance of the marginal beam. This can be approximated by the method given 
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in Art. 16-10 (Chap. 16). The rods should be bent doivn near the outside 
of the edge support. Figure 10-9 indicates suggested details. 

Continuous deck or floor construction like that in Fig. 10-9 
presents difficulties in arranging construction and expansion 
j oints. The slabs and beams should be poured monolithieally if it 
is possible. When construction joints are necessary, try to place 
them parallel to the main reinforcement and at the columns that 
support the stringers. The expansion joints should be provided 
by using twin columns and edge supports so as completely to 
separate adjacent portions of the structure into units about 
60 to 100 ft. long. 

10-4. Bending Moments in Edge Supports. When a concen- 
trated load is placed near the free edge of a slab, the distribution 
of the load cannot occur in the way that has been assumed for 
continuous slabs. It is necessary to support the edge, also to 
find a means of computing the bending moment in this edge 
support. 

Figure 10-21 pictures part of a highway bridge with concen- 
trated loads at the center of the span. The curves marked Pi 
to Fe, inclusive, are plotted by using Westergaard's data in 
Fig. 10-5. They show the moment along the center line for 
each load as it would be if the slab were of infinite width. The 
lower curve which is marked is plotted by summing up the 
ordinates of the various curves that overlap, thus making one 
diagram that gives the total bending moment in each strip of 
the slab. 

Naturally, the structure must withstand the entire bending 
moment that the loads produce. It is therefore reasonable to 
assume that the edge support must make up for all of the slab 
that is missing outside the curb line; in other words, it must 
carry all of the bending moment which is represented by the area 
between the base line and the '^Mx curve beyond the curb. 
This can be calculated for any condition by plotting a diagram 
similar to Fig. 10-21. Erps, Googins, and Parker^ have found 
that, for two H-20 trucks 9 ft. c.c. with the outer wheel 1 ft. 6 
in. from the curb, the following formulas will give reasonal)l\ 
close values for the moment Me in the edge support of a higliway 
bridge slab: 

‘ Distribution of Wheel Loads and Design of Reinforced Concrete liridge 
Floor Slabs, Public Eoads. Octoher, 1937. 




In these formulas, L = the span in feet and P = the load in 
pounds. The data apply for spans of 5 to 25 ft., inclusive, when 
the loads are at the center of the span. 


Problem 10-3. The highway bridge in Fig. 10-20^ is a flat-slab structure 
which is shown in section in Fig. 10-21. Assume that the specified loading 
calls for one H-20 truck in one lane and H-15 trucks in the other two lanes 
(Fig. 10-7). Find the live-load plus impact bending moment in the part 
of the slab that supports the outer lane; also, in the edge support. Assume 
L = 30 ft. The ends of the slab are simply supported. 

This structure has a rather long span for a simply supported slab. Rigid 
frames should be considered for longer spans. Actually, the bridge is 
skewed slightly, but this fact will be neglected. 

It is possible to place three trucks side by side on the roadway, but not 
more than one truck can be in any one lane. Therefore, the locations of 
the W' heels for maximum bending near the left edge of the slab will be as 
shown in Fig. 10-21. 

^ Built by the Engineering Department of Essex County at South Orange, 
N. J. 
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1 . Dead-load Moment. The average dead load for the entire slab iiielniling 
the 2-in. wearing surface is appro .ximately 1.87 X 150 = 2S0 lb. per sq. ft. 
Therefore, using Fig. 10-22, the following are found: 

280 X 30- 

For slab, M = == 31,500 ft.-lb, 

o 

For edge support, 

150 X 30® 

M == (1.33 X 2.21 + 0.5 X 2.25 ) - = GS.OOtl ft .-lb. 



2. Live-load 4- Impact Moment. The usual criterion for maximum 
bending would place the rear wheels 1.4 ft. off the center line of the span. 
How’'ever, since there will be little difference in the results, and since Wester- 
gaard’s curves give data for the center of the span, the rear wheels will be 
located at the center. The front w'heels will be within 1 ft. of the end of 
the span, and their effects can be neglected. 

The curve in Fig. 10-21 is developed by using Fig. 10-5 for each 

wheel, remembering that the H-20 truck is placed at the left side and that 
the H-15 truck wheel loads are 0.75T. The effects of the areas of contact 
and of the slab thickness are disregarded. From the figure, the area within 
the 2ilfx curve is found to be approximately as follows: 

Inner 4.5 ft., M = 0.14PL = 4.20F 
Outer 4.5 ft., M = 0.117PA = 3.51P 
Edge support, Me — 0.241PL = 7.23P. 

Since the impact factor for a 30-ft. span is 0.323, 

P = 1.323 X 16,000 = 21,200 lb., giving the following moments; 

4.20 X 21 200 

Inner strip, M = 4 5^ ~ 19,800 tt.-lb. per ft. 
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3.51 X 21,200 , „ ,, 

Outer strip, 21 — 16,500 ft.-lb. per ft. 

4.0 

Edge support, Me 7.23 X 21,200 - 153,000 ft.-lb., total. 

Problem 10-4. Find the stresses in the curb section of the bridge of 
Fig. 10-21 if the details are as given in Fig. 10-22. Assume n = 12. 

This problem is selected in order to illustrate a very troublesome point 
which often arises in practical design, viz., localized overstressing of project- 
ing parts. It should not be overlooked or neglected. 



The curb piece is used to support the edge of the slab; therefore the two 
parts must be rigidly connected. It is not correct to assume that they can 
act independently. When the loads are applied, the entire structure in the 
vicinity of the curb tends to deflect as a unit. The neutral axis in the 
curb section AC cannot be at a relatively high position above D, whereas 
that of the slab DE is considerably below D. The effect is therefore a 
combination of bending and torsion which causes a concentration of com- 
pression along the line AC, with the center of compression Cc somewhere 
near G. The center of the tensile forces Cy will be near the steel just above 
HK and somewhere near the middle of HK. 

One must be rather arbitrary but conservative in his assumptions regard- 
ing the design of the members in such a situation. In this case, assume that 
half of the first panel of the sidewalk, all of the curb piece, and the outer 
half of the outside lane will act as a unit. 

The total moment in this member, including 100 lb. per sq. ft. live load 
on the sidewalk, will be as follows : 

30 ^ 

Mdl = 150(2.25 X 0.5 + 1.33 X 2.21 + 1.71 X 4.5)— -= 198,000 ft.-lb. 

40,300 ft.-lb. 

74,200 ft.-lb. 
153,000 ft.-lb. 
465,500 ft.-lb^ 


Mil on sidewalk = 3.58 X 100 X — 

8 

on outer lane (Problem 10-3) = 16,500 X 4.5 
edge support (Problem 10-3) 
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In order to illustrate the procedure clearly, the analysis of the section will 
be made with more refinement than is usually the case in practice. The 
various steps are as follows, using the data for the member as shown in Fig. 
10-23, in which the rods near DE are neglected: 

1. Location of Neutral Axis: 

27 X 6{kd - 3) + m - 8)2 + 11 X Kkd - 2) = 

12 X 12.47(24.5 - M) + 12 X 1.76(22.5 - kd) 
kd 10.46 in., d — kd ^ 14.04 in. 

Probably the real neutral axis is not straight, but it may be somewhat as 
shown by the dotted line in Fig. 10-23. However, an attempt at an exact 
analysis does not seem to be justifiled.^ 

2. Calculation of I c-' 


+ 27 X 6 X 7,46. + + “iilE + 

12 3 3 

11 X 8.462 -j- 12 X 12.47 X 14,042 12 X 1.76 X 12.042. 


Therefore, h = 49,220 in.'* 

3. Section ModiM for Transformed Section: 


= — = = '±,<uuin.“ 

kd 10.46 ' 

_ " I c 49,220 

n{d - kd) 12 X 14.04 


292 inJ 


4. Unit Stresses: 


M _ 465,500 X 12 
Sr ~ 4,700 

M _ 465,500 X 12 

S. “ 292 


1,190 lb. per sq. i 
19,100 lb. per sq. 


The results of the foregoing analysis will be accepted, and torsion will be 
neglected. However, the results show the danger of excessive stresses 
in the concrete when a portion of it projects above the general level: also 
in the steel when some of it is far below the plane of the main part of the 
reinforcement. The designer should try to make the difference between the 
main slab and the projecting part as moderate as possible. 

The transfer of shear also needs attention. If Ce and Cr of Fig. 10-23 
represent the resultant compressive and tensile forces, respectively, there 
must be longitudinal shearing stresses on vertical planes between these two 
forces. On the other hand, if the concrete is cracked below the neutral 
axis because of the strain in the steel, the ability of the concrete to transfer 
these shears is reduced somewhat. It is therefore desirable to use sub- 

^ For a better bending theory, see Hardy Cross, The Column .\nalogy, 
Engineering Experiment Station, University of Illinois, BulL 215. 
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staiitiai ties along the planes of the rods near DE and HK, stirrups in BC^flL 
and hooked or bent ties joining AB to the curb, doing this so as to knit the 
structure together thoroughly. 

When the slab and sidewalk of Fig. 10-23 cannot be poured monolithically, 
it is necessary to have a vertical construction joint along L>J or a horizontal 
one along D, the latter being preferred because the stirrups will tie the 
bottom to the upper part of BCJH. However, the joint must be roughened 
to transfer the horizontal shear. 


O'' 

♦ ^ |A 

S4" - 

IB |C 

1 



1 


S D E 


A Y 

'^Neutral axis 



1 ■ ' ^ ^ 

1.76 Possibie neutral axis 

~csss=sMsst 1 

1 -'1<M ■X5 

Lfl 


' H J K 

Fig. 10-23. 


10-6. Shear in One-way Slabs. Experiments that have been 
made by Spangler^ upon one-way, simply supported, concrete 
slabs with thicknesses of 2.5 to 6.5 in., with spans of 3 5 to 10 ft.. 
and with widths of 5 to 7.5 ft. indicate that the actual shear per 
foot of width of such slabs may not differ greatly from Wester- 
gaard's theoretical results for thin flat plates ^ provided the loads 
are more than 0.25L from the support at which the shear is 
desired. However, when the loads are closer to the support, 
the experimental values are much less than the theoretical ones — 
probably because of the spreading that results from the thickness 
of the slab. Spangler recommends that the effective width 
of the slab for shear should be 

be = ( 10 - 2 ) 

where t is the thickness of the slab in feet, and he is in feet. This 
will be adopted as a minimum. However, since shearing stresses 
must accompany changes of bending moments, and since Wester- 
gaard’s data show that the moments are spread through wide 
areas in long-span slabs, the effective width in shear will be 

^ The Distribution of Shearing Stresses in Concrete Floor Slabs under 
Concentrated Loads, Iowa Engineering Experiment Station, Iowa State 
College, BvU. 126. 

‘ See Computations of Stresses in Bridge Slabs Duo to Wheel Loads, 
Public Roads, March, 1930. 



Art. 10-5] 


SHEAR IN' ONEA\ AY SLABS 


309 


assumed to be the same as that which has been used for negative 
bending moments at the supports, i.e., 

he = 2c + lAd or 2t + lAd. ilO-1) 

A comparison of the values of be when computed by an approxi- 
mation from the data of Westergaard, Spangler, and the second 
term of Eq. (10-1) is shown in Eig. 10-24. The introduction 



Fig. 10-24.- -Effective widths of slabs for the computation of shearing stresses 

of the term 2t or 2c in Eq. (10-1) will increase K It is apparent 
that Spangler’s formula will control for short spans and for cases 
in which the loads are near the supports. 

When the effective widths for various loads overlap, the shear 
per foot of slab is assumed to be the sum of the shears that are 
due to each individual load that affects that particular strip, in 
the same manner as that shown in Fig. 10-17 and described for 
negative moments in Art. 10-3. 

Westergaard’s data show that the intensity of the shear is 
increased when the support is fixed instead of hinged, but it is 
not necessary to make any change in the effective width for 
such cases. However, one should be conservative in the selec- 
tion of the permissible unit shearing stress because of the cracking 
of the concrete which may occur in the top of the slab at such 
points of high negative moment. 

Spangler^s experiment indicated that the maximum ^healing 
stresses when loads were placed near the free edge of a slab were 
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t wo or three times as great as when these loads were more central- 
ized. In general, for large slabs, it is advisable to design the 
edge support to withstand ail of the shear that is represented by 
the part of the effective width (or effective widths for multiple 
loads) that lies ouside the edge of the slab. 

Problem 10-6. Find the shearing stress at A in the slab AB of Fig. 
10-18 for the loading condition that is shown in the picture. Assume 

= 3,750 lb. per sq. in. 

The dead-load reaction per foot will be (Art. 10-2) 

1.2 X wL' 

- 0.6 X 182 X 14.42 = 1,570 lb. 


The live-load + impact reaction per foot may be found by taking the posi- 
tions of the loads as in Fig. 10-18, scaling the corresponding ordinates for Ra 
from Fig. 10-14 for 75 per cent fixed end, and dividing the results by the 
proper effective widths which were computed in Part 2a of Problem 10-2, 
as follows: 


For 


For F, 
For G, 


Ra 

Ra 

Ra 


0.97 X 21,800 
5 

0.83 X 21,800 
8.7 

0.37 X 21,800 
17.1 


- 4,230 lb. 
= 2,080 lb. 

- 470 lb. 


The total reaction per foot is SFa = 8,350 lb. 

The analysis of the slab in Problem 10-2 gave k = 0.316, j = 0.9, and 
d = 11 in. 


Therefore, 


F 

vl - — - 
hjd 

8,350 

12 X 0.9 X 11 “ 

V 

8,350 


12 X 0.316 X 11 


— 200 lb. per sq. in. 


Therefore, no stirrups are required, because the Code permits 0.03/^ 
~ 0.03 X 3,750 — 113 lb. per sq. in. 

10-6. Concentrated Loads on Two-way Slabs. A two-way 
slab is defined as one that has supports along all four sides and 
that has reinforcement extending in the directions of Li and L 2 
(Fig. 10-25). 

When a load is placed at the center of such a slab, the point C 
will deflect a definite amount. If one imagines that AB and ED 
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are unit strips of the slab centered on C, the deflections of AB and 
ED will be equal at C, On this basis, if these strips were acting 
alone, the proportion of this concentrated load that would be 


carried by each strip would vary 
inversely as the cubes of the 
spans. However, the distribu- 
tion of the load to other por- 
tions of the slab complicates the 
problem. 

Westergaard’s studies show 
that the bending moments in a 
simply supported slab of this 
character can be determined by 


B Beam^ 



Fi<j. 10-25. 


using the data of Fig. 10-5 or 10-6. For instance, let Fig. 


10-26(a) be a plan of a slab of infinite length with a span Xi. 


Apply a downward load P, at P, with coordinates r, y; apply a 


second load P acting upward, at P, a distance 2a from E. These 



Fig. 10-26. 


two forces counteract each other so as to cause zero deflection 
and zero moment at D. This is equivalent to the presence of a 
simply supported edge along X), as far as the action of the slab 
between 0 and D is concerned. 

If a second upward force P is added at H of Fig. 10-26, with 
equal downward forces at J and G, the practical efiect is to 
cause zero deflection and zero moment at C as well as at D. 
This is equivalent to having hinged supports along four sides 
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of a slab with spans h and L 2 . Figures 10-2 to 10-6 can then be 
used to find fi/x and My, considering both the upward and the 
downward forces. 

If the long side of a two-way slab exceeds twice the short 
side, it is best to design the short span as a one-way slab and to 
use a little more lateral reinforcement than would be placed in 
the one-way slab. 

When the edges of a two-way slab are fixed, or when those on 
two opposite sides are fixed while the others are hinged, the 
negative bending moments in the slabs at the supports are very 
uncertain.^ For a conservative design, it is recommended that, 
when 1/2 of Fig. 10-26 exceeds 1.5Li, the slab should be considered 
as a one-way slab in computing the negative moment in the long 
sides; when loads are close to any support, the negative moments 
should be computed as for one-way slabs; and when the loads 
are near the center of a panel in which L 2 is less than 1.5Xi, the 
negative moments may be computed in both directions as for a 
one-way slab with the portions of the load that are carried by 
each strip assumed to be inversely proportional to the cubes of 
the spans. 

Generally, the shears in two-way slabs will be critical when 
the loads are near the supports. It will be conservative to 
calculate these shears as for one-way slabs. 

Problem 10-6. Assume a two-way slab as pictured in Fig. 10-26 for 
which Li - 15 ft., L 2 - 20 ft., t - 1.33 ft., and c - 1.25 ft. Find the 
bending moments Mx and My for the load P at 0. 

Since y is zero, a = O.QILij and y 2a = 1.34Li. Then, for the upward 
forces at H and F, y = ±1.34Li, and a; = 0; for the downward forces, 
y = ±2.68Li, and a; =* 0. Therefore, using Fig. 10-2, with c/Li — 0.083 
and Li/t = 11.3, for the load at 0, Mx == 0.325P, and My - 0.257P. 

Then Fig. 10-5 gives the following: 

For loads at H and P, 

Mx - -2 X 0.012P, and ilf, = +2 X 0.008P. 

For loads at J and G, 

Mx and My ~ practically zero. 

Mx - 0.30 IP, and My = 0.273P ft.-lb. per ft. 

Problem 10-7. Assume the same slab as in Problem 10-6. Find Mx and 
My at 0 for a load P at a: = 1 ft. and ?/ == 3 ft- 

1 See Nathan M. Newmark, A Distribution Procedure for the Analysis 
of Slabs Continuous over Flexible Supports, University of Illinois, Bull 304. 
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For all loads, x == Li/15 = 0.067Ii. For£^, y = 0.2Li; forF, y = Uh = 
l.lSLi; for H, y = — f-JLi = ~l,53Li; for (7, y = IJLi = 2.S6Li; and for 

y zs —flLi = — 2.47Li. Using Fig. 10-6 for E and F, and Fig. 10-5 
for H, gives 

For load at F, Af. - +0.157F, and M, = +0.05P 

For load at F, == -0.019F, and 3/j, = +0.009F 

For load at H, Mx == - O.OlOF , and My = -f 0.005P 

Therefore, SAF^ = 0.128P, ZMy = o76Sp. 

The loads at G and J are neglected. The moments are in foot-pounds per 
foot of width of slab. 

10-7. Uniformly Distributed Loads on Two-way Slabs. Two- 
way slabs that are part of large, continuous, monolithic floor 
systems are statically indeterminate. The Joint Committee has 
given their design considerable study. The recommendations 
in the Code^ are based partly upon theory and partly upon tests. 
They are believed to be reliable and to yield safe results; hence 
they will be adopted herein. 

The following outline is an attempt to state briefly the rules 
given in the Code: 

1. Slabs must be monolithic with supports, solid or ribbed both ways, 
and supported on all four sides with edges continuous or discontinuous. 

2. Span = center to center of supports, or clear span -j- twice the slab 
thickness, whichever is the smaller. 

3. S denotes short span. 

4. 771 denotes ratio of short span to long span. !Min. m (for computa- 
tions) = 0.5. 

5. Middle strip is a strip across panel, one-half panel in width, symmet- 
rical about center line of panel. If m is less than 0.5, middle strip width — 
long span minus short span. 

6. Column strip = remainder outside of adjacent middle strips and 
centered along support, as pictured in Fig. 10-27 (a). 

7. w — uniformly distributed load (panel fully loaded). 

8. Principal design sections: 

A. For negative moments: along edges of panel at faces of supports. 

B. For positive moments: along center lines of panel. 

9. Bending moment coefficients — as shown in Table 10-1 A. Interpolate 
for intermediate values of m. For column strip moment coefficients, use 
two- thirds of value used for middle strip as average, varying from maximum 
at edge of middle strip, where value equals that of middle strip, to one-third 
that value at edge of panel. 

10. Reinforce top and bottom of exterior corners of panels for same 
moment as positive moment in middle strip. Critical section in top of 

^ Data based largely upon H. M. Westergaard, Formulas for the Design of 
Rectangular Floor Slabs and Supporting Carders, A.C.I. Proc. p. 26, 1926. 
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slab is perpendicular to diagonal; in bottom, parallel to diagonal Effective 
area of diagonal rod = A X sine of angle between rod and critical section. 

11. When varying spans or loads on opposite sides of supports cause 
unequal negative moments, distribute two-thirds of unbalanced moment to 
the two spans in proportion to their I/L (stiffness factors). When the 


Column Middle Column Middle HcrlTco/umn 



(b) 

Eig. 10-27. — Assumed distribution of loads to beams supporting two-way slabs 
with uniform loads. 


difference between the unadjusted negative moments is large (perhaps 
20 per cent of the larger), investigate mid-span positive moments as for 
continuous beams, or assume such moment « 1.5 X the original end 
moment in that panel minus the average of the end moments in the adjacent 
panels. 

12. Distribution of load for shear in slabs and for design of supporting 
beams assumed to be uniform load on area within 45° lines from corners and 
median line of panel parallel to long side (Fig. 10-27), giving the following 
total loads for design of beams, considering panel on one side of beam: 

(a) Shears: 

wS^ 

(1) For short spans: IF^ = — *• (10-3) 

4 

wS^/ 2 — M 

(2) For long spans; = — ( (10"4) 

4: \ in 

Note: Adjust reactions to take care of effect of different end moments. 
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Table 10-lA. — B ending Moment Coefficients C for Twt>wAY Slabs 
For moments in middle strips in ft.-Ib. per ft. width of slab 


Bending moments 


Case 1. Interior panels 
Negative moment at con- 
tinuous edge 

Positive moment at mid- 
span 


Short span 
Values of m 

7 oTs' 

1.0 i 0.9 0.8 j 0.7 ! 0.6 and 

i ! i less 


Long 
spuiii, all 
, values 
of m 


0 . 033!o . 040j0. 048 0 . OoojO. 063 0 . 083 0 . 033 
0 . 025 jo . 03 o!o . 036 0 . 04 1 io . 047 0 . 062 0 . 025 


Case 2. One edge discon- 
tinuous 

Negative moment at con- 
tinuous edge jo. 041|0.048l0.055'0.062j0. 069 0.085! 0.041 

at discontinuous edge.. . jO. 021 0.024|0.027jo. 03l!o. 035 0.042: 0.021 
Positive moment at mid- 
span iO . 031 10 . 036l0 . 041 !0 . 047!o . 052 0 . 064 1 0 . 03 1 


Case 3. Two edges discon- 
tinuous 

Negative moment at con- 


tinuous edge |0.049!0.057 !o.064|0.071|0.07S|0.090 0.049 

at discontinuous edge. . . . 028j0. 032 0. 036 'o. 039 ;0. 045 0.025 


Positive moment at mid- 


span 


|0 . 037 jo . 043|0 . 04S|0 . 054 jO . 059:0 . OOSj 0 . 037 


Case 4. Three edges discon- 
tinuous 

Negative moment at con- 
tinuous edge |0.058|0.066|0.074j0.0s2j0. 0900. 0981 0.058 

at discontinuous edge. . . |o. 02910. 033|o.037i0. 041 0 .04510.049 0.029 
Positive moment at mid- 
span. jo . 044|0 . 050|0 . 056i0 . 062 jO . 06S|0 .074 0 . 044 


Case 5. Four edges discon- 
tinuous 

Negative moment at dis- 
continuous edge |0. 033 0.0380. 043|0. 0470. 053 0.055' 0.033 
Positive moment at mid- I | 

span 0 . 050 0 . 057 0 . 064 iO . 072 0 . OSO 0 . 0831 0 . 050 

Moment ~ CwS~ for both long and short spans, xv — load in lb. por sq. ft. Slabs inter- 
posed between heavy masonry walls are considered as diseontinuoiis. 
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(h) Approximate uniform load per foot of beam for computing bending 
moments: 

(1) For short span: ws — (10-5) 


(2) For long span: wl = ~ 

13. Jvlininium slab thickness t 4 in. but not less than 


(10-6) 




(10-7) 


’%500 
72 /: ■ 

where short span S is in inches and N is total length in inches of slab periph- 
ery that is continuous with adjacent slabs. 

Problem 10-8. Assume a building floor like that in Fig. 10-27 with several 
bays 22 ft. long. The live load = 150 lb. per sq. ft., and == 3,000 lb. 
per sq. in. Find the maximum bending moments and shear in the interior 
bay shown, using the procedure given in the preceding outline. 

Assume /S' ~ IS ft., m = — 0.82. 


, 216 2 X 216 -h 264 


:\j_ ^/ 2,500 

/72 "Va.ooo 


5.4 in. 


For the interior panel, i — 5.3 in. 

Table 10-2. — Bending Moments in Middle Strips of Slabs 
For Problem 10-8 









if - 


Panel 

Edge 

Center 
of span 

m 

Coef. C 

S, ft. 


CwS\ 
ft.-lb. 
per ft. 

Min As, 
sq. in. 


AA' 


0.82 

0.026 

18 

324 

-1,900 

0.29 


BB' 


0.82 

0.054 

18 

324 

-3,940 

0.57* 

AA'B'B 

AB 


0.82 

0.041 

18 

324 

-2,980 

0.45 


A'B' 


0.82 

0.041 

18 

324 

-2,980 

0.45 



Short 

0.82 

0.040 

18 

324 

+2,910 

0.44 



Long 

0.82 

0.031 

IS 

324 

+2,260 

0.34 


BB' 


0.91 

0.039 

20 

400 

-3,520 

0.57* 


CC' 


0.91 

0.039 

20 

400 

-3,520 

0.53 

BB‘UC 

BC 


0.91 

0.033 

20 

400 

-2,970 

0.45 


B'C 


0.91 

0.033 

20 

400 ' 

-2,970 

0.45 



Short 

0.91 

0.030 

20 

400 

+2,700 

0.41 



Long 

0.91 

0.025 

20 

400 

+2,250 

0.34 


* Adjusted by distribution of unbalanced M withy = 0.88; d = 4.5 in. 


Assume / = 6 in. throughout, and w = 150 -h 75 = 225 lb. per sq. ft. 
Then interpolate in Table 10-lA to find the moment coefficients and to com- 
pute the data given in Table 10-2. 
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The negative moments along BB' for the middle strip appear to differ 
by 3,940 — 3,520 = 420 ft.-lb. This should be adjusted as follows: 

. 1 ^ X 6 *\ , 216 

Outer panel: - -- — I -j- 216 — = 1.0 

L 12 / 216 

, . 'I /l2 X 6 216 

Interior panel: ^ = I ^ 240 = — = 0.9 

M for outer panel: 3,940 - X 420 X 0.67 = 3,790 ft.-lb. 

0.9 

ili" for interior panel: 3,520 + ^ *^20 X 0.67 = 3,650 ft.-lb. 

Having the bending moments, the reinforcement can be determined. 
Furnishing the required steel areas with a practical bar arrangement is not 
as simple as it may appear. Generally, part of the bottom steel should 
extend throughout the slab in both directions; some may be bent up to 
resist negative moments, although the slab is too thin for this to be very 
advantageous. 

The greatest shear will be in the middle strip of the short span in panel 
AA'B'B. It is 225 X 9 = 2,025 lb. for a 12-in. strip. 

In some cases the stiffness of such large thin slabs may need to be inves- 
tigated. 


f-Mesh or rook 



“ Roofs fn 
cross-ribs 

^‘Suspended ceiling ' ' Reinf, rods 

Cb) 

Fig. 10-28. 

10-8. Tile-filled and Ribbed Floors. In building construction 
for which the live loads are not large, it is often economical to 
use large slabs with hollow-tile filler blocks as pictured in Fig. 
10“28(a) or with hollow spaces which are produced by the use 
of thin steel forms, or ‘‘pans,” as shown in Sketch (b). Both ot 
these types may be built with the one-way or two-way system 
of reinforcement, but the latter is generally more rigid. The 
two-way system is made by using square or rectangular tiles or 





fii t 
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pans which are separated on all four sides so as to form a series 
of small T-beams at right angles to each other. 

The design of these special floors is based upon the same 
principles as those which have been explained for solid slabs. 

10-9. Beams Supporting One-way and Two-way Slabs. The 
beams that support one-way slabs — ^like the stringers at A and B 
(Fig. 10-9) — are to be designed to support the reactions that are 
delivered to them by the slabs. When dealing with concentrated 
mo\ing loads, these should be placed so as to give the maximum 
stresses in each individual beam. If these loads are within 2 or 
3 ft. of the beam, the reactions from them should be treated as 
concentrated loads; otherwise they may be assumed to be 
distributed uniformly over a length that is to be determined by 
Eq. (10-1). 

For beams that support tw^o-way slabs, the Code speciflcations 
have been given in Art. 10-7 for uniformly distributed loads. 
The designing of the beams will be similar to the calculations 
showm in Figs. 4-21 to 4-23. 

The effects of concentrated loads on beams that support two- 
way slabs are to be determined in the same general manner as 
for beams that carry one-w^ay slabs. 

10-10. Flat Slabs. The term ‘‘flat slabs’’ denotes large, 
rectangular slabs of approximately uniform thickness w^hich are 
supported on columns but which have no beams or girders to 
carry these slabs — except possibly at the outside of the structure 
or at openings. Decreased height of each story, excellent light- 
ing and ventilation, better fire resistance because of the absence 
of projecting corners, easier form work, and better economy for 
heavy uniform loading — these are some of the advantages of 
fiat-slab construction. Figure 10-29 shows its use for both an 
elevated railway and a warehouse. 

The essential parts of this type of construction are pictured in 
Fig. 10-30. This shows that, for design purposes, the slab is 
divided each way into column strips, which serve the purpose of 
beams between the columns; and middle strips, which may be 
regarded as suspended spans that are carried by the column strips 
for two-way systems — reinforcement parallel to the column rows 
in both directions. In a four-w^ay system, as indicated in Fig. 
10-30, the middle strips are crossed by two sets of diagonal rein- 
forcement w^hich carry the loads more directly to the columns. 
How'ever, the four-way system is more complicated, and the 
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“ packing up ” of the four layers of rods is objectionable if the slab 
is relatively light. Figure 10-31 should be studied very carefully 
because it shows a two-way system that is under construction. 

When a flat slab is loaded, it deflects on all sides of the columns 
which tend to punch through the floor. In fact, an exaggerated 
example can be seen when one props up a large canva.s with a 
system of poles. Negative moments exist around the edges and 





Fig. 10 - 29 . — Construction of Lackawanna Terminal Warehouse, Jersey City, 
N, J. (^Courtesy of Turner Construction Co.) 


across the tops of the column capitals which are flared out in 
order to reduce these moments and the shears — the same being 
the function of the drop panels. The determination of the 
magnitudes and distributions of the stresses is exceedingly com- 
plex if one attempts to compute them theoretically. However, 
the empirical rules which have been determined from experiments 
and which are set forth in the Code will be sufficient for practical 
designs. 

The following is, in general, an outline of recommendations 
given in the Code, with some additional explanations: 

A. Limitations for applicability of specifications: 

1. Slabs must be rectangular and monolithic with columns. They 
may have intermittent drop panels or continuous ones forming 
paneled ceilings, or they may have none at all. 

2. There must be three or more rows of panels in each direction. 

3. Maximum ratio of length to width of panel — 1.33. 
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4. Widths of drop panels must approximate one-third of panel 

length. 

5. Maximum thickness through drop panels = 1.5 times thickness of 
slab outside of drops. 





M 

H 

H 

m 

H 

H 


Quarier reinf.p loin, Two -way system 


Quarter plan, Four-way system 
Slab 




- Varies, about 0.225 1 


Drop pane/ ^ \ ] 
Capitol-'^ ^ j ‘ 
Cofumn"' M* 


Fig. 10-30. 


6. Dimensions of adjacent panels must not vary by more than 15 
per cent. 

J5. Principal design sections (see Fig. 10-30) : 

1. Negative moments — along edges of panel. Notice that —Me sec- 
tions for column strips follow perimeters of capitals. 

2. Positive moments — along center lines of panel. 

3. Width of column head section for calculating compression and 
for resisting negative moments = width of drop panel or 0.5/i 
where no drop panel is used, h = length of panel perpendicular to 
span of strip being considered. 

4. In two-way system, reinforcement to resist computed bending in 
a strip must lie within that strip itself. 
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5. In four-way or other systems, reinforcement to resist computed 
bending in a strip = sum of normal areas of all rods in the strip 
times the cosine of the angle between each bar and the longitudinal 
axis of the span. 



Fig. 10-31. — Construction of Lackawanna Terminal Warehouse, Jersej' City, 
N. J. {Courtesy of Turner Construction Co.) 


C. Bending moments: 

1. For interior panels, the total bending moment Ma in the direction 
of either side of the panel for a uniformly distributed load of 
w lb. per sq. ft. is 

Mo = 0.09(/ - (10-S) 

The symbol c — effective diameter in feet of a round capital at its 
junction with slab or drop panel except that one must disregard 
any part of the capital outside the largest 90® cone that can be 
included within the outline of the capital. If the capital is rec- 
tangular, c is the diameter of a circle having an area equal to the 
base of a similarly inscribed 90® pyramid. 

2. Distribution of total moment Mo at principal design sections shall 
be as shown in Table 10-3. These moments should not be changed 
by more than 6 per cent, and the numerical sum of positive and 
negative moments at the principal design sections must not be 
reduced. 

3. The minimum reinforcement at any section of any strip or band is 
A, = 0.00255d. 

4. Discontinuous panels (one or two adjacent -^dgesd 

a. Beams at edges of discontinuous panels are assumed to restrain 
the slab. Columns having a stiffness factor at least 1.5 
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Table 10-3. — Moments to Be Used in Design of Flat Slabs 
For interior panels 



Flat slabs 

Flat slabs 

Strip 

without drops 

with drops 


Negative 

Positive 

Negative 

Positive 


Slabs with two-way reinforcement 


0.463/o 0.22Mo 0.20Mo 

0.16il/o 

Slabs with four-way reinforcement 

Column strip . 0 . 54 Af o 

Middle strip . . 0 . lOilf o 0 . 20Mo 0 . OSAf o 


Column strip . 
Middle strip . . 


Table 10-4. — Factors by Which Bending Moments in Table 10-3 Are 
TO Be Multiplied to Compute Bending Moments in 
Discontinuous Panels 



1 

Strip 

Angle 

with 

edge 

Discon- 

tinuous 

edge 

Center 
of span 

First 

interior 

column 

row 

At 

exterior 

column 


1 

Column 

90° 

0.80 

1.15 

1.15 



Column 

0° 


1.15t 

1.15t 


Restrained 

Middle 

90° 

0.80 

1.30 

1.30 


edge 

Middle 

0° 






Half column, 

0° 


0.25 


0.25 


along edge 







Column 

90° 

0* 

1.50 

1.15 



Column 

0° 


i.ist 

1.15t 


Unrestrained 

Middle 

90° 

0* 

1.50 

1.30 


edge 

Middle 

0° 






Half column, 

0° 


0.25 


0.25 


along edge j 







Note: When designing an outside corner panel, make column and middle strips each way 
the same as given for those 90° to the discontinuous edge. 

* Miniinnrn reinforcement at any section = 0.00256d. 

t For corner panels with two discontinuous edges; also seems to be desirable tor others. 
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times that of the slab (1 /I) are equivalent to such beams where 
I of the slab is based on a width equal to center to center of 
columns and the thickness is -i- 

b. Bending moments given in Table 10-3 shall be corrected as 
shown in Table 10-4. 

c. Extend positive and negative reinforcement to within 2 in. of 
discontinuous edge, and anchor the latter. 

5. If there is an interior beam or bearing wall along center line of 
columns, multiply the moments of Table 10-3 by the following: 

а. 1.30 for the negative moment of middle strip. 

б. 0.25 for the moments in column strip above and parallel to the 
beam or wall. 

D. Thickness of slab and drop panel: 

1. To avoid excessive stress at middle of column strip due to non- 
uniform distribution of negative bending moments, change thick- 
ness computed on basis of moments and allowable unit stresses for 
balanced design to the following: 
a. Interior panels, 'with or -without drops : 

h =- l.2d -f l-Jin., (10-9) 

computing width of column strip as full width of strip without 
drops or width of drop alone if used. Also, minimum thickness 
outside drops is 

h = 0.67ii. TO- 10) 

h. Exterior panels: 

Vary Eq. (10-9) to agree wdth modifications of moments as 
set forth previously. If exterior panel widths equal interior 
ones, ii for exterior may be about 1.08b for interior. Com- 
pressive reinforcement may be used in the slab to maintain ti 
throughout, or exterior panels may be correspondingly 
reduced in width. 

Minimum thickness at center of panel; 
a. Floor slabs with drop panels, 4§ in. 

Floor slabs without drop panels, 5 in. 
h. Roof slabs with drop panels, 3-i in. 

Roof slabs without drop panels, 4 in. 

c. Floor slabs: end panels, 0.030f 
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E. Beams in flat slab construction : 

1. Beams (or equivalent) are to be used at all discontinuous edges; 
they are to be monolithic with slab and to frame into columns. 

2. Edge beams are to carry uniformly distributed load of one-fourth 
that on adjacent panel — plus all direct loads. 

3. Interior beams are to carry uniformly distributed load of one-fourth 
that on both adjacent panels — plus all direct loads — as a T-beam. 

4. If interior and intersecting beams interfere with flat-slab action, 
frame entire panel as beam-and-slab construction. 

F. Column capitals, brackets, and drops: 

L Minimum effective diameter of capital = 0.20^, where Z = average 
span length of rectangular panels. 

2. Brackets may replace capitals on exterior columns if slope is not 
flatter than 45° and brackets are as wide as column. Value of 
c = 2 X distance from center of column to where bracket is 1 J in. 
deep. 

3. Minimum length of drop ~ IL Increase if shear requires it. 

4. Use drops on exterior columns if used on interior ones. 

G. Points of inflection (assumed) : 

1. For interior symmetrical panels, distance from center of span = 0.3 
times distance between two sections of critical negative moments 
without drops or 0.25 times this distance with drops. 

2, For end panels, locate as for restrained beams. 

H. Arrangement of reinforcement: 

1. Arrange rods for intermediate as well as critical sections. 

2. Extend some positive and negative reinforcement at least 
beyond assumed point of inflection. 

3. Locate lapped splices in regions of small stress. 

4. Arrange at least 4/10 of bars to pass continuously through two 
sections of critical negative moments and intermediate one of 
positive moment. 

5. At least one-fourth of positive reinforcement in column strips is to 
extend 20 diameters or more into drops or to within jbZ of column 
centers if no drops are used. 

6. Negative reinforcement of column strips must be inside the strips. 
(With drop panels, it may be desirable to place a large part of it 
over the drop panel.) 

I. Shear and diagonal tension: 

1. Maximum allowable at distance d (effective depth) beyond 
capital or bracket and concentric with or parallel to it : 

CL. 0.03/c least 50 per cent of total negative reinforcement of 
column strip passes through the section. 
h. 0.025/g if 25 per cent of total negative reinforcement of column 
strip passes through the section. 
c. Interpolate for values between the preceding ones. 

2. Ivlaximum allowable vl at distance d beyond the drop panel and 
parallel thereto = 0.03j^, but most of the negative reinforcement 
of the column strip should be within the strip and above the drop. 
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J. Openings in fiat slabs. 

Openings may be used if moments given in Table 10-3 can be safely 
resisted. 



BandCy//6"c.c. 


(ei-Middis Strips 

Fig. 10-31A. — Schematic diagrams of flat-slab reinforcement. 

Problem 10-9. Assume that a building is 6 panels wide and 15 panels 
long. It is two-way flat-slab construction with drop panels. All spans 
are 20 ft. both ways; the live load — 250 lb. per sq. ft.; the drop panels are 
7 ft. square; and c for the capitals is 4.5 ft. Design the slabs of the exterior 
and the first interior panels of a typical intermediate bay as shown in the 
key plan in Fig. 10-31 A if /^ = 3,000 lb. per sq. in., n - 10, and the allow- 
able /« and/c = 18,000 and 1,050 lb. persq. in., respectively. Use the Code’s 
procedure. Assume a strong edge beam at the exterior wall so that the slab 
is restrained. 

Discussion. The numbers and letters given along the right-hand margin 
of the calculations refer to the applicable item in the preceding outline. 
Assume the average load w = 250 U 110 = 360 lb. per sq. ft. 

1. Interior panel: 

Mo == 0.09(20 - I X 4.5)2360 X 20 = 187,000 ft.-lb. Cl 

Column strip: —^^c = —0.50 X 187,000 — —93,500 ft.-lb. C2 

+ d/c- = +0.20 X 187,000 == +37,400 ft.-lb. C2 

Middle strip: = -0.15 X 187,000 = -28,000 ft.-lb. C2 

+ IU„ = +0.15 X 187,000 = +28,000 ft.-lb. C2 
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From Table 5, Appendix, K = 169 for balanced design. 
Width of column strip for compression == 7 ft. 


jU 1 93,500 
ylFb ■"V 169 X 7 

= 1.2 X 9 + 1.0 = 12.3 in. (say 13 in. to allow for extra 
thickness of exterior panel slabs) 
t -2 = 0.67 X 13 == 8.7 in. (say 9 in.) 

Shear near edge of capital: 


r « 

t’i = 


10 X 20 

66,200 

(ir X 38.5)0.88 X 


-ih+ir) 


360 = 66,200 lb. 
= 54 lb. per sq. in. [E 


D1 

B3 


Dla 

Dlb 

Dla 


Ilo 


Shear near edge of drop panel: 

360 = 60,0001b. 

i2 

60,000 

■ = 46 lb. per so. in. 

[2(42 -f 7.5) 4- (84 + 2 X 7.5)10.88 X 7.5 ^ ^ 

2. Exterior panel: 

Column strip: 

-Me at outer edge = -93,500 X 0.80 = -74,800 ft.-lb. Cib 

i-Mc at center = +37,400 X 1.15 = +43,000 ft.-lb. 

— Me at interior column = — 93,500 X 1.15 = —107,500 ft.-lb. 
iMiddle strip: 

— ilfm at outer edge = —28,000 X 0.80 =* —22,400 ft.-lb. C45 

+Mot at center = +28,000 X 1.30 = + 36,400 ft.-lb. 

—Mm at interior col. line = —28,000 X 1.30 = —36,400 ft.-lb. 

Half column strip parallel to edge: 

—Me at column - —93,500 X 0.25 = —23,400 ft.-lb. C45 

+il/c at center = +28,000 X 0.25 = +7,000 ft.-lb. 


10 X 20 




2 X' 


12 


Inspection of vl for the interior panel shows that, even though the bending 
moments at the first interior columns are greater than for the second interior 
ones, the change in the shear will be so small that the exterior slabs are auto- 
matically known to be able to resist the shearing stresses safely. 

3. Reinforcement. 

Figure 10-31+ shows the arrangement of reinforcing adopted. Equation 
(2-6a) is used for computing A,, assuming that all strips are 10 ft. wide 
except the half column strip along ++'. 

10-11. Cellular Construction. Cellular construction of rein- 
forced concrete is advantageous for relatively long spans because 
it permits the use of deep members without undue dead load. 
The resistance of such sections to bending can be utilized to good 
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advantage structurally and economically. Figure 10-32 gives 
one example of this type of construction. 

The design of cellular structures involves the same general 
principles that are used in other cases. However, there are many 
detail points which should be considered carefully. 



Fig. 10-32. — Schmitz Park Bridge, Seattle, Wash. (Courtesy of Fortland 
Cement Association.) 


Figure 10-33 shows half of the cross section of the Summit 
Avenue Bridge^ over the New Jersey approach to the Lincoln 
Tunnel in Union City, N. J. It is a two-span continuous struc- 
ture, and it is shown in more detail in Fig. 10-34, which will be 
used as an example in order to clarify the following discussion : 

1. The calculation of the resistance of such a section to bend- 
ing moments is similar to that for T-beams. Each cell is made 
to carry its particular portion of the loads. The transformed- 
section method may be used for computing Ic. The engineer 
can use his judgment in simplifying the details of the section in 
order to facilitate the calculations, as will be shown in Problem 
10 - 10 . 

In this structure, the 12-in. slabs between the cells, and the 
parapets, were poured after the forms for the cells were removed, 
so these parts should be disregarded in the computation of L, 

1 This structure is unusually deep, but it is made to carry a 36-in. diam- 
eter sewer through the central cell. 
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this being a conservative assumption. However, the slab will 
participate somewhat in supporting the live loads and the dead 
load of the deck. The parapet was separated into units by 
deflection (or expansion) joints in order to prevent its participa- 
tion in the bending action. 

\\lien one is designing a rigid frame or a continuous structure, 
it is necessary to design it for both positive and negative bend- 


B/dgJine 

ra/finof 


‘Earth 
slope 

rOerr/ck 
p/aced 
stones 
il\/5ra/7/te 
rubb/e 
ashlar 
masairy 

Batter 
itn 


Fig. 10-33. — Section of Summit Avenue Bridge, New Jersey approach to the 
Lincoln Tunnel in Union City, N.J. 



ing moments. It is obvious that, in this case, there is consider- 
able concrete to resist the compressions due to the former; but 
in the case of negative moments, the resistance to compression is 
confined to the U-shaped bottom part of the cell. Therefore, 
near the points of large negative bending moments, the side walls 
and the bottom slab should be thickened considerably on the 
inside. 

2. The placing of the longitudinal reinforcement must be 
studied carefully. When the intrados of the structure is curved, 
the rods should be concentrated largely near the bottom of the 
side walls; othervdse the slab may buckle, or the rods may spall 
the concrete because of insufficient ties to carry the radial com- 
ponents which result from the curvature of the rods. The detail 
of the central cell in Fig. 10-34 shows the arrangement of the steel 
for positive moments; that of the outer cell, for negative moments. 

The rods must be arranged so that they can be spliced by 
lapping without undue hindrance in the placing of the concrete; 
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they must be adequately encased; and they must be tied in to 
resist the radial component of the tension. 

3. The provision for longitudinal shearing stresses is one of the 
most difficult problems in such designs, especially if the structure 
is continuous. The intensities of these stresses may be computed 
from the formula Vl = V/b'jd^ where b' is the total width of the 
vertical walls of the cell — two walls in this case — and j is the 
distance from the centroid of compression (approximately) to 
the lowest row of rods. These shears will be very large in most 
cases; hence construction joints are points of possible weakness. 
Also, thin walls are to be avoided on general principles. 

It is necessary to pour the bottom slab first. Then, as shown 
in the picture, it is advisable to provide large fillets at its junction 
with the side walls in order to facilitate the transfer of shearing 
stresses into the slab and in order to make room for stirrups, 
corner reinforcement, and hooked rods from the slab. 

Technically, this construction joint should be saw-toothed^’ 
in order to provide the maximum shearing strength. However, 
this is difficult to do, and it would cause a ragged appearance. 
Therefore, the joint should be carefully and deepl}^ scored cross- 
wise except at the exposed edge. In this particular structure, 
reinforcing trusses were used across the j oint. 

4. The vertical shear must be provided for in the side walls. 
In such heavy, deep structures, the complications that result 
from bending up the longitudinal rods usually exceed the advan- 
tages of their use in resisting the shear. It is generally advisable 
to use vertical stirrups alone for this purpose, to use them 
throughout the structure with spacings not over 18 or 24 in. c.c. 
In this bridge, no allowance was made for the shearing strength 
of the concrete alone, but the stirrups were designed to with- 
stand the full shear at a unit stress of 22,000 to 25,000 lb. per 
sq. in. 

5. The reactions at the supports must be investigated. The 
compressive stresses under the side walls are likely to be exces- 
sive. One remedy is the provision of heavy end or cross walls 
at the bearing points, thickening of the side walls, and adequate 
shear reinforcement to make the cross walls effective. 

6. A cellular structure should also have adequate diaphragms 
or cross ribs so as to avoid distortion and consequent cracking 
near the corners of the cells. These diaphragms may or may not 
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extend between the cells. In Fig. 10-34, the cross ribs are used 
only in the cells. 

problem 10-10. Find the resisting moment of the outer ceil of the bridge 
of Fig. 10-33 if the details are as given in Fig. 10-35. Assume that the 
allowable fc and fs equal 1,000 and 18,000 lb. per sq. in., respectively, and 
that n — 10. 

An examination of Fig. 10-35 shows the approximations that have been 
made before attempting to compute the Ic of this section. The fillets are 



Fig. 10-35. 


replaced by the use of rectangular portions at Ad/, JK, and HG, The |-in. 
round ties in the webs are equivalent to a sheet of steel 0.1 in. thick .4 X 
0.3 - 4 - 12) extending from about 12 in. above the bottom of the section to the 
neutral axis, the top ties being neglected. 

The detailed calculations are as follows : 

^27 4-211 

X 8(/cd - 4) + [ARKM + QBSGX^ -{kd)^ -f [BCTS] 

^(kdy - [TDU]-~^^{kd - 6)3 -f 9 X 11.24(A7i - 3.5) = 10 X 
2 24 X 6 

10 X 0.1 

20.38(128.5 - kd) + 10 X 12.48(124.5 - kd) 4- —1120 - W)-. 
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The bracketed letters indicate the portion that is being considered. 

H = 22.6 in., d - H = 106 in., i = 0.175, _ L = 4.273,000 in.^ 
Sc - 190,000 in.®, = 4,030 in.® 


1,000 


1 cnn ft -ki 


18,000 X ‘1?030 _ ^ ft. -kips (controlling M). 

12 X 1,000 


In all probability, tension in the concrete of such a deep, massive structure 
wii be partly effective so that the neutral axis wdl not be so h.gh as at 
appears to be in these computations. 


Practice Problems 



Fig. 10 - 36 . 

12 in. Find M, and df, per ft. of width of slab at the point of application 

Problem 10-12. Assume that a 20-ton truck like that of Fig. 10-7 runs 
on the slab of Problem 10-11. Place both rear wheels on a a'ong the 
middle of the span. If c = 1.25 ft., find M, and My at one of the loads, 

using Figs. 10-2 and 10-5. + xi + 

Problem 10-13. Assume a large, simply supported slab similar to that 

of Fig. 10-1. L' = 18 ft., B is infinite, and the thickness of the slab - 12 m. 
Find ilf:r and My for the following cases: 

1. Dead load alone. 

2. Both rear wheels of a 20-ton truck (Fig. 10-7) placed along the ccn 
of the span parallel to the supports, using Figs. 10-2 and 10-5. 
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3. Both rear wheels of a 20- ton truck placed on a line at right angles to 
the support. One wheel is 1.5 ft. to the left of the center line: the other is 
4.5 ft. to the right. Use Figs. 10-2 and 10-4. 

4. Recompute 3 if one wheel is on the center line and the other is 3 ft. 
from the support, using Figs. 10-2 and 10-3. 

5. One rear wheel at the center of the span and the axle at an angle of 
30° with respect to the line down the center of the span, using Figs. 10-2 and 
10 - 6 . 


Problem 10-14. Assume that the slab of Problem 10-13 is fixed at the 
supports for dead loads and 50 per cent fixed for live loads. Find Mx and M'y 
if both rear wheels of a 20-ton truck are placed along the center of span, 
using Figs. 10-2 and 10-5. 

Problem 10-16. Using the methods of Art. 10-3, find the approximate 
maximum negative bending moment at the support of a slab like that of 
Fig. 10-8(6) for the loading conditions given below. Assume a series of 
spans 18 ft. long (clear span) with infinite length parallel to the beams. 
Call the thickness 13 in. Assume that the slab is 75 per cent fixed at both 
supports. Use the data for 20-ton trucks. 

1. One truck with its rear axle parallel to the beams and 4 ft. from the 
support. Notice that he = 2.5 + 1.4 X 4 ~ 8.1 ft. but that the effects of 
the two wheels overlap 8.1 — 6.0 =2.1 ft., which is about 20 per cent, 
as shown in Fig. 10-36(o), so that the load for a 1-ft. strip of slab may be 
called = 2P/8.1. 

2. Two trucks with their rear axles on a line parallel to the beams and 
6 ft. from the support. The trucks are 9 ft. c.c (3 ft. between adjacent 
wheels). For this case, 6e = 2.5 + 1.4 X 6 = 10.9 ft. The wheels overlap 
as shown in Fig. 10-36(6). The strip rn in the picture is affected by the 
arbitrarily assumed distribution of three wheels, but the overlap of those 
that are 9 ft. apart is less than 20 per cent of 6^ so that the effective load will 


be called 


2P -}- 0.5P 
10.9 


3. One truck with its rear axle perpendicular to the beams. The near 
wheel is 5 ft. from the support; the other wheel is 11 ft. from the same beam. 
In this case, he for the near wheel is 9.5 ft.; for the far one it is 17.9 ft. In 
terms of a 1-ft. strip of slab, the near load will be P/9.5; the other, P, 17.9. 

Problem 10-16. Using the methods of Art. 10-5, find the shearing stresses 
in the slab of Problem 10-15 for the following conditions of loading, assum- 
ing j = 0.88: 

1. Part 1 of Problem 10-15. 

2. Part 2 of Problem 10-15. 

3. One truck with its rear axle perpendicular to the beams. The near 
wheel is 1 ft. from the beam, and the other is 7 ft. away. 

Problem 10-17. Find Mx and My at the center of a slab that is simply 
supported along all four sides as in Fig. 10-26(a\ Let Li - 15 ft., Lt - 
20 ft., and the slab thickness = 12 in. The rear axle of a 20-ton truck is 
at the center line of span L\] one wheel is at 0; the other is 6 ft. to the right 
of G. 



CHAPTER 11 

ANALYSIS OF RIGID FRAMES BY METHOD OF WORK 


11-1. Introduction. The term “rigid frame” is generally used 
to denote a structure, or part of a structure, composed of members 
that are “rigidly” connected at their joints, the continuity of 
the members producing a structure that is statically indetermi- 
nate; i.e., the effect of a load that is placed upon one member 



Fig. 11-1. 


carries over to other members, and the stresses in the individual 
parts cannot be found by the use of the three equations of statics 
SF = 0, SH = 0, and Sikf = 0 alone. Furthermore, a rigid 
frame generally depends upon the flexural strength of its members 
and the stiffness of its joints to resist the external forces that it 
carries. 

In reality, the three-span continuous beam of Fig. 11-1 (a) is 
a rigid frame. A load P on span L 2 will cause the beam to curve, 
somewhat as shown by the dotted lines. This action sets up 

334 
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internal resisting moments at B and C. The stiffness and the 
strength of the beam itself wdll cause it to “kick upward” at the 
ends. To hold these ends in place, there must be downward 
reactions at -.4 and D. 

On the other hand, if the ends of this beam are turned down 
so as to make an inverted V with hinges at .4 and D, as shown in 
Fig. 11-1(2)), the load P cause, in general, the same flexural 
distortions as before, and therefore it will set up the same resist- 
ing moments at B and C. Again, the continuity of the structure 



Fig. 11-1^. — Rigid-frame bridge over Raymond Boulevard, Newark, N. J. 

will carry shearing forces to A and D; this time these forces will 
be horizontal thrusts which must be resisted by equal but oppo- 
site horizontal reactions at A and D. At the same time, there 
will be vertical reactions of P/2 at A and D along with the 
horizontal ones. The structure of Fig. 11-1(5) may be called a 
“rigid frame with hinged supports.’’ The angular shape at 
B and C has not destroyed the continuity of the frame. 

It is important for an engineer to understand the fundamental 
principles of the analysis and the design of restrained or con- 
tinuous frames, because it is very difficult to design practical, 
reinforced-concrete structures that have perfectly hinged joints. 
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If he fails to consider the actual or probable restraints at the 
connections, he must not be disappointed when he finds unex- 
pected cracks appearing in his structures after they are built. 

Rigid-frame bridges mil be dealt with in the illustrative prob- 
lems in this text because they are rightfully coming into a position 
of importance and because they will serve to bring out most of the 
necessary principles that need consideration. Figure 11-1^4 is a 
photograph of such a bridge at New''ark, N. J. The economy of 
such construction comes about through the restraining moments 
at the ends of the horizontal member — decreasing the bending 
moments at the center — also through the substitution of vertical 
walls with top and bottom supports instead of abutments of the 
retaining-wall type. 

Inasmuch as the sections of such bridges are generally tapered 
or curved, the moments of inertia of the members are not con- 
stant. This makes it advisable to use herein a very general 
and widely adaptable method of analysis, viz., the Maxwell- 
Mohr method of work. This method of analysis will be briefly 
explained. After the individual has learned this fundamental 
method thoroughly, he can then more easily use such excellent 
methods as the '^distribution of fixed-end moments'^ which has 
been developed by Prof. Hardy Cross, ^ a method that is illus- 
trated in Chap. 13. 

11-2. The Method of Work in General. Briefly, the analysis 
of an indeterminate structure upon the basis of work is founded 

upon the equality of the work 
done by the external forces and 
the energy that is stored up by 
the internal forces. For in- 
stance, if the force P is applied 
to the fixed beam of Fig. 
ll-2(a), it will cause the beam 
to deflect a small distance 8^; 
this force acting through a 
distance produces work. At the same time, restraining moments 
Afc and Md are set up as shown in Fig. ll-2(6j. There are 
internal resisting moments in the beam with their accompany- 
ing stresses and deformations of the fibers. These stresses 

^ Analysis of Continuous Frames by Distributing Fixed-end Moments, 
A.S.C.E. Trans. ^ Vol. 96, pp. 1-156. 


r 

— i 


5b (a) 
P 


5b (b) 

Fig- 11-2. 



Art. 11-2] THE METHOD OF WORK IN GENERAL 


337 


acting through small distances also produce work. Therefore, 
to have equilibrium and to have the energy used equal to the 
energy stored, the work that is done by the external forces must 
be equal to that which is done in overcoming the interna! forces. 
Furthermore, if the work produced or the deformation caused by 
a force of 1 lb. can be ascertained, then any force P must produce 
P times as much work or deformation as that which the 14b. force 
produced. 

In the articles that are to follow, the deformations due to 
shearing forces and direct loads will be omitted because they are 
unimportant in most cases. 

The following symbols and their meanings must be noted 
<iarefully: 

P = any applied external load. 

Q OT q = a dummy or unit load of 1 lb. 

m = a dummy or unit moment of 1 in.4b. or 1 ft. 4b. 

Mp — the moment at any point of the member due to P. 
niq = the moment at any point of the member due to Q. 

Mm, = the moment at any point of the member due to m. 

5o, Sfa, etc. = the linear deflections of the member at the correspond- 
ing points (A, P, etc.) due to the external load P, for 
the actual structure. 

5^, etc. = the linear deflections of the member at the corresponding 
points (A, P, etc.) due to the external load P for the 
case of the statically determinate system. 

3a- 1 , 3 a- 2 , etc. = linear deflections of the determinate structure, the first 
subscript denoting the point at which the deflection is 
sought, the second denoting the particular unit load 
that is being considered. 

flu, flb, etc. — the angular rotations at a given point due to P for the 
actual structure. 

da, flft angular rotations of a given point due to P for the 

determinate structure. 

fla-i, fla-2, etc. = the angular rotations of the deterniinate structure 
where the first subscript denotes the point at which the 
rotation is desired and the second indicates the particu- 
lar unit couple that is being considered. 
fp = the intensity of fiber stress at any point due to P. 

fq = the intensity of fiber stress at any point due to Q. 

fm = the intensity of fiber stress at any point due to m. 

Of course, the analysis of an indeterminate structure involves 

the strength of its members. In other words, tentative sizes 
must be chosen for these members before the structure can be 
analyzed. 
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11-3. Linear Deflection of a Beam, The formulas by which 
the deflection of a beam can be found will be developed by direct 
application to a general problem. For instance, assume that the 
deflection of the beam of Fig, 11-3 (a) is to be found at B when 
the load P is applied. 

Whenever the deflection of a beam is to be found at a desig- 
nated point, the first step is to apply a unit (or dummy) load at 
that point and acting in the direction of this desired deflection. 
Therefore, place the unit load Q at P, causing deflections at B 
and C as shown in Fig. 11-3(6). The magnitudes of these deflec- 
tions need not be considered. Then gradually apply the real 
load P which mil produce additional deflections of db at B and 



Fig. 11-3. 



dc at C. Since the force Q was already on the beam before P was 
applied, the full magnitude of Q acted through the distance 
Therefore, the work done by Q (1 lb.) alone during the application 
of P is 

Work ^ U = Qdb= 8b, (11-1) 

The work that has been done by P will not be considered at 
present. 

Now investigate the internal work in the beam. When Q was 
applied in Fig. 11-3(6), it caused a resisting moment Mq in the 
beam. If Fig. 11-4 represents this member, then the intensity 
of stress at any point, due to Q, is 

. _mqy 
Jq j- 

and the total stress on any particle is 

- , , . Trig ^ dA 

fq dz dy = fq dA = 
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This is the condition before P is applied, but P itself causes more 
stresses and more deformations of the fibers. The strains may be 
represented as in Fig. ll-4(c), where ds is the change of length 
of the fiber due to P in the distance dx^ but this deformation is 
proportional to Mp. Therefore, the rate of strain is 

4 = 

E El 

and the total strain is 


Since Q is acting fully throughout the application of P, the 
internal work done o^ the energy stored in the fiber in question 
by Q alone must be equal to the stress in the fiber caused by Q 
times the distance through which it acts. Therefore^ it is 

Jjr __ fV dA) {Mp y dx) __ Mpiiiq dx{y- dA) 

^ I El ^ EP 


For the strip of beam, dx long, the summation of y- dA over the 
entire cross section = i y‘^dA = I, so that the work done 

*/ — C2 

upon this strip is 


dU = 


Mj,mg dx 


If this work is summed up for the entire length of the beam of 
Fig. 11-3, 

U = ( 11 - 2 ) 


Because the external work shown in Eq. (ll-l) equals the 
internal work done upon or the energy stored in the fibers of the 
beam as given in Eq. (11-2), 

_ r‘'^Mp7nqdx 

“ Jn El 

For any system of loads this may be restated as follows: 

The deflection at any point of a beam for any system of 
external loads equals the integral for the entire length of the 
member of the bending moment caused by the external loads 
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times the bending moment due to a 1-lb. load applied at the point 
and in the direction cf the desired deflection times dx(EL If 
the computed deflection is positive, the assumed direction of the 
unit load is that of the real deflection; if the sign is negative, the 
assumed direction of the unit load is opposite to that of the real 
deflection. 

11-4. Volume Method of Integration for Members with Con- 
stant J. The general formula for linear deflection as given in 
the preceding equation is 


dx . 
El 


(11-3) 



cCa-^b) 


This means that part of the expression to be integrated is the 
product of two moments ifp and = the bending moment 

due to the external loads; = the 
, bending moment due to an imaginary 

unit load at the point w^here the deflec- 
tion is desired and in the direction of 
that displacement. It is essential to 
find an. easy way to perform the integra- 
tion of these products with dx. 

A very convenient method of doing 
this will be explained by using the 
beam of Fig. 11 -5 (a) as an illustration 
and finding the deflection at C due to 
the load P. 

Draw the bending-moment diagram 
for the load P as shown in Fig. 11-5(6); 
then draw the corresponding diagram 
for = 1 lb., as pictured in Fig. ll-5(c). 
At any point P, the ordinates and 
can be determined. If dx is repre- 
sented in Pigs. 11-5(6) and (c) as a 
differential length along the axis of the 
beam, it will set off a differential strip 
of each bending-moment diagram. 
Next, draw an imaginary solid as 
pictured in the isometric view in Fig. ll-5(d), having the 
diagram of (6) as its base and having its altitudes at any point 
equal to the corresponding ordinates of (c). A differential slice 




Art. 11-4] VOLUME METHOD OF INTEGRATION 341 

of this solid is represented in the figure. It has the dimensions 
Mq, and dx. Therefore, 

dV = Mpniqdx 

where V = the volume. It is now obvious that 

Y = fdV = j'Mpmqdx. (11-4) 

In other words, assuming E and I to be constant, 5 of Eq. (11-3) 
may be expressed as l/EI times the volume of the solid having 
a base equal to one of the bending-moment diagrams and having 
altitudes equal to the corresponding ordinates of the other 
bending-moment diagram. 

The numerical value for the volume of the solid may be found 
by using the prismoidal formula 

T = “ + -f 4mim2) (11-5) 


where the terms are as shown in Fig. 11-6. Of course, the total 
volume must be broken up into parts in accordance with the 



requirement that each part must be bounded by straight lines. 
In the case of a parabolic curve bounding one of the diagrams, 
the solid vdll be shaped as shown in Fig. 11-7. V for some of 
these solids is given in Table 4 of the Appendix. Other curves 
may be approximated by breaking them into short chords. N atu- 
rally, the total volume is the sum of all of its parts. 

If the bending-moment diagrams are such that parts of one or 
both have opposite signs, the parts of the volume must have the 
same signs as the algebraic product of the proper ordinates. 
This is pictured in Fig. 11-8 where the base of (c) is the rectangle 
(h) and the altitudes are those of the triangles in (a). The sign 
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lOjOOO/b. 


eonvention to be applied is immaterial as long as it is consistent 
and correctly used. Generally, a plus sign will be used herein 
to denote bending moments that cause com- 
pressive stresses in the outside or top fibers 
of the members, and minus will denote those 
moments which cause tensile stresses in these 
same fibers. 

The application of this method will become 
familiar as it is used in subsequent problems. 
Its chief advantages are the ease of visualizing 
the integration and the ease of avoiding errors 
in signs. Table 4 in the Appendix shows 
the formulas for the volumes of solids which 
are frequently encountered when one is using 
this method of integration. 



‘ (b; 

4xur)/ify j^q= Hb. 


(c) 


'+mc 


^4Q,000'lb. 


Problem 11-1. Find the deflection at the center of 
the simply supported beam of Fig. 11-9 (a) due to 
the loading shown. Neglect the dead load of the 
beam. Assume I = 4,000 in.'*, and E ^ 3,000,000 lb. 
per sq. in. 

Draw the bending-moment diagram for P in Fig. 
11-9 (h); apply g = 1 lb. at and draw the diagram 
of Sketch (c). The solid resulting from combining 
(6) and (c) is pictured in (d). 

From Eqs. (11-3) and (11-4), 



Fig. 11-9. 


Mp7nq dx 
El 


or El 6 


EH — volume of left part + volume of right part 

2Li 

EH ^ -fbihod-- 


since both parts are equal in volume. 


3,000,000 X 4,0005 


2X 8 

6 


(0 + 40,000 X 4 4- 4 X 20,000 X 2]123. 
= 0.12 in. 


It is very important to be sure that the equation for 5 is in the right units 
As a check on this, it may be written as follows: 
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Eld - ~ -}- bibi -f 4wim2) 

lb. . 

— in.H = ft.(ft.-lb,)(ft. X unity) 12^ 

^ in.® lb. in.® 
a : 

lb. in.^ 

Note that rriq is expressed as foot-pounds per 1-lb. load. 

11-5. Angular Deflection of a Beam. In order to develop the 
formulas by which the angular deflection of a beam can be found, 
assume that the angular deflection at B in the beam of Fig. 
11-10 (a) due to the load P is desired. 

The angular deflection of a beam at a given point due to an 
external force means the rotation of the tangent to the neutral 
surface of the beam from its original posi- 
tion to its final location after the external 
force has been applied. The first step 
is therefore to apply a unit (or dummy) 
couple at the point where the angular 
deflection is desired. This will cause de- 
formation of the beam as pictured in Fig. 

11-10(6), but the magnitude of this de- 
formation is of no importance. At the 
same time, this unit couple causes a down- 
ward reaction at A, an upward reaction 
at D, and an internal resisting moment 
in the beam which produces fiber stresses 
f,n in the material. When P is applied, the additional strains are 
proportional to Mp. Then, by reasoning similar to that used to 
determine linear deflection, the following are found: 

jiti — j ’ 

The stress in a fiber due to = jm dA = ^ 

\I. ’ dx 

The total strain in a fiber due to Mp = ds = y X dS = 


I (°) 

Tongeni} m = /7i?. 





(c) 

Fig. 11-10. 
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The work done upon a fiber by = (U dA)y dS = 
y dA) (My y dx) _ 


The work done by rrim. upon a strip dx{dx being constant) 

iU 

Therefore, 

JJ = X dd. 

The total work for the unit couple acting at full magnitude 
through the angle d must equal the 

total internal work or energy stored 

T I * in the whole beam because of the 

U 5 ' s* > action of this couple. Therefore, 


'54300' lb. 


MpTYlm, dx 

m 


(11-6) 


^ For any system of loads, this may be 

(b) expressed as follows: 

The angular deflection at any point 
of a beam for any system of external 
loads equals the integral for the entire 
length of the member of the bending 
moment caused by the external loads 
times the bending moment due to a 
unit couple of 1 in.-lb. applied at the 
4 point where the angular deflection is 
desired, all multiplied by dxlEL If 
^ the sign of 6 is positive, the rotation is 
n'' ill the same direction as that of the 

^ assumed unit moment; if negative, the 

^ ^d) rotation is the opposite. 

Equations (11~3) and (11-6) appear 
to be similar, but the former gives 
a value that is measured in inches ; the 
latter gives answers in radians. The terms and m,n are differ- 
ent quantities and must not be interchanged. Sometimes these 
equations are written 


'Mm dx 


Mm dx 
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where M = the moment caused by the external forces, and m = 
the moment due to the unit load or to the unit couple. However, 
it is easier to avoid errors if the subscripts p, g, and m are used to 
clarify the different terms. 

Problem 11-2. Find the angular deflection at .4 of the beam of Fig- 
11-1 1(a), neglecting the dead load of the beam. Assume I = 3,000 in.^ 
and E — 3,000,000 lb. per sq. in. 

Draw the bending-moment diagram for P, as shown in Fig. ll-ll(5i; 
apply a unit moment at A, acting clockwise, and draw the resulting bending- 
moment diagram as pictured in (c); and constmct the solid of (d) by using 
(b) as a base and (c) as the curve for altitudes. 

Using Eq. (11-6), 

/ Mpnim. dx 

(u-o:, 

dV *= Mptrim dx 

EIB = J* d7 = ^(0 +• i + 4mims) + ^(.6i6s + 0 + 4m,Trn) 
3,000,000 X 3,000 X 9 = |(o + 34,300 X ^ + 4 X 17,150 X {5)12’ + 
1^34,300 X ^ + 0 + 4 X 17,150 X ^)l2*. 

Therefore, 

9 = 0.002 radian 
9 = 0.002 X 57.3 = 0.115°. 

11-6. Redundants in a Hinged-end Frame. Assume a 
symmetrical rigid frame on hinged supports as pictured in 



Fig. 11-12. 


Fig. ll-12(a). When the load P is applied at C, the frame dis- 
torts somewhat as shown by the dotted lines, causing horizontal 
reactions Ha and He at the supports, along with the vertical 
reactions Ra and Re, There are no resisting moments at A and E. 
I is constant. 
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It is important for one to visualize the distortions of rigid 
frames in order to enable him to understand just what to expect 
from their actions when they are loaded. A few basic facts 
should be noted as follows: 

1. If the action is such as to close the joint as showm in Fig. 
ll-13(a), there will be tension in the outside fibers (+) and 
compression in the inside ones ( — ). 

2. If the action opens the joint as indicated in Fig. ll-13(h), 
the tensile stresses are in the inside fibers, and the compressive 
ones are in the outside fibers. 

3. When a member like AB of Fig. ll-13(c) with restrained 
ends is loaded as shown, there will be two points of contraflexure 



in the member, with stresses as indi- 
cated by the signs in the figure. 

4. When a member like AB of Fig. 
with restrained ends, has its 
ends rotated as pictured, there will be 
one point of contraflexure, with stresses 
as shown by the signs in the figure. 

From the three equations for the equi- 
librium of statically determinate struc- 
tures, when applied to Fig. ll-12(a), 
SF == P + Ra 4“ Pe == 0, 

== Ha + He ^ 0 , 


P A- 


'EM — 0; or, 


taking moments at B as shown in Fig. 


-/+ Point of 

contrafiewre 


11-12(5) for a specific case, 

Af6 + Pa X 0 - HMB) = 0. 


There are four reactions, but only three 
iG. 11-13. equations. Therefore, the frame is in- 

determinate in the first degree.’^ The extra force (or reaction, 
in this case) is called a redundant,^’ or ^‘redundant force.” 

When a rigid frame is to be analyzed, the first step is to deter- 
mine what redundants are acting upon it. The frame may then 
be cut (in imagination) so as to make it statically determinate, 
with the redundants applied as external forces. 

Take the frame of Fig. ll-12(a) as an example, with Ha as the 
redundant : He = — Ha. Cut the frame at A, and assume it to be 
on a frictionless roller as pictured in Fig. ll-14(a). When the 
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load P is applied, BD will deflect, the legs (vertical members) will 
tilt, and the roller will move to A\ a deflection of <5^. However, 
the structure is now determinate, and He = 0. Next, apply 
the redundant Ha, which must be sufficient to force the point *4' 
back to A again, causing a deflection of — and an equalizing 
reaction of He as pictured in Fig. 11-14(6). 

The formula for the redundant Ha will now be developed. 
Apply the customary unit load at A, acting horizontally. In 
this case, let it act toward the right. From Eq. ( 1 1-3) , reiiieniber- 


Q 




Q 

Fig. 11-14 

ing that 5' is the deflection at A for the determinate structure 
with a load P at C, 

MpTTiq dx 
El 

Instead of Ha, apply a unit load of 1 lb. at A'. Call it Ji as 
shown in Fig. 11-14(6), and treat it as an external load. Apply 
a second unit (dummy) load Q at A'. The force Xi will cause a 
deflection of 

dx 

in the determinate system, 5i_i meaning the deflection produced 
by Xi in the direction of Xi. 
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Obviously, if 1 lb. at A causes a deflection of the force 
Ha vill cause a deflection of However, Ha must be 

sufficient to force the point A' back to A again, causing a deflec- 
tion of — 6'. Therefore, 



r Mpmq dx 

iL = _ 

J El 


r mimq dx 


J El 


f Mpfrii dx 
El 


J 


I 


ml dx 

~wr 


Since Q and Xi have the same magnitude and direction in the 
formulas for d'a and it is possible to substitute mi in place of 
7ngj thereby securing the form of Eq. (11-7) as given in the last 
expression for it. 

When the sign of the right-hand side of Eq. (11-7), after 
integration, is positive, it means that Ha acts in the direction 
of the assumed unit load Xi; if the sign is minus, it shows that 
Ha is opposite to the assumed direction of the unit load Xi, 


Problem 11-3. Find the horizontal reaction at A of the hinged rigid 
frame of Fig. ll-15(a). Consider E and I to he constant. Neglect the 
weight of the frame. Then find the bending moments at B and C. 

Cut the frame at A, adding an imaginary frictionless roller. The distor- 
tion of the frame will be as shown in Fig. 11-15(6); the bending-moment 
diagram for Mp will be as pictured in (c), the sign being positive because the 
tension is in the bottom fibers. Next, apply the unit load = 1 lb. at A, 
with its equal but opposite reaction at E. The frame will curve as sketched 
in (d); the bending-moment diagram for xiCwhich is called Wi) is drawn in 
(e), the diagram being minus because the tensions are in the outside and top 
fibers. 

From Eq. (11-7), 


ij s- __ d 

3 1-1 Jrnl dx 

since El will cancel out (being constant). 

The integration called for in Eq. (11-8) will be performed by the volume 
method as follows, constructing the figures for the solids mentally only: 

( 1 ) ^Mpitiidx. 

The volume will be that constructed by combining Figs. 11-1 5(c) and (e): 
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For AJ5, 

Vol. — 0 because the ordinates of (c) == 0. 

For DE, 

Vol. = 0 because the ordinates of (c) = 0. 

For BD, 

Vol. = - + 200,000 X 15 + 4 X 100.000 X lo i = 


-48,000,000. 


Therefore, 

s' = -48,000,000 (neglecting El). 

The sign of s' is negative because Mp is plus and nii is minus. 

(2) n\ dx. 

The volume will be that constructed by combining Fig. ll-15(ej with 
itself : 


For AB, 


7 = ^(0 + 15 X 15 + 4 X 7.5 X 7.5) 

6 

= +1,125 

For DE, 

V = the same as for AB 

= +1,125 

For BD, 

09 

7 = ^(15 X 15 + 15 X 15 + 4 X 15 X 15) 

32 

= —(6X15=1 =+7,200 

2 = +9,450. 


Therefore, 


Si-i - +9,450. 


The sign of 5i_i is plus because “ minus times minus equals plus.” Therefore, 


+48,000,000 

9,450 


+5,080 lb. 


The bending moments at B and C are the resultants of the bending mo- 
ments that are caused by the external forces and by the redundants. Com- 
bining the ordinates of the diagram of Fig. ll-15(c) with Ha times the corre- 
sponding ordinates of (e) at B and C gives 

Mba = +Mp - Ha7ni = 0 - Ha X 15 - -5,080 X 15 - -76,200 
Mcb = +Mp - Hami - +200,000 - 5,080 X 15 = +123,800 ft.-lb. 

The use of the two subscripts in the expression Mba is a means of denoting 
the moment at B in the member BA. The bending-moment diagram foi 
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the frame is shown in the left half of Fig. 11-15(/); the shears and direct 
loads in the members are given in the right half. 

Problem 11-4. Solve Problem 11-3 again, changing the moment of 
inertia of the deck BD to 2/ (double that of the legs). 


25,000/6. 



ib) 


(a) 



Construct the diagrams for Mp and mu They will be identical with Figs. 
ll-15(c) and (e), respectively. However, when it comes to the integration, 
E can be canceled, but I cannot be eliminated, so that Eq. (11-8) becomes 

J Mpmi c 


The moment of inertia of AP and DE is to be taken as /, whereas that of 
BD is to be 27. These values are to be used in the denominators of the 
expressions for the integration. 

The integration is as follows, combining Figs. 11- 15(c) and (e): 
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Mpith dx 


AB =0 
DB ==0 

-2 X 16 

BD = — (0 + 200,000 X 15 + 4 X 100,000 X 15: 


Therefore, 


24,000,000 


24,000,aXI 

/ 


( 2 ) 


AB = 


J m i dx 
~ 


15 


(0 + 15 X 15 + 4 X 7,5 X 7.5) 


6X1 
DE = AB 
32 


1,125 


1.125 

+3,600 

+5,850 


Therefore, 

5,850 

. 24,000,000 X 1 
“ 5i_i ' 5,850 X / 

Mba = 0 - Ha X 15 - -4,100 X 15 = -61,500 ft.-lb. 

= +200,000 - Ha X 15 = +138,500 ft.-lb. 

Compare the results of the preceding problem with those of this one. 
The beam or deck of the latter is stiffer than the former because / is larger. 
Therefore, in the latter case, J5D carries a larger share of the total bending 
moment due to P; it [BD) deflects less; it rotates joint B less, in a clockwise 
direction; BA is curved less severely, and therefore it has a smaller bending 
moment in it. The values of Mba and Mcb for both cases confirm these 
statements. It is advisable to study the actions of these two frames care- 
fully in order to understand the behavior of structures. 

11-7. Redundants in a Fixed-end Frame. Assume a sym- 
metrical rigid frame which has the legs fixed as pictured in 
Fig. ll- 16 (a). When the load P is applied, the frame wdii 
distort somewhat as shown by the dotted lines. This will cause 
resisting moments at A and E along with the horizontal and 
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vertical reactions, as indicated in the picture. There are six 
unknowns, or three more than can be found by the three 
equations of statics. Therefore, the structure is indeterminate 
in the third degree. 

It is necessary to find the three redundants. To do so, it is 
possible to make the structure determinate by cutting it in 
various ways, choosing any three of the six unknowns as the 



Fig. 11 - 16 . 


redundants. In order to illus- 
trate the principles of this 
matter, make the structure de- 
terminate by cutting the leg 
entirely at A as shown in Pig. 
11-16 (Jo). Ma = a redundant 
moment; JTa = a redundant hori- 
zontal reaction {Ee = —Ha); 
and Fa = a redundant vertical 
reaction. The fixed end at E 
then makes the frame a canti- 
lever beam which is supported 
at E by the forces F^, and 
the moment Me, being therefore 
determinate. On the other 


hand, assume that it is desirable to cut the structure some other 
way. For instance, cut the leg at and add a roller as shown 
in Fig. ll-17(a). Ha is then a redundant reaction, and Ma is a 
redundant moment. Next, cut the leg at E so as to replace the 
fixed end with a hinge. Me is then a redundant moment. The 
frame is again determinate because it is supported by the three 
forces Fa, F^, and F.: (Fa = -F,). 

The formulas for the redundants might be found for the system 
of Fig. 11-16(Z>) or Fig. ll-17(a). The latter will be used for the 
demonstration because it is entirely general, and the distortions 
may be visualized more easily. 

Apply a unit horizontal force Xi at A and unit couples X 2 and 
Xs at A and E, as pictured in Fig, 11-17(6). The unit force Xi 
will cause a horizontal deflection at A of 5i_i, an angular deflec- 
tion of at A, and an angular deflection of 6i^s at E, as 
may be seen by examining Fig. 11-1 7(c) which shows the unloaded 
determinate frame in dotted lines. Notice again that the first 
subscript means thp number of the force or moment that produces 
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the deflection, and the second subscript indicates tiie direction of 
that deflection (the unit force to which it is parallel or the unit 
couple whose rotation it follows). The unit couple a*, at *1 will 
cause an angular deflection of where ^2-2 means the angular 
rotation at A due to the unit couple in the direction of x.; it 
will cause another angular rotation of 6^^ at E; it will also 
produce a linear deflection or movement at -I equal to 0.^1 as 



Ce) 

Fig. n-17. 


shown in Sketch {d). In the same manner, the unit couple X3 will 
cause a linear deflection of 53_i at A and angular deflections of 
at A and ^3^3 at E [Sketch (e)]. 

However, the actual linear deflection at A = 0 . The actual 
angular deflections at A and = 0 because these points are 
fixed. Therefore, the algebraic sum of all of the deflections 
caused by the redundants at these points, and the deflections 
caused by the external loads acting upon the determinate struc- 
ture, must eqxial 0. 
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Ha X + Ma X 52-1 + Me X Sg-l + 5' = 0. 

Ha X 5i_ 2 + Ma X 02^2 + Me X ^3-2 + = 0. (11-9) 

Ha X 5i_ 3 + Ma X 02-3 + Me X 03-3 + 0^ = 0. 

However these formulas are not readily usable as they appear 

here. 

The terms 5i_i, 52- 1, 0i_2, etc., in Eq. (11-9) are linear or 
angular deflections due to the redundants pictured in Fig. 11-17(6). 
These unit forces and couples Xi, X2, and are to be treated as 
external loads which cause Mp in Eqs. (11-3) and (11-6). Then 
change Mp to mi, m 2 , or m3, as the case may be. Also, remember 
that mq and in Eqs. (11-3) and (11-6) are the moments 
caused by other unit forces or other unit couples acting in the 
direction of the desired deflection. On this account, change 
to mi, and mm to m2 or m3, as the case may be. It is therefore 
possible to rewrite Eq. (11-9) as follows: 


Ha 

Ha 




El 

J WllJMs dx 
El 


Obviously, 


-Ma 

-Ma 


El 

J raswia dx ^ f rrizm^ dx , f 

El El +J 


-M 

-M. 


Mptrii dx 


dx 




■I 


El 
m%mz dx 


0 . 


El 


El 

J M^mz dx 

T71T 

(11-10) 


5 1-2 

5 1-3 

62-3 


J mim2 dx _ C 

J 

J mima dx _ C 
El J 

J m2m3 dx _ r 

El ~ j 


m,zm 2 dx 


When all of these integrals are determined, the three equations 
can be solved for Ha, Ma, and Mg. It must be remembered that 
dx represents a differential length along the axis of the frame, 
not always a horizontal distance. 

In order to set up general equations for this or any other case, 
let the redundants = Xi, X 2 , etc. Let 5 = linear or angular 
deflection in general. Let the subscript p represent the external 
loads. Then 
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a:i 5i_i + ^2 ^2-1 H" * • • dn~\ + dp~,i = 0 

5 i _2 + * 2*2 52-2 + • • • Xn 5„-2 + 5^-2 = 0 

Xi 5i-n + ^2 52_ft -h • • • Xn 5„-n + ^p-n = 0. 

These are the Maxwell-Mohr work equations. 

An examination of Eq. (11-10) vdll show that E may he 
canceled from all of the terms if it is constant for the material 
of the structure. This is usually the case. 

As a check upon the arrangement of the coefficients in Eq. 
(11-11), note that the first subscript of all of the Xi terms is 1; 
for X 2 , 2; etc. The second subscript for xi, X 2 , etc., and also for 
the 8p terms should be 1 in the first equation, 2 in the second 
equation, 3 in the third, etc. Furthermore, the ‘‘symmetry 
of the elastic equations” is also a guide in making sure that the 
coefficients are correct. For instance, using Eqs. (11-10), and 
writing only the subscripts, the form is 

(1 - 1) + (2 - 1) + (3 - 1) = -(p -- 1) 

(1 - 2) + (2 -- 2) + (3 ~ 2) = -ip - 2) 

(1 - 3) + (2 - 3) + (3 -- 3) = -{p - 3). 

Problem 11 - 6 . Find the bending moments at A, B, and C for the fixed- 

end frame shown in Fig. ll-18(a). Neglect the dead load of the structure, 
and assume E to be constant. 

This frame will be analyzed in two ways in order to illustrate the fact that 
the bending moments are not dependent upon the method of solving the 
problem — they are dependent upon the loads and the characteristics of 
the structure. The frame should be studied so as to find a way to solve the 
problem with the minimum labor — make as man^^ as possible of the coeffi- 
cients 5 equal to zero or to each other. 

1. First Solution. Cut the frame as shown in Fig. 1 l-18(h), adding a roller 
at A and a hinge at E. The moment diagrams for F, xu ^ 2 , and xa are shown 
in Figs. 11-1 8(c) to (/), inclusive. The work equations are, from Eqs. 
(11-10) and (11-11), 



5i_i ■ Xa §2-1 + ■ i Ss-i +• = 0. 

Xl §1-2 ■ X 2 §2-2 "h ■ : §3-2 +• 5p_2 — 0- \ 11-12 

- X 2 §2-3 “h - ; §3-3 + §p-3 — 0. 
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3p-2 = +-T7-(0 + 150,000 X 0.75 + 4 X 75,000 X O.S75s -f 

Oi 

30 

”7(150,000 X 0.75 + 0 + 4 X 75,000 X 0.375 ) = 

01 

= +^(0 + 150,000 X 0.25 + 4 X 75,000 X 0.125) 4- 
6 / 

30 1.250,000 

—(150,000 X 0.25 + 0 + 4 X 75,000 X 0.625) = 4 


Therefore, 

10,125ii - 356x. - 356a:, - 45,000,000 = 0. 
-356a:i 4- 20,8a:-, + 6.67r, 4- 1,750,000 = 0. 
-356a:i 4- 6,67x2 4- 20,8i, 4- 1,250,000 = 0. 
Ha = xi = 4-6,820 lb, 

AT a = X2 = 4-16,060 ft, -lb. 

M, = X, = 4-51,450 ft.-lb. 


?= 20 , 0001 ^. 


21 




X|=Ha_ 


(a) 




\t:\600,000'Ib. 

i- 


20.000 Jb. j 
(b) 


(c) 




^2rrib. 






7^5= //A 




(e) 


Ifb. 


Fig. 11-19. 


The bending moment at any point must equal the algebraic sum of all of 
the bending moments which are caused by the various forces that are 
involved, as shown by Fig. 11-18. 
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Mab == H-xl/p — Hanii 4- Mam- + Mems = 0 ~ 0 + 16,060 + 0 = 

16,060 ft.-lb. 

- Hanii 4- Mam- 4* MeWs = 0 - 6,820 X 15 4“ 16,060 4- 

0 = -86,240 ft.-lb. 

— Hanii 4- Mam- 4* Mems — -j-5 1,450 ft.-lb. 

M be “ 4"-lf^p — Hanii 4* Mani2 4" MeMz — — 6,820 X 15 4" 51,450 == 

-50,850 ft.-lb. 

Mcb — ~{~Mp — Hanii 4 * Mani 2 4 " Mefnz = 4 " 150,000 — 6,820 X 15 4 “ 

16,060 X 0.75 4- 51,450 X 0.25 - 4-72,600 ft.-lb. 

2. Second Solution. Assume that the frame is cut entirely free at A 
[Fig. 11-19 (a)]. The bending moments for P and for the redundants are 
shown in Figs. 11-19(5) to (a), inclusive. The general equations (11-12) 
remain as before. The integration of the coefficients follows: 


i_i = 4~"~ ~ ~ (as for first solution). 


5i-.2 = 52-1 = 


2 X 15 / 
“6 X 2/‘ 


0 + 1X15 4-4X1X 


15\ 

2 / 6 / 


5 i _3 


n 40/ 
=0 - -(^0 


4- 15 X 40 4-4 X 15 X 
15 


2 / 


(6 X 1 X 15) 

712.5 
I 


6 X2r 


15 X 40 4- 0 4- 4 X 


f X4o). 


14,250 

/ 


2 X 15 , 40 55 


40, 

h-s = h-a = +0+— (0 + 1X40+4X1X 
0 / 


2 / 


4 - 


(6 X 1 X 40) = 


h- 


= 


6X2/ 


40 40 \ 15 

4-40 X 40 +4X-X™j4- ^“^(6 X 40 X 40) = 


4- 


33,330 


30 

5p-i = 4-— (0 4- 600,000 X 15 4- 4 X 300,000 X 15) + 

Di 


15 


6X2/ 


600,000 X 15 4- 0 + 4 X 600,000 X 


30, 


0 = 


-h 


168,700,000 


5p-2 = “^(0 + 600,000 X 1 4- 4 X 300,000 X 1) ~ 


^^(6 X 600,000 X 1) = 


6 X 27 
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_^(0 + 600,000 X 40 -f 4 X 300,000 X 25) - 
6 X 2/^^ ^ 600,000 X 40! 

Therefore, 


450.000,000 


10,125a:i - 712.5x2 - 14,250x3 + 168,700,000 = 0. 

-712.5x1 + 55x2 + 1,100x3 - 13,500,000 = 0. 

-14,250x1 + 1,100x2 + 33,330x3 - 450,000,000 = 0, 

Ha xi = +6,910 lb. 

Ma Z2 = +17,280 ft.-lb. 

Va X3 = +15,890 lb. 

Mab +17,280 ft.-lb. 

Mba = “15 X 6,910 + 17,280 - -86,370 ft.-lb. 

Med = +17,280 + 15,890 X 40 - 600,000 = +52,880 ft.-lb. 

Mde = -15 X 6,910 + 17,280 + 40 X 15,890 - 600,000 = -50,770 ft.-lb. 
Mcb = “15 X 6,910 + 17,280 + 10 X 15,890 = +72,530 ft.-lb. 

A comparison of the bending moments that have been found 
by these two solutions shows that they agree as closely as can be 
expected because the integration by means of the use of the 
prismoidal formula (method of volumes) has not been carried 
out with absolute exactness. The method of ‘Cutting the 
frame should not change the bending moments in the structure 
itself. 

Now refer to Fig. ll-18(a), and notice that the deformed 
position of the frame is shown with points B and D displaced 
toward the right. The unsymmetrical loading causes this “side 
sway^’ because the frame moves until the shears in the legs 
balance. Notice that this action results in a smaller moment 
at A but a larger one at E ; also note that the numerical sum of the 
bending moments in the legs at A and B equals that of the bend- 
ing moments at E and D. Then the shear in the legs must equal 
the algebraic difference in the end moments divided by the 
length of the leg. 

11-8. Members Having Varying Moment of Inertia. In 

practice, it is customary — as well as economical — to taper or to 
curve the members of a rigid frame. Figure 11-20 is a typical 
case. This gives a pleasing arch effect to the intrados; it pro- 
vides the greatest clearance at the center where it is needed most ; 
and it places the strongest parts where the bending moments are 
the largest. 
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In the Portland Cement Association’s pamphlet entitled 
“Analysis of Rigid Frame Concrete Bridges” (3d ed.), it is 
stated, in effect, that the follo^dng thicknesses may be assumed 
in the preliminary proportioning of a rigid frame: 

At A (Fig. 11-20), use 1 ft. 6 in. for 30-ft. spans, 2 ft. 6 in. for 
60-ft. spans, and 3 ft. 4 in. for 90-ft. spans. 

At B, for the leg and deck, use L/IS, where L == the clear span. 

At C, use X/35. 

Trial sections of symmetrical and unsymmetrical rigid frames 
can be tentatively analyzed very rapidly by using the formulas^ 
given in Figs. 1 and 2 of the Appendix. These data are for 
hinged-end frames. The approximate formulas enable one to 



Foo-f/ng'^ AU x -H 

Fig. 11-20. 


compute H; then the tentative bending moments in the frame 
can be found; and the sections can be tested before proceeding 
with a refined analysis. 

In Fig. 11-20, the axis of the frame is assumed to be the locus 
of the centers of the cross sections of the members, as shown by 
AB and BC, when the structure has a uniform section at any 
given point. (Ribbed frames will not be illustrated herein. 2 ) 
The axis of the leg is inclined, but it is sometimes assumed to be a 

^ Weiskopf and Pickworth, ^‘Symmetrical Rigid Frames”; “Unsym- 
metrical Rigid Frames,” American Institute of Steel Construction. For the 
mathematical development of these formulas, see A.S.C.E., Trans., Vol. 102, 
p. 1, 1937. 

^ The principles of analysis are the same as for the solid-barrel type. A 
ribbed frame is useful in case the deck of the structure is to be used as the 
pavement or if a wearing surface is to be placed directly on the deck, when 
sharper curvature of the intrados and greater depth of spandrel face are 
desired than would be provided economically by a solid deck. However, 
such a structure is likely to have very large compressive stresses at the 
knee — the junction of the deck and the leg. 
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vertical line through the center of gravity of the leg or through 
point A. The height of the leg is the vertical distance from A 
to B; the half span is the horizontal distance from A to C or 
sometimes from B to C, These theoretical lengths are generally 
used instead of the clear height and the clear span. 

The distances x and y for use in calculating the bending- 
moment diagrams will be measured as indicated in Fig. 11-20 for 
Sec. 7. For the experienced designer, there is efficiency in 
measuring y from the center of gravity of all of the ys/EI values 

for the entire frame so that 2 

In calculating the moment of inertia, a section of the frame 
1 ft. wide is used. The leg is then divided into any desired 
number of sections as indicated in Fig. 11-20. The moments of 
inertia of these parts are calculated at their centers — 1, 2, 3, etc. 
— measuring their thicknesses horizontally. Generally, Ic is 
computed for the full concrete section alone so that /e = bh^/l2 = 
h^/12 for a strip 1 ft. wide. The deck is divided into similar 
sections of equal horizontal length, but I is usually computed 
with h or t equal to the radial thickness at the center of the block. 
It is sufficient to assume that I is constant for any one division, 
but of course the accuracy is greater when the pieces are short. 

The stiffness of the leg or the deck varies directly as the 
moment of inertia of the member and inversely as its length. 
The variations in I at different sections greatly affect the distri- 
bution of the moments. Therefore, since / appears in the 
denominator of all of the expressions for deflection [see Eq. 
(11-10)1, the relative magnitudes of the bending moments at 
any points in the frame depend upon the relative values of I 
instead of their absolute magnitudes. 

In this connection, Fig. 11-21 should be studied very carefully. 
BC represents the axis of an actual frame like that of Fig. 11-20, 
drawm as a horizontal line. Curves 1 to 4 inclusive are plotted 
on BC as a base and show, to scale, the moments of inertia of the 
corresponding sections of the frame. The depression in 3 is due 
to the variation of the area of the steel; its peak at F pictures the 
sudden jump in 1 where the small direct thrust in the frame pro- 
duces a greater stress than that which is caused by the small 
bending moments near the point of contraflexure E of the bend- 
ing-moment diagram HJ . The effect of this peak upon the total 
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Curves for Momenfs of* 
Inertia: 

1 = Fa// concrete section on/y. 

2 = Fu// transformed section 

(concrete and steel). 

3= Net transformed section 
(no tension on concrete). 
4= Proportional to concrete 
on/y. 

Bending and direct stress 
considered in leg. 

Bending only considered in 
beam except near F. 


Beam or 
dec/< 


Fig. 11-21. 
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stiffness of the frame is negligible. However, tension in the 
concrete may extend its effect. The fact that curve 4 is pro- 
portional to the assumed L for concrete only and that it is closely 
proportional to I for the cracked concrete shows that the use of 
No. 1 is satisfactory. 

The leg AB is a different matter. It has a much larger direct, 
longitudinal load. Curve 3 is plotted on AB as a base, and it 
shows, to scale, the moments of inertia of the transformed sec- 
tions, computed about the neutral axis of each section. The 
direct load and the bending affect it. Near D, the point of 


Table 11-1. — General Data 


Point 

s 

t or h 

Weight, 

lb. 

. 

X 

If 1 

L ft.* 

1 

4 

2.17 

1 

1,300 

- 0.08 

2 

Q.So 

2 

4 

2.5 

1,500 

- 0.25 

6 

! 1.30 

3 

4 i 

2.83 

1,700 

- 0.42 

10 

1.89 

4 

4 

3.17 

1,900 

- 0.58 

14 

2.65 

5 

4.1 I 

3.04 

1,870 

+ 1.33 

16.48 i 

i 2.34 

6 * 

4.06 ! 

2.53 

1,540 

-h 5.33 

17.31 

1 1.35 

7 1 

4.03 1 

2.12 

1,280 

+ 9.33 

17.98 

i 0.79 

8 

4.01 1 

1.82 

1,090 

+13.33 i 

18.48 ' 

0.50 

9 

4 

1.61 

970 

+ 17.33 

18.81 ■ 

0.35 

10 

4 

1.51 

910 

+21.33 

18.98 

0.29 

2) 



14,060 

1 



contraflexure of the bending-moment diagram ivL, the peak is 
very pronounced so that No. 3 departs widely from the propor- 
tional curve. No. 4. In this particular case, part of the leg 
seems to be much stiffer than it was assumed to be. It will 
therefore drag to itself more of the bending moments than the 
calculations show. However, it is entirely impracticable to 
strive to allow for such results. The use of the full concrete 
section alone vdll be adopted. 

The integration needed for the calculation of the coefficients 
of the work equations is found by summing up the integrals for 
each imaginary piece, as mil be illustrated in the next problem. 

Problem 11-6. Find the bending moments at B and C in the sym- 
metrical, hinged-end, rigid frame of Fig. 1 1-22 due to the dead load of the 
frame itself. 
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The weights of the 10 sections into which the half frame is divided, the 
distances y of their centers above the hinge A, the distances x of their 
centers from A (plus toward the right), and the moments of inertia at these 
centers are given in Table 11-1. 

This frame is the same general type as that of Art. 11-6. There are two 
vertical reactions and two horizontal ones. By cutting the frame at A 
and by applying the unit or dummy load, as shown in Fig. 11-23 (a), the 
expression for the redundant horizontal reaction Ha will be 


Ha 



m\ dx 

~~w 


+ 


/ 


Mpm\ dx 


0 


the same as Eq. (11-7). E is constant and cancels out. If s is used instead 
of dx, and if the integral signs are replaced by S ,then 


Ha 


(11-13) 


The ordinates of the bending-moment diagram for the force aji = 1 are 
found by taking moments about the centers of the sections so that mi = 
“~1(2/)* This approximate diagram is pictured in Fig. 11-23 (a). 



WCL 

P 


4&6e'- Ji'^e 

Cb) 

Fig. 11-23. 

The ordinates of the bending-moment diagram for the external loads of 
the deck (the weights of the sections) are found by treating these weights 
as a series of concentrations upon a simply supported, horizontal beam of 
span AE. The net reaction (the weight of sections 5 to 10 inclusive) is 
assumed to be applied vertically over A because, otherwise, there would be 
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a negative bending moment of Va X 0.67 at B due to the eccentricity from 
A to B. The weights of sections 1, 2, 3, and 4 are neglected; the bending 
moments in these divisions are insignificant and will be omitted. The 
diagram is then somewhat as shown in Fig. 11-23(5). 

The values in Table 11-2 are readily found, using the data which are 
given in Table 11-1. The summations are for half of the frame only, 
because it is symmetrical. If it were not so, the summations should he 
obtained for the entire structure. 


Table 11-2. — Calcul.\tioxs for Ha 


Point 

= —y 


il/p, 

ft.-lb. 

s 

s - / 

ifs ^ / 

Mpijs -T- / 

1 

- 2 

4 


4 

4.71 

19 


2 

- 6 

36 


4 

3.08 

ill 


3 

-10 

100 


4 

2.12 

212 


4 

-14 

196 


4 

1.51 

296 


5 

-16.48 

272 

10,200 

4.1 

1.75 

476 

- 294,000 

6 

-17.31 

300 ! 

33,300 

4.06 

3.01 i 

903 

- 1,735,000 

7 

-17.98 

323 

50,300 

4.03 

5.10 

1,647 

! - 4,612,000 

8 

-18.48 

342 

62,200 

4.01 

8.02 

2,743 

1 - 9,219,000 

9 

-18.81 

354 

69,700 

4 

11.43 

4,046 

j -14,985,000 

10 

-18.98 

360 

73,400 

1 4 

13.79 

; 4,964 

; -19,211,000 

2 




1 .... 

1 


1 15,417 

-50,056,000 

1 


When the values of the summations from Table 11-2 are inserted in 
Eq. (11-13), 


Ha 


(-50,056,000) 

15,417 


+3,250 lb. 


Then, referring to Figs. 11-22 and 11-23, and applying Ha at *4, 


Mbc = -Ha X AB = -3,250 X 16 = -52,000 ft.-lb. 

Mcb = A-Mp - miHa = +73,400 - 18.98 X 3,250 = +11,700 ft.-lb. 
Shear at 5 = -1 2 a? for the deck — 7,660 lb. 


Notice that Mp and Wi for divisioii 10 (Table 11-2) are assumed to be equal 
to the values at C. 

11-9. Temperature Changes, Shrinkage, and Rib Shortening. 

Assume the rigid frame of Fig. 11-24 to have hinged ends wiiieh 
cannot slide. Then, if this structure is subjected to a decrease 
of temperature, which causes its length to shorten by an amount 
equal to AL, the frame moves into the position shown by the 
dotted lines. The effect is equivalent to spreading the footings 
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at A and E a total distance equal to AL. It causes horizontal 
reactions at *4 and E. 

Let 

aTj = ±03tL (+ denotes rise in temperature) 

where w = the coefficient of thermal expansion = 0.000006 to 
0.0000065, t = the change of temperature in degrees Fahrenheit, 
and L == span length. Then, for a drop in temperature, 

Ha X == — AL 


C 



k-- --t J 


Fig. 11-24. 

if expresses the deflection due to the unit load a:i = 1 as 
pictured in Fig. 11-24. Therefore, 



A rise of temperature causes compression in the deck and 
reactions that are directed inward; a fall of temperature produces 
tension in the deck and reactions that are directed outward. 

Notice that E must remain in Eq. (11-14) and that L and the 
summation are given for the entire structure. Also, it is appar- 
ent that Ha increases when I increases. In other words, the 
stiffer the frame becomes the greater are the resultant horizontal 
thrust and the bending moments. 

Because I is taken as the moment of inertia of the full concrete 
section as pictured by curve 1 in Fig. 11-21, instead of the I 
for the cracked sections (curve 3), the theoretical thrust which 
is due to a change of temperature may be higher than the actual 
thrust. However, the assumption is on the side of safety. 

The effect of shrinkage is similar to a drop in temperature. If 
no other specifications are given, it is sufficient to assume that 
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the shrinkage is equivalent to a decline of 40 to SO’F. Equa- 
tion (11-14) will then apply. 

Rib shortening, ^ which is also equivalent to a drop in temper- 
ature, is the decrease in the length of the frame that is due to the 
direct compression in it. If is the average compressive unit 
stress upon each di\usion of the frame, and if dx is the horizontal 
projection of the sections, 


or 


AL = - 


^fcdx 

E 


Ha 


AL 

ii-i 


^fcdx ^ ^Jcdx 


(11-15) 


where Ha acts in an outward direction upon the legs of the frame, 
and L and the summations are for the complete structure. 

In reality, any force that spreads the footings of the rigid 
frame of Fig. 11-24 or that pushes them closer together by a 
distance + AL must be 


On the other hand, a vertical settlement of one footing of a 
hinged-end rigid frame merely rotates the structure as a unit, 
but it does not bend it. However, if the ends are fixed, such a 
settlement will distort and bend the frame. 

Problem 11-T. Find the bending moments at B and C in the rigid frame 
of Fig. 11-22 for a rise in temperature of 60®F.; also, find the bending 
moments for a fall in temperature of 60°F. combined with an equivalent 
shrinkage of 40°F. Assume B == 3,000,000 lb. per sq. in. and « = 0.000006. 

From Table 11-2, = 15,417 for the half span. Then, using Eq. 

(11-14), for a rise of 60°F. (AL being positive), 

^ The effect can be reduced to an approximately equivalent drop in 
temperature by finding the temperature that will produce a shortening ot 
the same amount. 
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144 X 3,000,000 X 0.000006 X 60 X 46,66 
~ ' 2 X 15,417 

^ I 

Ha = +235 lb. 

Mbc = -HaV ~ —235 X 16 = —3,760 ft.-lb. (tension outside). 
= --Hay - —235 X 19 - —4,460 ft.-lb. (tension on top). 

For the drop in temperature and the shrinkage (100°F.), 


Ha - 


-144 X 3,000,000 X 0.000006 X 100 X 46.66 


= -3921b 


2 X 15,417 

Mbc = +392 X 16 — +6,270 ft.-lb. (compression outside). 
Mcb - +392 X 19 = +7,450 ft.-lb. (compression on top). 


11-10. Lateral Earth Pressure. In ordinary cases, the earth 
of the approach to a rigid-frame bridge is filled directly against 



x, = //5. 


//A E 


7^jvh?77777?77777777777!7P777?7^ 

(b) 


/+ rrit 


/ = i/b. \ 

(d) 


Fig. 11-25. 


the backs of the legs. If so, it will exert a lateral pressure which 
will bend the frame somewhat as shown for the hinged structure 
that is pictured in Fig. 11-25 (a). 

Assume that ABMN and EDPQ represent the pressure dia- 
grams for a case of symmetrically placed earth backfills. Then 
Ha may be taken as the redundant, and the frame may be cut at 
A, adding imaginary rollers as shown in (5). The structure will 
then be determinate ; the legs will act avS cantilever beams which 
are rigidly connected to the deck BD. Sketches (c) and (d) 
picture the bending-moment diagrams for the external loads and 
for the unit or dummy load, respectively. Ha can then be found 
as usual from Eq, (11-7), 



The earth pressure behind the legs of the frame tends to bend 
the deck as shown in Fig. 11-25 (a). This relieves the positive 
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bending moment (compression on the top) in BD. The magni- 
tude of the lateral pressure may vary from zero to the active 
earth pressure, or, in the case of live load or rise in temperature 
which bends the legs outward, it may approach the passive 
earth pressure. It is therefore advisable to neglect these lateral 
forces in calculating the bending moments in the center of the 
deck but to consider them in the design of the legs and in that 
of the knee at B. Furthermore, these pressures may be applied 
unsymmetrically, in which case the resultant stresses must be 
considered if they increase the critical stresses that are produced 
by other forces. 

Problem 11-8. Assume that the frame of Fig. 11-22 is loaded unsym* 
metrically as pictured in Fig. 11-26 (.a). Find the bending moments at jB, 
C, and D due to these loads. 




In this case, cut the frame at E, and add imaginary rollers, calling 
the redundant reaction. Then, because 'S>H = 0, of Sketch (,5 s = iSO -r 
1 260 + b740 + 2,200 = 6,000 lb. By taking moments about .4, 

r, X 46.67 = 2,220 X 2 + 1,740 X 6 + 1,260 X 10 + 7S0 X 14 
38,400 
46.67 
Fa = -Fe. 


824 lb. 



370 


ANALYSIS OF RIGID FRAMES 


[Aet. 11-10 


It will be sufficient to represent the bending-moment diagram for the 
external loads as shown in Fig. ll-26(b), and that for xi ~ Im Sketch (c). 
In diagrammatic pictures, it is satisfactory to represent the frame by means 
of straight lines. The outline of the deformed structure for each case is 
pictured by the dotted lines. 


Table 11 - 3 . — Data foe Peoblem 11-8 


Point 

mi == -y 


Mp 

s - i - I 

y^s I 

M^ys ^ I 

1 

- 2,00 

4 

12,100 

4.71 

19 

114,000 

2 

- 6.00 

36 

27,300 

3.08 

111 

505,000 

3 

! - 10.00 

100 

35,700 

2.12 

212 

- 757,000 

4 

i - 14.00 

196 

38,900 

1.51 

296 

- 822,000 

5 

- 16.48 

272 

37,400 

1.75 

476 

- 1 , 079,000 

6 

- 17.31 

300 

34,100 

3.01 

903 

- 1 , 777,000 

7 

- 17.98 

323 

30,800 

5.10 

1,647 

- 2 , 824,000 

8 

- 18.48 

342 

27,500 

8.02 

2,743 

- 4 , 076,000 

9 

- 18.81 

354 

24,200 

11.43 

4,046 

- 5 , 203,000 

10 

- 18.98 

360 

20,900 

13.79 

4,964 

- 5 , 470,000 

10 ' 

- 18.98 

360 

17,600 

13.79 

4,964 

- 4 , 607,000 

9 ' 

- 18.81 

354 

14,300 

11.43 

4,046 

- 3 , 075,000 

8 ' 

- 18.48 

342 

11,000 

8.02 

2,743 

-. 1 , 630,000 

7 ' 

- 17.98 

323 

7,700 

5.10 

1,647 

- 706,000 

6 ' 

- 17.31 

300 

4,400 

3.01 

903 

- 229,000 

5 ' 

- 16.48 

272 

1,100 

1.75 

476 

32,000 

4 ' 

- 14.00 

196 


1.51 

296 


3 ' 

- 10.00 1 

100 


2.12 

212 


2 ' 

- 6.00 ^ 

36 


3.08 

111 


1 ' 

- 2.00 

4 


4.71 

19 


S 





30,834 

1 

- 32 , 906,000 


Equation (11-13) may be used to find the redundant. 


= 



(11-13) 


The data for this equation are assembled in Table 11-3, the summation 
covering the entire frame, and part of the terms being carried over from 
Table 11-2. Neglect the bending in DE which is due to Ve because it is so 
small. See Fig. 11-22 for the dimensions of the frame. Then, substituting 
the summations from Table 11-3 in Eq. (11-13), 


He 


--(- 32 , 906 , 000 ) 

30,834 


-hi, 070 lb. 
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Then 

Ha = 6,000 - 1,070 == 4,930 lb. 

Mbc == +T".(46.67 + 0.67) -- J7,(16] 

= 824 X 47.34 - 1,070 X 16 = 21,900 ft.-lb. 

Mcb = -1,100 ft.-lb, 

Mdc == — F^,(0.67) — ^7^(16) = —17,600 ft.-lb, (the same as at B when the 
opposite leg is loaded). 

11-11, Influence-line Diagrams. An influence-line diagram 
(henceforth called an influence line’^) for any function is a 
diagram that gives the magnitude of the function at one given 
point for a load placed anywhere upon the structure when the 



Fig. 11 - 27 . 

ordinate of the diagram at the point of application of the load 
is multiplied by the magnitude of the load itself. Such diagrams 
are of great assistance when one is dealing with moving, concen- 
trated live loads. They may be used for a large variety of 
purposes. 

As an illustration, construct the influence line for the horizontal 
reaction at A for the hinged-end rigid frame of Fig. ll-27(a). 
Cut the structure at A, making Ha the redundant. Then it is 
possible to place a unit load at varying positions, like F, G, and C, 
and to find the corresponding magnitudes of Ha by means of 
Eq. (11-13); to plot these values of Ha as the ordinates FH, Gj, 
and CK, ri'spectively [Fig. 11-27(6)]. The envelope curve 
MHJKN and the line ilfiV will then constitute the influence 
line for Ha- If a load of 1,000 lb. is placed at any point F, then 
Ha will be 1,000 times Ha for a unit load = 1.000 X RS. 
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However, the construction of the influence line by this means 
is laborious. A more convenient method is the use of the 
principle of ''elastic weights^' on a fictitious (conjugate) beam. 
An outline of the method is as follows: 

Assume that AE of Fig. ll-27(c) is the deck of the frame. Any 
loads outside A and E vnll be omitted because they will not 
increase the magnitude of Ha^ Next, represent each of the divi- 
sions of the deck by a force — ^an "elastic weight — that equals 
ys/EI for that particular section, E being omitted in the denom- 
inator in this ease because it is constant. Then treat these 


Table 11-4.— -Influence-line Ordinates for Problem 11-9 


Point 

ys -i- I 

Shear at 
left 

Lever 

arm 

AM 

SJf 

Ordinate = XM -i- 

5 

28.8 

797.5 

1.33 

1,061 

1,061 

0.034 

6 

52.1 

768.7 

4 

1 3,075 

4,136 

0.134 

7 

91-7 

716.6 

4 

2,866 

7,002 

0.227 

8 

148.2 

624.9 

4 

2,500 

9,502 

0.308 

9 

215.0 

476.7 

4 

1,907 

11,409 

0.370 

10 

261.7 

261.7 

4 

1,047 

12,456 

0.404 

2 

‘ 797.5 







elastic weights as loads upon the simply supported beam AE; 
compute the bending moments in the beam at the load points; 

and divide these moments by ^ yy The calculations appear 

in Table 11-4. Plot the results in Fig. 11-28. This is the 
influence line for the horizontal reaction Ha, because the ordinate 
at any point, as 6 in Fig. 11-28, times the load gives the magnitude 
of Ha. 

That Fig. 11-28 is an influence line may be demonstrated as 
shown in Fig. 11-29. Take a symmetrical frame, and divide the 
deck into an equal number of parts — say 6, as in Sketch (a); 
place a load P at the center of the third division; draw the bend- 
ing-moment diagram; find its ordinates at each point times the 

corresponding yy, then sum up the products to get 2 M^yj 

Kext, draw the simply supported beam of Sketeli (b); divide it 
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into six equal parts; apply the elastic weights as loads; then 
find the bending moment at point 3. The result is the same as 




to!'—' coi*^ (Old? col*-^ €0|»- 
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+ 5P. 5S.y,S + 5P.S.y S ■) = 
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Dl^S S . oS , S , 5S.„ S \ 
p^2 y'i,- 7 T-y 2 T2+TT3T3; 

Fui. 11-29. 


-V S 2S-vn S S 
/t T- • yz-=r • ' 


5 w V/ ^ ,V7 « 

J-Vi 1 + 2 - 7212 ^ 2-^3 


before except that the coefficient is unity instead of P. There- 
fore, the ordinate at 3 is the influence-line ordinate which is 
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desired; in other words, it is Mpyj P. This method can 
be used as a means of analysis when the function to be integrated 


is in the form 

An influence line for the bending moment at C [Fig. 11-27 (a)] 
may be constructed by computing the bending moment at C as 
for a simply supported beam with a unit load at any given point, 
by finding Ha from Fig. 11-28, and then by subtracting Hy from 
the simple beam moment. 


Problem 11-9. Find the magnitude of Ha for the hinged-end rigid frame 
of Fig. 1 1-22 due to the dead load of the frame itself, using an influence line. 
The influence line is shown in Fig. 11-28; the ordinates are given in 

Table 11-4; the weights of the sections are given in Table 11-1; = 


y^s 

— is given in Table 11-2 for half of the frame; and the products of the 

loads times the ordinates are shown in Table 11-5. Then Ha = 3,248 lb. 
Compare this answer with that of Problem 1 1-6. 


Table 11-5 


Point 

Ordinate 

Load 

Product 

5 

0.034 

1,870 

64 

6 

0.134 

1,540 

206 

7 

0.227 

1,280 

291 

8 

0.308 

1,090 

336 

9 

0.370 

970 

359 

10 

0.404 

910 

368 

2 for half frame 


7,660 

1,624 

2 for entire frame 




Ha = 3,248 


Problem 11-10. By the use of the influence line of Fig. 11-28, find the 
magnitude of Pa, also the bending moments at B and C, for the rigid frame 
of Fig. 11-22, using the series of concentrated wheel loads which is pictured 
above the diagram of Fig. 11-28. 

Multiply each load by the scaled value of the corresponding ordinate of 
the influence line. Then 

Ha = (1,600 X 0.227 -h 4,000 X 0.404 1,600 X 0.084) = 2,117 lb. 

Mbc = -Hay = “2,117 X 16 - “33,900 ft. -lb. 

Mcb — “ Hay 
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Mp a.t C = +(1,600 X 37.33 + 4,000 X 23.33 -i- 1,600 X 3.33 ^^^ 

46.67 

~ 1,600 X 14 = 3,390 X 23.33 - 1,600 X 14 = 56,700 ft.-lb. 

Therefore, 

Mcb == +56,700 - 2,117 X 19 = +16,500 ft,4b. 

Shear at B 3,390 lb.; shear at C = 3,390 - 1,600 = 1,790 lb. 

Notice that this problem could be solved in the same manner as Problem 

11-6, but MpDj in Table 11-2 would be replaced by new values for the new 

loading conditions. 

Problem 11-11. Find the bending moments at B and C that are due to 
the pavement and earth fill on the frame of Fig. 11-22. 

In Fig. 11-22, the surface of the roadway is shown to be flatter than the 
top or extrados of the deck because 
this frame is chosen so as to emphasize 
the effect of curvature in the deck. 

It is not desirable to have such a 
^'hump^^ in the roadway. Therefore, 
the pavement is assumed to be on a 
fill which is 6 in. deep at the crown 
and 2 ft. deep at the knee of the 
frame. If the pavement is 10 in, 
thick, then the superimposed dead 
loads are approximately as shown in Fig, 11-30. 

Use the concentrations that are indicated in Fig. 11-30 with the influence 
line of Fig. 11-28 to find Ha. The loads times the influence-line ordinates 
are shown in Table 11-6. 
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Fig. 11-30. 


Table 11-6 


Point 

Ordinate 


Load 

Product 

5 

0.034 


1,200 

41 

6 

0.134 


1,040 

! 139 

7 

0.227 


900 

I 204 

8 

0.308 


SOO 

246 

9 

0.370 


740 

274 

10 

0.404 


700 

1 283 

for half frame 



5,380 

1 1,187 

2 for entire frame 

! ? //. =2,374 


Ih = 2,374 lb. 

Mbc = -Hay =- “2,374 X 16 = -38,000 ft.-lb. 

Mcb — -AM p — Hay 

.1/p = +5,380 X 23.33 “ 1,200 X 22 - 1,040 X IS - 900 X 14 - SOO X 10 
- 740 X 6 - 700 X 2 = +54,000 ft.-lb. 

Mcb = +54,000 - 2,374 X 19 - +8,900 ft.-lb. 
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11-12. Design of Members. Each portion of the rigid frame 
must be designed for the combination of forces and bending 
moments which may occur simultaneously and which will cause 
the maximum stresses at the point in question. Using the frame 
of Fig. 11-22, with the data from Problems 11-6 to 11-11, inclu- 
sive, the maximum moments, shears, and thrusts for the deck at 
points B and C are as shown in Table 11-7. Rib shortening has 
been neglected. 

Table 11-7 





Thrust 


Bending moment, 

Shear, lb. 

in deck, 


ft.-lb. 


lb. 


B 

B 

.Bto C* 

DL of frame 

52,000 +11,700 

7,660 

-3,250 

DL of fill, etc 

38,000|+ 8,900 

5,380 

”2,374 

Live load 

33,900 +16,500 

3,3901,790 

-2,117 

Earth pressure 

17,600 

820 820 

-1,070 

Rise in temp 

3,760 


- 235 

Fall in temp, and shrinkage. , 

+ 7,450| 




- 145 , 260| +44 , 550] 17 , 250|2 , eio] - 9 , 046 


* Negative sign denotes compression in deck. 

In the design of the deck, assume that w = 10 and that the allowable 
stresses are/c = 1,000 lb. per sq. in. and/* = 20,000 lb. per sq. in. Neglect 



OfX/S 

2-r°rods 

S‘/*'^rods\ 


kd 


' 

^ d-kd 


d-kd 

i. 

Neuiral 

> ! 2-/^ rods 
(b) 


l'/"°rod-\ 

(a) 

kd 

-Jt 

Fig. 11-31. 



the effect of the thrust because it is relatively small when compared to that 
of the large bending moments. 

1. Section at B. Assume the section that is shown in Fig. 11-31 (a), the 
depth being that of the deck at a section over the center of the point A of 
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Fig. 11-22. Lot M - 145,260 = 1,740,000 in.-ib., from Table 11-7. 

The arrangement of the rods is made so as to have 6 in. I>et\veen the bars 
horizontally in order to provide adequate space for splices, etc. 

Using the transformed-section method, 

2 H- 9 X likd - 3) = 10 X 2(36 - kd) + 10 X lt.33 - kd) 
kd — 10.5 in., d — kd = 25.5 in. 

Ic = 23,200 in.4 

Therefore, 

1,740,000 X 10.5 
23,200 

Therefore, 

1,740,000 X 25.5 X 10 
23,200 

These results are conservative but acceptable. 

2. Section at C. Assume the cross section to be as shown in Fig. 1 1-31 (5). 
An analysis of it when M = 44,650 ft.4b. (Table 11-7) gives kd ~ 5.63 in.. 
Ic ~ 3,070 in.^, fc = 980 lb. per sq. in., and /* = 16,300 lb. per sq. in. 
These stresses will be accepted, although the thrust will increase fc slightly. 
There is an excess of steel in the tensile side, but it is used to keep the 
neutral axis farther from the top in order to relieve the concrete; it is used 
also in order to have less cracking of the tensile side near the crown. 

Fixed-end Frame with Varying Moment of Inertia. 

Fixed supports at the bottom ends of the legs of the frame that 
is pictured in Fig. 11-22 make the analysis of the frame similar 
to that of the prismatic one of Problem 11-5. The work equa- 
tions [Eq. (11-12)] must be solved for the three redundants, the 
integration of the coefficients being performed by summation. 
Each different condition of loading compels one to find new values 
for the 8p terms, but the other coefficients, which depend upon 
the shape of the structure, remain constant. Of course, the 
equations must be solved for each different case. The general 
method of procedure will be illustrated more fully in the analysis 
of twm-span frames. 

Influence lines for a fixed-end frame may be obtained by 
placing unit loads upon various points — about 0.2L, 0.4L, etc.— 
solving the equations for the redundants, and p)lotting curves 
for the desired functions.^ 

^ The influence lines for a fixed-end rigid frame can be drawn more 
easily by the use of elastic weights upon an imaginary cantilevered beam. 
This method is developed and illustrated for a fixed-end arch in the next 
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11-14. Deflections. The deflection of the deck of a rigid frame 
under its own dead load is often desired in order to camber the 
forms or centering’^ sufficiently to allow for the settlement 
that will occur when the forms are removed. This deflection 
can be found by using Eq. (11-3), with Mp equal to the dead- 
load bending moment, and rriq equal to the moment caused by a 
unit load at the point where the deflection is desired and acting 
in the desired direction. In other words, sum up (integrate) 
the products of the two moment diagrams for the entire frame, 


r" 



*7 1“ 


[ 


i Mp 

/ 


' ( 


(a) (b) 



as shown in Figs. 11-32 (a) and (6), times the lengths of the pieces, 
each divided by EL 

A second method of obtaining the deflection of any member is 
the use of ‘^moment areas. This may be applied when the 
members are not curved excessively. The method may be 
stated as follows, referring to Figs. ll-32(c) and (d): 

1. Draw the bending-moment diagram for the loading for which the 
deflection of the structure is desired; then divide the moment at all points by 
EL plotting a new diagram which represents M /El for the member. 

2. The area of the M /El diagram betw^een any two points like B and C 
gives the change in the slope of the tangent to the elastic curve at C with 
respect to the tangent at .S — 0 of Sketch (c), in radians. 

chapter. However, the short-cut method with constant horizontal lengths 
which is used therein for the preparation of the tables of cantilever moments 
should be replaced by direct calculation of the moments with whatever 
lengths of divisions may be suitable for the deck and for the legs. 
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3. The moment of the M/EI diagram between B and C about point C 
as a center gives the deflection of C with respect to the tangent at B - & of 
Sketch (c). 


The foregoing statements apply to any two points in the 
member. Of course, the signs of the moments must be considered 
also. 

The method of moment areas is sometimes confusing because 
the angle of the tangent at such a point as B—dt, of Sketch it}— 
must be found before d or § can be computed. 

A third means of finding the deflection is the “conjugate- 
beam'' method. This may be stated as follows: 

1. Draw the M/EI diagram for the loading that is being considered. 

2. Assume that the M/EI diagram constitutes the loading diagram of a 
fictitious or conjugate beam which has the same span as the given member 
but which is simply supported — as in Sketch (dj. 

3. The shear in the conjugate beam at any point gives the angle between 
the chord joining the two ends and the tangent at the given point — 0c of 
Fig. ll-32(d) — in radians. 

4. The bending moment in the conjugate beam at any point gives the 
deflection of that point with respect to the chord joining the two ends of the 
conjugate beam — 5c of Fig. ll-32(d). 

Problem 11-12. Find the deflection of the center of the deck of the 
rigid frame of Fig. 11-22 for the dead load of the deck itself, the earth fill, 
and the pavement. Assume E — 3,000,000 lb. per sq. in. Use the conju- 
gate-beam method, assuming the deck to be straight. Also find the angular 
deflection at the knee. 


Table 11-S. — Calculations For Angular and Vertical Deflection 


Point 

DL at 1 
pt. 

Simple 
beam M 

V 

-Hay = 
-5,6202/ 

Result- 
ant M 

/ 1 

7 


1 

M 

\ 

5 

3,070 

17,400 

16.48 

- 92,600 

-75,200 

2.34 

-32.100 

3.33 

; - 107 . OOO 

6 

2,580 

57,200 

17.31 

- 97,400 

-40,200 

1.35 

-29,SOOi 


— 119.300 

7 

2,180 

86,800 

17.98 

-101,000 

-14,200 

0.79 

-18,000; 

4 

1- 72.000 

8 

1,890 

107,800 

18.48 

-104,000 

4- 3.S0O 

0.50 i 

+ 7,600 

i 4 

1+ 30,406 

9 

1,710 

120,900 

18.81 

-105,800 

+ 15.100 

0.35 1 

+ 43,10O' 

4 

! + 172,400 

10 

1,610 

127,300 

18.98 

-106,800 

+ 20,500 

0.29 i 

+ 70,700 

4 

1 'T 282 , 800 

2* 

13,040 





i 


-187,300 






1 



72,000 X 14 - SO. 400 X 10 
2S2,S0U \ 2)12 = 0.222 ill. 


* S for oue-half of frame. 




187,300 X 57.3 


0.025® 


" 432,000,000 

A, = ™(187,300 X 23.33 -f 107,000 X 22 + 119,300 X IS - 

- 172,400 \ 6 


1 
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The loads of the deck are given in Table 11-5; those for the fill and pave- 
ment, in Table 11-6. These are combined in Table 11-8, in which the 
values of M /I at the centers of the divisions are computed. E is not 
brought into the calculations until last in order to minimize the work. The 
magnitude of Ha is the sum of the values that are given in Tables 11-5 and 
11-6— Ha = 3,248 + 2,374 = 5,620 + lb. 

The details of the calculations (which are made by slide rule) are given in 
Table 11-8, all of the quantities being in terms of feet or pounds. The 



shear at the end of the conjugate beam. The calculations for ^6 and 5c as 
given under the table are self-explanatory, 

11-15. Two-span Rigid Frames. The bridge shown in Fig. 
11-33 is one of a number of two-span rigid frames over the New 



Fig. 11-33. — Sketch of two-span rigid-frame bridge. New Jersey approach to 
the Lincoln Tunnel, Union City, N. J. 


Jersey approach to the Lincoln Tunnel at New York. This 
type of structure should come into extensive use along with the 
development of modern parkways which have a physical separa- 
tion between two roadways. This particular structure has fixed 
ends, a narrow fixed center pier, and unsymmetrical thicknesses 
for the deck over each opening as pictured in Fig. 1 1-35. 

The principles to be used in the design of such a bridge are the 
same as those which have been illustrated for single-span frames, 
but the presence of the center pier causes more redundants in 
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the structure— a total of six. If the ends of the legs were hinged, 
there would be onl^^ four unknowns. However, the fixed-end 
condition will be illustrated sufficiently to enable one to iiiuier- 
stand the procedures and to adapt them to other or more simple 
cases. 

A brief outline of the procedure for the design of such a sym- 
metrical, fixed-end structure is as follows, using Fig. 11-34 for 
reference : 

1. Tentative Sections. Choose tentative thicknesses of the end 
legs and the deck in the same manner as for single spans, but 
allow a little more strength in the deck at the center picw. IMake 
the center pier conform to architectural requirements, but 
remember that the heavier and stiffer the pier is the more severe 
will be the live-load bending moments at its junction with the 
deck. Test the legs and the deck by using the formulas for H 
as given in Figs. 1 and 2 of the Appendix. 

2. Dead Load. After a tentative structure has been chosen, 

divide it into sections, choose an origin of coordinates [such as .4, 
Fig. ll-34(a)], and compute x, y, and I for the centers of the 
divisions. The loading condition vdll be as shown in Fig. 
ll-34(a), but, because of symmetry, it may be reduced to that 
which is pictured in Sketch (5), point C being considered as 
fixed. Then cut the structure free at A, introducing the three 
redundants as shown in (h). The bending-moment diagrams 
for unit redundants are pictured in (c), (d), and (e); that for the 
dead loads of the deck, in (/). Next, compute the coefficients 
of the work equations Ss-i, etc.); solve these equations for 

the redundants; calculate the bending moments at A, B, F and 
C; and compute the shears in AB and BC. 

3. Uniform Live Load on One Span. Load the structure as 
shown in Sketch (g), cutting it free at A and E. The bending- 
moment diagrams for the six redundants, if each is unity, are 
shown in Sketches (A), (0, (i), (A*), (w), (n), and ip). Assume 
an origin of coordinates at 0, Fig. ll-34(^); compute the coeffi- 
cients 5i_i, Ss-i, etc.; and substitute them in the six work equa- 
tions as illustrated in Problem 11-14; solve for the redundants: 
then compute the bending moments and shears at the devireti 
points. (Approximate but more readily usable methods of 
analysis will be shown in Chap. 13, because the solution ot six 
simultaneous equations is very tedious.) 
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4. Full, Uniforin Live Load. In Sketch (g), one span only is 
loaded. It causes certain bending moments and shears in the 
left-hand span and others in the right-hand one. If CD were 
loaded alone, all of these values would be switched to the opposite- 
hand point in the frame; i.e., the magnitude of the bending 
moment at D which is caused by the load on BC is the same as 
the moment at B which is caused by the same load on CD. 



Fig. 11-34. 


Therefore, the bending moments and shears at all points for 
full live load are the algebraic summations of the values for the 
corresponding left-hand and right-hand points of the frame 
which are due to the uniform load on one span only (multiplied 
by a constant factor if the specifications require the intensity 
of the live load to change with its length). 

5. Concentrated Live Loads on One Span. The procedure is 
the same as for item 3 except that the Mp terms are different. 
The moment diagram for the live loads must be that which 
applies to the particular loading condition that is assumed. 
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6. Temperature a?id Shrinkage. The bending moment and 
shears which are due to temperature changes and shrinkage 
can be computed by assuming that the structure is fixed at €, 
as shown in Fig. 1 1-34(6) , because of symmetry. The magiiit tide 
of the change in length AL is to be computed for the full span 
BC. The Mp terms in the wmrk equations are zero, but Ax is 
replaced by AL. The coefficients of the three rediindaiits are 
the same as those which are computed under item 2 because they 
depend only upon the elastic properties of the structure. 

7. Earth Pressure. If the pressure of the earth is assumed to l>e 
applied symmetrically at both ends of the structure, the frame 
may be assumed to be fixed at C. The analysis is then similar 
to that for the dead load except that there is a new set of Alp 
terms. 

Problem 11 - 13 . Assuming the rigid frame of Fig. 11-35, find Ha. Va. 
and Ma for the dead load of the frame itself. 



The springing line near C is 4 in. higher than near B. This causes an 
even greater difference in the levels of the points B and C on the axis ol the 
deck. Therefore, in order to simplify the calculations, the leg will be 
assumed to be raised until B is level with C. The data in Table 1 1-9 have 
been recorded upon this basis, since there will be no appreciable effect upon 
the structure. The magnitudes of w are computed from scaled or calculated 
thicknesses at the centers of the divisions. The origin of coordinates is at 
A. The tilt of the axis of the leg gives small negative values for x which 
could be assumed equal to zero without appreciable error but which are 
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»0 U3 
M <31 
0_ 00 
i-< 

+ + 
»0 00 


+ + 


tel te; 



1 035Ha + 8957« + 7QMa = 8,270. 

(Angular rotation) 5 i _3 + 62-3 + 83-3 = — 6 p_ 3 . whence 

Ha — —2.04 kips 
Va = 10.72 kips 

Ma = 10.31 ft.-kips 



Given data Properties of frame Mp terms 
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included here for the purpose of demonstration. The symbol w is used for 
si. 

The sketches and the calculations that are given with Table 11-9 show 
the complete solution of the problem. The fact that is negative shows 
that it acts toward the right instead of toward the left. 

Problem ll-li. Assume that the bridge of Fig. 11-35 carries a uniformly 
distributed live load of 270 lb. per sq. ft. on the left-hand span — loaded 
length = 37.58 ft. Find the magnitudes of the six redundants. 

If the structure is cut at A and jE, the condition will be that which is 
pictured in Fig. ll-34(sr). The origin will be taken at 0 [Fig. 11-34(^)1. 
It is on the axis of the center pier and at the level of A and E. The sum- 
mations that have been made in Table 1 1-9 for the elastic properties of the 
leg and the deck can be used again. Notice that y is unchanged. If the 
center pier is omitted for the time being, (h) = (c), (i) = (d), (j) ~ (e), 
(k) = —(c), (m) = —(d), and (n) ~ —(e). The effect of the center pier 
can be included easily as a separate item. Therefore, in Table 11-10 the 
new calculations are shown, but the other summations are copied from 
Table 11-9. 

The directions of the redundants are chosen as shown in Fig. ll-34(^) 
for the following reasons: 

1. All six redundants bend the center pier in the same way, causing a 
positive bending moment in it because the sign convention that is used in 
this case assumes a moment to be positive if it causes compression in the 
outside of the legs, the top of the deck, and the right side of the center pier, 

2. There will be less difficulty in combining the numerical values if the 
sign of the moment in the center pier is always positive. 

3. The signs of all of the coefficients in the work equations will be positive. 

Table 11-10 shows the detailed calculations for the coefficients of the 

work equations. The values of Mp are calculated as for a cantilever beam 
which is fixed at M. Mp ~ 0 for the legs. 

From the summations in Table 11-10, the work equations can be set up 
as shown in Table 11-11, using the typical form as shown in Eqs. (11-11), 
and using the key to the coefficients as given under Table 11-10. The 
magnitudes of the redundants are given under Table 11-11. The diagram 
also shows the bending moments in the frame. 

Problem 11-16. Find Ha, Va, and Ma for the frame of Fig. 11-35 for a 
fall in temperature of 50“F. and for an equivalent shrinkage of 50°F. if 
E = 432,000,000 lb. per sq. ft. and w = 0.000006. 

EaL = EoitL = 432,000,000 X 0.000006 X 100 X 37.58 » 9,700,000. 

From Figs. ll-34(c), (d), and (e), and from Table 11-9, the work equations 
can be set up as follows: 

16,S14Ha + 15,635Fa + l,035.¥a - +FAL - +9,700,000 
15,635Ha + 19,558Fa + 895ilfa == 0 
l,035Ha + 895Fa + 76Ma = 0 

Ha - +6,920 lb., Fa - -2,640 lb., Ma = -63,100 ft.-lb. 
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Table 11-11. — Work Equatioxs 

Ax at A : 

19,021 +23, 153 Fa +l,23oA/a +2,207F, +7,518 F^ +200. 1 M, = S4.039 

Ay at A : 

+58, 538^+1, 931.6J/a+7,518if.+38.9S0]'.i-l.O3r.'l/, = 262,002 

= 7.902 

Ax E: 

+ 1,2354/, = 38.150 

Ay Sbt E: 

7, SlS/Ta +38, 980 Fa+l,037ilfa +23, 153//. +58, 5381^+1,931.63/, = 197,746 
AB at E: 

1 T e j ivf3.3o3/r = 0,2t)2 

= —2.117 kips, Fa = +4.S15 kips, Ma = +8.470 ft. -kips. 

He = —0.137 kip, T e == +0.385 kip, Me — —1.1 IS ft. -kips 



11-16. Variations in Bending Moments in Two-span Rigid 
Frames Due to Loading Conditions. Figure 11-36 pictures the 



bending moments in the bridge of Fig. 11-35 for the extreme 
conditions. The full lines give the critical conditions at B and C, 
with live load on both spans; the dotted lines give the ma.ximum 
moment at the crown, for which the live load is on span BC only. 
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The alternation of the stresses in the lower part of the leg, 
portions of the deck, and the center pier should be noted. The 
first is relatively severe. It is especially undesirable to have a 
real reversal of stress at B. 

One should remember that the heavier and stiffer he makes a 
rigid frame the more severe will be the stresses in it due to 
temperature and shrinkage. Rapid changes in the moment of 
inertia of a structure are likely to cause cracking. There is a 
reasonable proportion for the members which one learns through 
experience. 

11-17. Discussion of Practical Details. There are a great 
many practical details in rigid frames which are very important. 
A few such things will be included in a brief outline of the reasons 
for some of the details that are pictured in Fig. 11-37. The two-' 
span frame is used because it involves more difficulties. 

1. The pouring procedure probably would be as follows: 

a. First Pour. The footing of the center pier below M, with 
key at M. 

h. Second Pour. The footing of the leg below A, with a strong 
key way to resist the horizontal thrust and provision to resist 
twisting. 

c. Third Pour. The center pier from M to C, with key at C. 

d. Fourth Pour. The leg from A to R with a special keyway 
at B to resist all thrusts (vertical and horizontal). This joint is 
shown in Fig. 11-38. 

e. Fifth Pour. The entire deck. If absolutely necessary, a 
vertical construction joint could be made over the middle of the 
center pier so as to pour the decks of the two spans separately. 

2. The fillet at B is small, but it helps to decrease the stresses 
in the concrete at the reentrant corner. 

3. Rods A and B are alternated so as to extend the latter to 
lap with rods C and F. 

4. Rods D are placed inside or under rods C so as to keep the 
spacing in multiples of 6 in. and to get a better arrangement 
with more clear space for placing of concrete than could be done 
with closer spacing. This is shown in Fig. 11-39. 

5. Rods E and P are hooked into the deck so as to reinforce the 
reentrant corners against opening. 

6. Rods F and G are staggered so as to reduce the lengths of 
individual rods, yet to provide 6- or 12-in. spacing at all points. 
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7. Rods H are placed in the middle of the 6-in. spaces between 
rods C so as to get adequate bond and not to interfere with the 
regularity of the spacing of J, K, M, and N, which are arranged' 
so as to increase the area of steel as required. 

8. Rods Q should be about J-in. round. They are looped 
under the bottom rods and over the top ones, as pictured in 
Figs. 11-39 and 11-40, for the following purposes: 

a. To provide web reinforcement with proper anchors. 

1. To provide struts to support the weight of the top rods by 
bearing upon the bottom ones, these last being held off from the 
forms by means of wire chairs or precast concrete blocks. 



Fig. 11-38. — Keyway and tensile steel at knee of rigid-frame bridge. 


c. To prevent the tension that is carried by the curved bottom 
rods from straightening them out and spalling the concrete, also 
to prevent compression in the curved rods C and D from causing 
them to buckle. 

9. Rods R are used as extra web reinforcement. A glance 
at Fig. 11-36 will show that the location of the point of contra- 
flexure or inflection varies widely for the two extreme conditions 
of loading. This means that, between points 6 and 8, also 13 
and 15, the concrete sometimes tends to crack on top; at other 
times it tends to crack on the bottom. This is a possible cause 
of serious trouble. Therefore, the web reinforcement in these 
regions is made capable of withstanding the entire shear at about 
25,000 lb. per sq. in. in the rods. 
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Rods S in the leg serve somewhat the same purpose. 

10. Rods T are used merely to avoid excessive cracking of the 
outer corner, with rupturing of the waterproofing. 

11. Rods U are special web reinforcement for the keyway at B. 

12. The longitudinal steel for temperature and shrinkage 
reinforcement is about 0.25 per cent of the cross section of the 
frame, about two-thirds being placed near the inside face. 

13. At first glance, the footing for the leg may not seem to be 
fixed, but it is really locked in 
position by the shearing forces 
which can be developed at the 
junction between the concrete and 
the rock. The center footing is 
fixed similarly because the con- 
crete is poured against the rock 
even when the latter breaks badly 
as a result of the blasting. 

Other footings are shown in 
Tig. 11-41. Sketch (a) is one type 
of hinged end on rock. Beveled 
steel bearing plates are used in 
order to insure an effective hinge 
action. Sketch (b) shows a simple 
bearing on earth. The bottom of 
the leg rests in a keyway with some 
yielding material at its bottom. 

This keyway might be semicir- 
cular, but such refinement is 
questionable. The dowels are pri- 
marily for the purpose of anchors to which the leg reinforcement 
can be wired during construction to avoid its displacement 
during the pouring of the concrete. These dowels provide only 
a slight restraint which can do little harm. Sketch (c) shows a 
simple footing of the center pier on rock. 

The parapets of rigid-frame bridges need special attention. 
Figure 11-42 (a) shows the construction that was used in the 
bridge of Fig. 1 1-33. The parapet was poured after the centering 
was ''struck.'^ It is reinforced as a vertical cantilevered beam, 
but it also utilizes heavy prestressed rods w'hose purpose is the 
avoidance of cracks due to temperature, shrinkage, and partiei- 



Fig. 11-40. — Details of reinforcement in deck of rigid-frame bridge. 
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Fig. 11-43. — Rigid-frame bridge, part of approach to Meeker Ave. Bridge, New 
York City. {Courtesy of Dept, of Public Works, New York City.) 
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pation of the parapet in the frame action of the structure. The 
parapets of the bridge in Fig. 11-1^ are built upon a different 
principle. The posts are cantilevered from the deck, but the 
panels are isolated units which are held in keyways along the 
sides of the posts but have expansion joints which prevent 
the parapets from acting with the frame. 

Figures 11-42(6), (c), and {d) picture construction and expan- 
sion joints which were used in the bridge of Fig. 11-33. Figure 
11-43 pictures a single-span bridge which is part of a grade- 
separation project that has been designed by the Department 
of Public Works of New York City. It illustrates a case in 
which there is no backfill behind the legs of the structure. 



CHAPTER 12 


ARCHES 

12-1. Introduction. Arches possess inherent beauty as well as 
practical utility. Figures 12-1 and 15-2 (Chap. 15) are illus- 
trations of two such structures. Although they are widely 
different in character, each possesses a beauty of its own. Fig- 
ure 12-1 is a picture of an arch oyer Riverside Drive in New York 



Fig. 12-1. — Arch over Riverside Drive, New York approach to the George 
Washington Bridge. 


City, the photograph being taken when the bridge was nearing 
completion. This structure is part of the approach to the 
George Washington Bridge. Figure 15-2 shows the Dykman 
Street Bridge at New York City. This is part of the Henry 
Hudson Parkway. 

The design of reinforced-concrete arches is based upon the 
same general principles as those which have been demonstrated 
m the preceding chapter on rigid frames, viz., the theory of work. 

§95 
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There are variations in the details of the methods that may be 
used, but it is the purpose of this chapter to develop a simple, 
understandable procedure which will facilitate practical designing. 

12-2. The Fundamental Action of an Arch. The fundamental 
nature of an arch is illustrated in Fig. 12-2 as follows: 

1. Sketch (a) shows a fixed-end beam which has varying depths 
of cross section but whose neutral plane (or axis AB) is hori- 
zontal. The load P will cause bending moments in this beam; it 
p also causes vertical reactions. 

2. Next, suppose that this 


Ma 






D C 


Rb 


beam is bowed upward so that 
the point C rises, A Bis curved, 
and the supports A and B are 
rotated. Then the horizontal 
projection of the arch is short- 
ened by a distance AL because 
the length oi AC Bis unchanged. 
When the load P is applied now, 
AB bends, but it also tends to 
flatten out again, causing hori- 
zontal pressures at A and B 
along with the vertical reac- 
tions. The structure is there- 
fore subjected to a longitudinal 
compressive force which did not 
exist before. If the curvature 
is very slight, the member is still primarily a beam ; but when the 
rise is large, as in (c), the effect of the horizontal thrust becomes 
very important. Then such a structure is called an ^^arch.” 

The great economy of an arch is due to the fact that, because 
of its curvature, the horizontal components of the reactions cause 
bending moments which relieve those that would exist in the 
structure if it were an ordinary beam. Of course, an ideal arch 
is one in which the loads cause little or no bending moments. In 
such a case, the concrete of the entire cross section is available 
to resist compression instead of having the design controlled by 
the large compressive stresses at one edge, as in a beam. 

The differences in the deflections of a simply supported, curved 
beam and a hinged-end arch are pictured in Fig. 12-3. It is 
easy to see that the strength of (a) depends upon its ability to 
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resist bending but that that of (6) depends upon both its beam 
action and the resistance that is due to the direct compressive 
forces. The dotted lines show 
the deformed positions of both 
structures. 

12-3. Parts and Kinds of 
Arches. Some of the terms that 
denote parts of an arch are 
shown in Fig. 12-4. The ends 
may be fixed or hinged at the 
abutments, depending upon the 
arrangement of the details. 

When both ends are fixed and 
the arch is continuous, it is 
called “hingeless’’; when both 
ends are hinged and the arch is continuous, it is “two hinged”; 
when there are hinges at both ends and at the center, it is “three 
hinged.” 

When an arch has columns or cross walls which carry the 
roadway structure and which rest upon the extrados of the barrel, 
as pictured in Fig. 12-4, it is called an “open-spandrel” arch; 
when the pavement is supported upon earth fill which bears 




Rfh orboirreh^ 


'floor 

Crown ^ 'Spandrel 


Exirados ' “ 
or back 



or soffit 
''Springing fine 

Clear span -- 

Effective span, L 
Fig. 12-4. 


_^^^kewback 
Abutment 


directly against the extrados, the structure is called a “filled- 
spandrel” arch. 

Furthermore, some engineers refer to arches in terms that 
denote the kind of curve to which the intrados is laid out, such as 
semicircular, segmental, three-centered, parabolic, elliptical. 

12-4. Determination of Curvature of Arch Axis. Most arches 
have variable depths of section as shown in Fig. 12-4. The 
resultant variation in I causes complications in the calculations 



398 


ARCHES 


[Art. 12-4 


which are similar to those that occur in the analysis of rigid 
frames. Therefore, since the design of an arch is really the 
analysis of a tentative structure, it is very important to choose 
the right shape for the axis — also to find satisfactory thicknesses 
for the sections — before a refined calculation is made. 

The following formulas will be useful in assisting in the choice 
of the proper curve for the axis:^ 

For opemspandrel arches : 

y = • 

For filled-spandrel arches : 

y = Y^-g -(c^ + 24c®r) 
tan d = + 7.5r). 

The meanings of the terms used in these formulas are given in 
Fig. 12-5. The rise ratio r is h/L. 



Of course, the rise and the span of any arch are generally 
controlled, or at least greatly influenced, by the conditions at 
the site; but when r is small the horizontal thrusts and the 
bending moments are much greater than when r is large. This 
affects the economy of construction in many cases. 

For full uniform loads alone, a parabolic curve will result in an 
arch that has no bending in it. However, partial loadings gen- 

^ Taken from Victor H. Cochrane, Design of Symmetrical Hingeless 
Concrete Arches, Engineers^ Society of Western Pennsylvania, Proc., vol 32, 
No. 8. 
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erally cause greater bending moments than full loadings of equal 

intensity. 

12-5. Determination of Thickness of Arch Ring. At best, any 
formula for arch thicknesses is only a guide for the designer. The 
strength of the concrete, the length and rise of the arch, the 
magnitudes of the loads and their distribution— all of these 
things must be considered. Various formulas have been devel- 
oped by engineers; but of course the best guides are the data that 
can be secured from some other arch that is safe, attractive, 
economical, and also comparable to the proposed structure. In 
any case, good judgment is needed. 




Fig. 12-6. 


A seemingly rational approximation for a symmetrical, fixed- 
end arch can be made as follows: 

1. Assume a longitudinal strip of the arch 1 ft. wide. Make a rough 
estimate of the total dead load and live load for one-half of this strip. 

2. Assume that the arch axis is a parabola, in which case the tangent of the 
inclination of the axis at the skewback is twice the rise divided by half of 
the span, as shown in Fig. 12-6 (a). 

3. Lay off the entire load from step 1 as the vertical line CB of Fig. 12-6(6) ; 
draw AB horizontally; draw AC parallel to the tangent as determined in 
step 2. 

4. Assume the safe working stress of the concrete to be used; scale off 
AB and AC from Fig. 12-6(6); divide AB by about 0.4/c to find the trial 
area at the crown; divide AC by about 0.3/c to determine the trial area at 
the skewback; then divide both by 12 in. to obtain the tentative depths of 
the two sections to at the crown and te at the end (in inches). 

After to and te are chosen, the depths of 4 of Fig. 12-5 at 
intermediate points may be tentatively determined by using the 
curves of Fig. 12-7 which have been prepared by using Cochrane’s 
data. The axis, intrados, and extrados of the arch should then 
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be drawn very carefully to large scale, making sure that the 
curves are smooth. 

12-6. Preliminary Test of an Arch. After the trial shape of an 
arch has been chosen, it is advisable to test it in a preliminary 
way before making a detailed analysis. To do this, draw the 
outline of the rib as in Fig. 12-8 (a), which pictures half of a 



PerCentof LengfhofHalf Ax!s(From crown fo End) 

Fig. 12-7. — Variation in thickness of half of the barrel of a symmetrical arch. 

symmetrical arch. Then test it by constructing the line of 
pressure somewhat as for a stone-masonry arch. The procedure 
for a filled-spandrel arch is as follows: 

1. Assuming a 1-ft. strip, draw the half rib as in Fig. 12-8(a), using a large 
scale; convert the earth fill into an equivalent depth of concrete, where 
OF = X depth of earth; convert the pavement into concrete also; do 
likewise for one-half of the average uniform bVe load over the entire struc- 
ture; IJ is then the “reduced-load contour.'' 
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2. Divide the half span into any reasonable number of equal spaces; 
then project lines upward to divide the figure into sections like MRQK; 
find the area of each division; locate each center of gravity, laving off 
KL = LM, QP = PR, MN = RQ, QS = KM, and intersecting NS with 
Z/P at 0; find the weight of each division at 150 lb. per cu. ft. 

3. Construct the force diagram for the forces as in Sketch (h), using a 
trial pole at O'; starting at the center of the arch in Sketch (c), draw the 
funicular polygon from A to B, then to C which locates the resultant of 
the forces; since B is outside the arch ring, draw DE from the center of the 
crown, parallel to CB, locating E on the resultant; in Sketch (b), draw a new 
ray SO parallel to EA of Sketch .(c), locating a new pole at 0; draw a new 



force diagram and funicular polygon. If the new polygon closely follows 
the arch axis, it generally indicates that the assumed arch is reasonably 
satisfactory; otherwise a change of shape or of depths is necessary. 

4. Scale OT of Fig. 12-8(5); apply it as a direct thrust on the crown 
section as plain concrete. If the unit stress does not exceed 0.4 of the 
allowable working stress, there should be enough reser\^e strength to take 
care of the bending moment at the crown. 

12-7. Theory of Arch Analysis in General. The elastic theory 
will be used in the study of the action of an arch when it is sub- 
jected to bending. This theory assumes that the stresses and 
strains are proportional to each other; i.e., £' is a constant, and 
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the stress at any point in the cross section of the arch equals 
P Me 

+ — Furthermore, it is assumed that the distribution of 
A -I 

stresses in the arch itself due to direct forces and bending moments 
will be the same as in straight members. 

If the fixed-end arch of Fig. 12-2(c) has a load P applied at D, 
there will be horizontal and vertical reactions at A and B; there 
will be restraining moments at these points also. Therefore, the 
structure will be statically indeterminate to the third degree. 
In fact, the arch may be looked upon as a rigid-frame bridge with 
large curvature and with legs of zero length. 

There are various ways of cutting’^ the structure so as to 
solve for the three redundants. The method of attack, if the 
calculations are correct, should have no material effect upon the 
results. It must be remembered also that any method of analysis 
is merely an attempt, through mathematical processes, to 
determine in advance what the stresses in the actual structure 

will be for any given conditions 
of loading, doing so with suffi- 
cient accuracy for practical 
purposes. 

As a very general case, as- 
sume an unsymmetrical arch 
as in Fig. 12-9 ; cut it at the left 
support; call Hay Va, and Ma 
the three redundants. The 
structure is now statically de- 
terminate, being a curved cantilever beam which is fixed at B. 
For convenience and clarity, assume the origin of coordinates at 
point A. 

By applying a unit or dummy load at A, acting horizontally 
toward the right, Eq. (11-3) of the preceding chapter gives 
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Fig. 12-9. 
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( 12 - 1 ) 


where Ax — the horizontal deflection of point A with respect to 
B, M — the combined bending moment at D due to the loads and 
redundants, y == — l(i/), or the bending moment at D due to the 
dummy load at A, the sign,being minus because it causes tension 
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in the top fibers; and used instead of J * ~ 

Similarly, 

Mxs 

(12-2) 

Then, using Eq. (11-6) of the preceding chapter and a unit 
moment at A, 

^El' 

(12-3) 

The general expression for M at any point is 


M = Ma + VaX — HaV — Mp 

(12-4) 

where Mp = P(x — hL), or similar cantilever moments which are 
caused by any external loads. The minus sign indicates tension 
in the top fibers. 

When Eq. (12-4) is substituted in Eqs. (12-1), (12-2), and 
(12-3), they become 

Aoj = -2(^a + - Hay - Mp)^- 

(12-5) 

Ay = 2 - Hay - Mp)~ 

(12-6) 

AS = 2 - Hay - Mp)~ 

(12-7) 


These are three fundamental equations for the arch in terms of 
the left reactions, the left end moments, the cantilever beam 
moments, and the properties of the structure as represented by 
ys/EI, xs/EI, and s/EL They can be solved for Ha, Va, and 
Ma for any given condition of loading by placing Ax, Ay, and A6 
each equal to zero and summing up from A to B, because there is 
actually no change in x, y, or ^ at A with respect to B, since the 
arch is fixed. Therefore, the bending moments at any point in 
the structure can be calculated for this particular loading. 
However, the numerical work involved in this method of analysis 
is very tedious. 

12-8. Elastic Center. The analysis of an arch can be greatly 
simplified by using a special origin of coordinates. 

If the rib is divided into any given number of sections, if E 
is canceled out because it is constant, if the s/I values (elastic 
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weights) of these divisions are computed, if the center of gravity 
of these elastic weights is calculated with respect to any axes 
by assuming each elastic weight to be concentrated at the center 
of gravity of its particular division; then this center of gravity 
of the entire structure is called the ^‘elastic center, or centroid.’’ 
For instance, Fig. 12"10(a) shows an unsymmetrical arch. If 
the original axes are X^-X' and through A, the elastic 

center will be found to be at 0, a distance n = 2y'w/Xw above 
X'-Z' and a distance m = 'Ex'w/'Ew to the right of F'-F'. Of 
course, any axes can be assumed for determining 0. (w = s/1,) 
There are various ways in which an arch can be divided into 
sections for the purposes of analysis, but it seems to be best 



Fig. 12-10. 


to use portions that have equal horizontal projections. The end 
sections should start at the skewback as shown in Fig, 12-10(6) in 
which A = the intersection of the arch axis with this skewback. 
Obviously, the real effective span of the structure will start 
from a point that lies between A and the springing line so that 
this assumption for the first division is more correct than would 
be the use of point A as the center of a section, the left part of 
which is shown by the dotted lines. Furthermore, it is sufficient 
to assume that the center of gravity of a section is at the mid- 
point of the horizontal projection of its axis. 

If the arch is a semicircular one, or if the intrados is elliptical 
with a relatively large rise, it may be advantageous to divide the 
arch into sections along its axis. In such a case, the general pro- 
cedure for the analysis will be similar to that which will be illus- 
trated herein. (This also applies to rigid frames.) 
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Next, by using the elastic center as the origin of coordinates 
for new axes Z' -Z" and Y-Y, 2ys/l = 0 and S;rs// = 0. It 
is now possible to use these two axes in the analysis of the arch, 
but it is desirable to find the special axes about which 2xys/I 
will also be zero. To do this, assume the F-F axis to be vertical 
through 0, with -\-x measured to the right; assume the Z-Z 
axis to be inclined at some angle a, with -f y measured vertically 
upward, as in Fig. 12-10. The new ordinate to any point E 
from Z-Z will be 

y = y' - n - Cix 

where y' = the original ordinate from Z'-Z^ and Ci = tan a. 
Furthermore, the new abscissa to E will be 


where — the original abscissa from F'-F^ Then, substituting 
w for s/I and the new values of x and y in the expression 2xys/I 
and equating it to zero gives 

2xyw = 0 

2(x^ — m){y' — n ~~ Cix)^) = 0 
— m)[y' ~ n — Ci{x' — m)]w = 0. 

Expanding this and grouping the terms gives 

= — 2x^y'w + m2y'w -T 


However, the last two terms cancel out, since the sum of the 
moments of each of the separate elastic weights about F'-F' = 
the sum of all of the elastic weights times m, the distance to the 
center of gravity (elastic center). Therefore, 

'Zx'y'w - (12-8)' 

This enables one to find Ci in terms of the original coordinates. 
Obviously, for a symmetrical arch, m = L/2 and Ci = 0. 

^ Equation (12-8) may be simplified to the form 
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Problem 12-1. Assume the unsymmetrical arch of Fig. 12-11. Find the 
elastic center and the location of the inclined axis X-X, using the data that 
are given in columns 2 to 5, inclusive (Table 12-1). 

Table 12-1. — Calculations for Elastic Center 

Given data Derived data 

10 11 


Point 5, it.% ft. x'w y'w x'y'w y'^w 



7.53 3.64j .341 

5.6| 

4.4| 

13 

17 

10 


7.26 3.00 .66 

29.1 

21.5 

194 

262 

143 


7.00 2.5415 .501 

77.01 

53.9 

808 

,154 

566 


6.762.2621 .86 

147.6 

97.4 

2,046 

,100 

1,350 


6.562.12 27 16.74| 

223.0 

138.3 

3,733! 

,022 

2,315 


6.382.07 3319. 

284.8 

165.2! 

5,451 

,398 

3,162 


6.232.03 39 21 

348.3 

188.1 

7,335 

,583 

3,961 


6.122.0145 22 

406.81 

203.4 

9,153 

,306 

4,577 


6.04 2.00 51 23, 

462.1 

212.5 

10,840 

,565 

4,985 

10 

6.002.01157 23 

505.6; 

212.3 

12,104 

,819 

5,084 

11 

6.00 2.02 63 23 

550.6 

209.2 

13,182 

,6891 

5,009 

12 

6.04 2.05 69 23 

580.3 

197.3 

13,614 

,040 

4,629 

13 

6.122.1075 22 

694.8 

178.4 

13,382 

,606 

4,015 

14 

6.23 2.20|81 21 

568.6 

147.8 

11,975 

,058 

3,114 

15 

6.382.358719.14! 

513.3 

112.9 

9,825! 

,657! 

2,161 


108 

.05 5,297.6|2, 142.6 113, 655|314 

,276|45.081 


5,298 
108.05 
Xx'y'w — 


49.03 ft. 


2,142.6 

108.05 


19.83 ft. 


113,655 - 49.03 X 2,142.6 

49.032 X 108.05 2 X 49.03 X 5,297.5 + 314,276 


Take the initial origin of coordinates at A in order to make the work as 
clear as possible and because it will be useful in subsequent problems. 
Divide the span of the arch into 15 equal parts 6 ft. long. By projecting 
these vertically upward to the axis, the arch will be divided into 15 pieces of 
equal horizontal projection. The lengths of these pieces, their average 
thicknesses, and the coordinates of their centers may be scaled from a large 
drawing, or else they may be calculated. These data for this case are 
recorded in columns 2 to 5, inclusive. Table 12-1. 

The magnitudes of the elastic weights of the divisions are the s/I values. 
Calc^date them for a strip of the arch 1 ft. wide. These w values are in 
terms of 1/ft.^ and are given m column 6 of Table 12-1. 
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The moments of the elastic weights about the axes through A of Fig. 12-11 
must be computed accurately. The results are given in columns 7 and 8 



of Table 12-1. Each set is added up and divided by to find m and n. 
The elastic center is then located as in Fig. 12-10. 

The effect of the reinforcement upon 1 is neglected. The justification 
for doing so is shown in Fig. 12-12 A which gives curves for the moments of 


Y 



‘Y 


■+Ma| 


(b) 



-H^(n+y + C,x) 


. Jl 


inertia of the arch of Fig. 12-1 with and without the rods. The propor- 
tionality of the two is obvious. 
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The calculations for m and n should be made with considerable accuracy, 
because these quantities will be multiplied by numbers of relatively large 
magnitude. 

The next step is the calculation of Ci ~ tan a, using Eq. (12-8). The 
2 

magnitudes of x'y'vo and x' w are given in columns 9 and 10 of Table 12-1. 

The value of Ci is then calculated as shown under the table. 

2 

Column 11 gives the magnitudes of y' w. These values will be used in 
problems in Arts. 12-11 and 12-12. 

12-9. Influence Lines for Rednndants. Equations (12-1), 
(12-2), and (12-8), which are fundamental ones, should be modi- 



Per Cent of Length of Half AxIs(From End to C.L) 

Fig. 12-12JL.- -Magnitude of J for half of the barrel of a symmetrical arch. 

fled by shifting the axes of coordinates to the elastic center 0 
[Fig. 12-12(a)], the axes being X-X and Y-Y, about which 
2xw ~ 0, Xyw = 0, and 'Lxyw = 0. 

The arch is still at A. A load P is applied at D. The 

bending-moment diagrams for Ma, Va, Ha, and P in terms of 
the new coordinates are pictured in Figs. 12-12(h) to (c), inclusive. 
The new equations for Ax, Ay, and Ad for any point can be found 
from Eqs. (12-1), (12-2), and (12-3) as follows, omitting E: 

Ax = — 'LMy'w, Ay = 'LMx'w, and Ad = 'LMw when the axes 
pass through A. For the new axes through 0, 
x' == m + x, and y' — n y A when x and y are meas- 
ured as shown in Fig. 12-12(a). 
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The actual deformations of A with respect to B are zero. Then 

Aa: = - 2Min + y + Cix)w = n2Mw +'^Myw + Ci^Mxw = 0,* 
Ay = XM{m + x)w = m'EMw + 2Mxw = 0. 

AO == 2Mw = 0. 

Since 2Mw = 0 in the preceding equations, they become 

Ax = 2Myw +■ CiXMxw = O.'i 

Ay = 'ZMxw = 0. ? (12-9) 

Ad = l>Mw = 0. ) 

Then, using Fig. 12-12(h), etc., 

M = +Mo + y«(m + — Ha(n + 2/ + Cia*) — Mp. (12-10) 

Substituting this value of M in Eqs. (12-9) and sohnng them 
gives 


Ma = nHa — mVa- ( 12 - 12 ) 

For a symmetrical arch, the foregoing equations remain 
unchanged except for the omission of CiHa of Eq. (12-12). 

Equations (12-11), (12-12), and (12-13) are well adapted to the 
use of influence lines. The quantities Xy^w, 2 x^ 10 , and 2w are 
constants for any given structure. It then remains to find 
2Mpyw, 'ZMpXW, and l)MpW. 

The principle of a beam with loads equal to the elastic weights 
can be used in the construction of the influence lines for the fore- 
going quantities, somewhat as for the rigid frame of the pre- 
ceding chapter. It should be noted that w, xw, or yw may be 
used as elastic weights, depending upon the particular problem. 

In this case, the ^‘ciit” arch is a cantilever beam which is 
supported at B [Fig. 12-13(a)]. Therefore, assume a straight 
cantilever beam of span L W'hich is fixed at the opposite end, as 
in Sketch (£>); load this beam with the elastic weights yw, xw, 
or w, as the case may be, considering their sign; calculate the 
cantilever bending moment at any point in this imaginary beam 

* The negative sign can be dropped because Aj: = 0. 
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for the loads on the right-hand side of that point; then this 
moment, divided by the proper constant, is the ordinate of the 
desired influence line at that particular point, this ordinate 
giving the magnitude of H, F, or M at the elastic center. It is 
important to remember that Mp causes tension in the top fibers 
of the cut arch. Therefore, any elastic 
weight with a positive sign must be acting 
downward. 

This principle of a beam with elastic 
weights is so important, and it is so use- 

L >j that it will be demonstrated further. 

Assume that Ha, is required for the arch 
of Fig. 12.14(a). By Eq. (12-11), 



TTi 


B 


Ha 


The bending moment due to the load 
Fig. 12 - 13 . P at D is shown in Sketch (6) where h = 

the length of the equal horizontal projec- 
tions of the divisions. The bending-moment diagram is cut into 
strips corresponding to the arch sections; the bending moments 
at the centers of these pieces are calculated; then 2{Mp)(yw) -r 
may be written thus: 


Ha^ - 

8 

Of course, the integral is zero beyond 
the limits of the diagram for Mp, 
Taking the fictitious beam of Fig. 
12- 14(c) and calculating the bending 
moment at D gives 

JF - -1 - 

'5 


+ 


+ 

3 


+ ■ 



When this expression for M is divided by it is identical 

with that for Ha except for the substitution of unity instead of P. 
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Therefore, the value of M/Xy-w is the magnitude of the ordinate 
at D of the influence line for Ha. 

The procedure in the case of xw and w is similar to that for 
yw. 

It must be noticed that, if the bending moment for Mp is 
that of a simply supported beam, the imaginary beam vdth its 
elastic weights is also a simply supported beam of the same span; 
if the bending moment for Mp is that of a cantilever beam, then 
the imaginary one is another cantilever beam of equal span but 
fixed at the opposite end. 

Problem 12-2. Draw the influence lines for Ha, Va, and Ma for the arch 
of Fig. 12-11. 

This means that influence lines are to be constructed by means of which 
Eqs. (12-11), (12-12), and (12-13) ean, in effect, be solved for any condition 
of loading. 

The mathematical work should be done wuth considerable precision so as 
to avoid errors which may affect the influence-line diagrams seriously. 
The calculations for this problem are tabulated in Table 12-2. The division 
numbers are listed in the order in which they appear in Fig. 12-11 so that 
their relationship with respect to the arch and to the fictitious cantilever 
beam will not be confused and so that the mathematical work will proceed 
in the same order as that which is indicated in the pictures. The magnitudes 
of w, x'j y', m, n, and Ci are taken from Table 12-1. The formulas for x 
and y are given in the left margin. 

Lines 8 to 12, inclusive, give the computations for Ha. In line 9, the yw 
values are summed up from right to left. These figures are really the 
shears which exist in the imaginary beam at a point on the left side of the 
elastic weight at the center of each division. The fact that 'Zyw is zero (or 
practically so) when summed up in this way is a valuable check upon the 
calculations. If the calculations were made with extreme exactness, 'Zyw 
would be zero, but such refinement is not necessary. Line 10 is the sum- 
mation of the various 'lyw values from point 15 to point 1, working right to 
left. In reality, this gives the cantilever bending moments at all points 
from the right end of Fig. 12-11 to the left end in terms of the equal hori- 
zontal projections of the divisions — 6 ft. This is why the line is labeled 
Myw -i- 6, meaning “the cantilever moments the length of the horizontal 
divisions.” Lines 11 and 12 are self-explanatory, but it must be noticed 
that the real horizontal length of the sections must be included. This is 
done most conveniently by dividing it (6 ft.) by i:y‘^w, then using the result 
as the factor by which the quantities in line 10 are multiplied. It is advis- 
able to carry out the values of the ordinates for Ha to three decimal places 
because of the fact that they will be multiplied by large numbers in deter- 
mining V a and Ma. The sign of Ha becomes positive because of the minus 
sign in the formula for Ha as shown under Table 12-2. 
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+ CiH. 
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The plotting of the influence line for Ha in Fig. 12-15 should be done 
immediately because the smoothness and the shape of the curve will give 
one a good idea as to the accuracy of the mathematical work. 

Lines 13 to 19, inclusive, of Table 12-2 give the calculations for Fa, using 
xw as the elastic weights. A check of the calculations for Zxiv is obtained 
through the fact that 'Zxw - 0 (or practically so) for the entire arch. The 



Fig. 12-15. — Influence lines for Ha and Va- 



Division Number 
Fig. 12 - 16 . — Influence line for Ma- 

summations are to be made from right to left'. The work is similar to that 
for Ha. Again, the plotting of the influence line, as Fa in Fig. 12-15, will 
usually reveal any glaring errors. The fact that Fa slightly exceeds unity 
at the divisions that are near the left end of the arch shows the effect of the 
end moments at A and B. 

The computations for Ma are given in lines 20 to 26, inclusive, of Table 
12-2. They are self-explanatory. The computations for Zw and 6 
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are also made from the right toward the left, just as one would calculate the 
bending moments in the imaginary cantilever beam, because experience 
has shown that it is advisable to arrange the points in the tables in the same 
order as that in which they appear in the drawings, so as to avoid errors. 
The magnitude of Ma for point 1 should be -7a times the horizontal pro- 
jection of half of the first division (-1 X 3), because HaV' = 0 (or prac- 
tically so). This is a valuable check on the computations. The influence 
line for Ma is plotted in Fig. 12-16. 


H- kL->U — L-kL--->| 


h- 


-L— -H 

(a) 


H, 


(b) 






12-10. Influence Lines for 7, and M at Intermediate Points 

in an Arch. After the influence lines for the redundants 

Va, and Ma are found, the con- 
struction of the influence lines 
for J?, 7, and M at any point 
in the arch is very simple. For 
instance, assume the arch of Fig. 
1 2-1 7 (a) . The bending-moment 
diagrams for the redundants and 
for the external load are shown 
in the sketches of Fig. 12-17(6) 
to (e), inclusive. 

Obviously, E is cons'tant 
throughout the arch so that the 
influence line for Ha applies equal- 
ly well for the entire structure. 

The shear at any point is 7^ 
minus the load when that load is 
at the left of the given point; it 
is Va alone when the load is at 
the right of the point. There- 
fore, the influence line for Va is 
the basis from which the influence line for V is constructed. 

The bending moment at any point C in the arch is the resultant 
of the effects of the various forces so that, considering the forces 
at the left of C [Fig. 12-1 7 (a)], 



+ M, 


r C 


:ib 


(d) 


P, "Mp=-P(x‘-kL] 


(e) 

Fig. 12 - 17 . 


Mc^Ma + Vax' - EaP^ - P(x' - kL), (12-14) 

This can be found readily by placing a unit load at each division ; 
by scaling Afa, 7^, and Ea from their respective influence-line 
diagrams and multiplying them by the coefficients that are shown 
in Eq. (12-14) ; by multiplying unity by (x' — kL ) ; then by com- 
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billing the results and plotting the total as the ordinate at the 
point of application of that particular unit load. 

It is obvious that, by the use of such influence lines, H, F, and 
M at any point can be found easily for any conditions of loading. 
Furthermore, the influence lines themselves show where the 
live loads should be applied to produce the maximum positive 
or negative moments and shears. 




Problem 12-3. Construct the influence lines for H, V, and M at point 
10 of the arch of Fig. 12-11, and find the effect of a load of 10,000 lb. placed 
at point 5. 

The influence lines for Ha, Va, and Ma have already been shown in 
Figs. 12-15 and 12-16. The diagram of the arch and the desired influence 
lines are given in Fig. 12-18. Table 12-3 shows the calculations that are 
required to obtain the ordinates of these influence lines. It is often suffi- 
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ciently accurate to calculate the ordi- 
nates at alternate points rather tnan 
at every one, but the latter is used in 
this illustration. 

Placing a load of 10,000 lb. at point 
5 and multiplying the ordinates of the 
influence lines of Fig. 12-18 at point 5 
by 10,000 gives 

Hu = 10,000 X 0.948 = 9,480 lb. 

Fio « 10,000 X 0.008 = 80 lb. (up- 
ward), 

Mio := 10,000(-1.92) = -19,200 ft.- 
Ib. (tension on top). 

12-11. Ejffects of Tempera- 
ture, Shrinkage, and Rib Short- 
ening. Using the same symbols 
as those which are given in Art. 
11-9 of the preceding chapter, 
the change in the horizontal 
length of an arch for a change in 
temperature is 

Ao; = (12-15) 

This is pictured in Fig. 12-19 for 
a rise in temperature, assuming 
the arch to be free to take its 
desired position as shown by the 
dotted lines. It is important to 
notice also that for a rise in 
temperature this unsymmetrical 
arch will tend to push point A 
downward as well as toward the 
left to A', In general, for any 
change of temperature, 

A?/ = (12-16) 

On the other hand, the direction 
of the tangent to the arch axis at 
A will not change unless the 
abutment yields. Therefore, 

Ad = 0. (12-17) 
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Inasmuch as point A is not free to move at all, the effects 
of the rise in temperature are equivalent to the effects that would 
result from forcing the point back to A, keeping the angle 6 
constant. It is then apparent that Eqs, (12-15), (12-16), and 
(12-17) give the quantities that should be substituted in Eqs. 
(12-5), (12-6), and (12-7). Of course, Mp = 0 because no 



external loads are considered to be on the structure. It then is 
possible to rewrite the general equations as follows; 

ys 

(12-18) 


Notice that Eqs. (12-18) are in terms of axes through the left 
support A. When these equations are expanded, when x' and 
y' are substituted for x and y so as to show that they are measured 
from the left support, and when w is used instead of s/I, 

= Ma'I^y'w H Va'^x^y'w — Ha 2^ 

+cctDE = Ma'Sx'w H (12-19) 

0 = MaSw -f 

The coefficients of Ma, Fa, and Ha are constants for any given 
structure. All except have already been computed in 

locating the elastic center and the axis X-X. Very little extra 
work is required in finding 'Zy'^w, Then Eqs. (12-19) can 
be solved simultaneously for Ma, Fa, and Ha. 

A more simple method of computing the effects of temperature 
changes can be found by changing the foregoing equations to 
apply for axes through the elastic center. By substituting 
y' = y + n CiX and x' = a* + m in Eqs. (12-19) and simplify- 
ing them, the following equations will result: 
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Ha 


Va = 


+ catLE i 


Xx^w 
Ma H.n-V 


(12-19a) 


In Eqs. (12-19a), the positive signs are for use with a rise of 
temperature; the negative, for a fall in temperature. 

The effects of shrinkage, which may be assumed as equivalent 
to a drop in temperature of about 30 to 80°F., can be calculated 
in the same manner as for a decline in temperature. The magni- 
tudes of Ma, Va, and Ha may be derived directly from the solu- 
tion of Eqs. (12-19a) by proportion from the relationships of the 
equivalent changes in temperature. 

Rib shortening is the decrease in the span of the arch that 
would occur because of the compression of its material due to the 
thrust. After Ha has been determined, the total shortening of 
the horizontal projection of the arch because of these direct 
thrusts can be approximated as follows: divide Ha by the average 
of the areas of the' sections .to find the average fe; compute the 
shortening of the arch, remembering that AL — fJL/E; find 
AD = AL{D/L); substitute AL for (atL and AD for o^tD in Eqs. 
(12- 19a), treating them as a decline in temperature. Notice 
that the final values to substitute in Eqs. (12-19a) are — {AL)E - 
—fcL and —{AD)E = —fcD. In fact, the effects of this rib 
shortening can be found by proportion from the previous solution 
of Eqs. (12-19a), having the relationship (fcL/E) 


Problem 12-4. Find Ha, Va, and Ma for the arch of Fig. 12-11 for the 
following conditions: 

1. A rise in temperature of 40 “F. 

2. A shrinkage equivalent to 35®F. 

3. A rib shortening due to an i? of 100 kips. 

Assume w — 0.000006, Ec = 3,000,000 lb. per sq. in. — 432 X 10® lb. per 
sq. ft. 

Part 1: 


oiiL = 0.000006 X 40 X 90 0.0216 ft. 

= 0.0216 X 432,000,000 = 9,331,200 
= 0.000006 X 40 X 18 X 432,000,000 = 1,866,240, 

Using Eqs. (12-19a), with values taken from Table 12-2, 


+9,331,200 + 0.1577 X 1,866,240 


7,813 lb. 




1,232 
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+1,866,240 

= ''^ 4 505 • + ^'1577 X 7,813 = 1,266 lb. 

Ma = 7,813 X 19.83 - 1,266 X 49.03 = 92,860 ft.-lb. 

Part 2: By proportion from the values that were obtained in the pre- 
ceding calculations, using the suffix s to denote shrinkage, 

Ha, “ifffa = -0.875 X 7,813 = -6,836 lb. 

V as = — ffFo = —0.875 X 1,266 = —1,1081b. 

Mas = -UMa = -0.875 X 92,860 = -81,250 ft.-lb. 

Part 3: The average of the areas of the divisions of the arch can be 
found by adding the quantities in column 3 of Table 12-1, by dividing this 
sum by the number of sections, and by multiplying by 1 ft. 




Average area =« 
H 100,000 


34.4 

15 


= 2.3 sq. ft. 


2.3 

fcL 


2.3 

43,500 X 90 
432,000,000 


= 43,500 lb. per sq. ft. 
0.00906 ft. 


Then the coefficient that gives the relation between the results of the calcu- 
lations of Part 1 and Part 3 is 


Z = - 


oitL 


0 

"0.0216 


-0.42. 


Therefore, using the suffix r to denote rib shortening, 

Har - -0.42i7a = “0.42 X 7,813 = -3,281 lb. 

= -0.427^ = “0.42 X 1,266 = -532 lb. 

Mar = -0A2Ma = “0.42 X 92,860 -39,000 ft.-lb. 

12-12. Displacement of Foundations. It is dangerous to build 
an arch upon unreliable foundations. However, if a displace- 
ment of foundations is discovered, or if one may occur, it is 
important to compute its effects upon the stresses in the structure. 

Equations (12-5), (12-6), and (12-7) cannot be equated to zero 
when any real (or assumed) deformation takes place. They are 
restated below with the use of w for s/I, with the omission of Mp, 
and with coordinates through point A : 

EiAx') = -MaS/w; “ Va^x'y'w + 

E{Ay') = Ma:^x'w + Val^x'^w - Ha'Ex'y'w. 

E{A6) = Ma'^w +■ Va^x'w “ Ha^y'w. 


(12-196) 
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In order to assist in the determination of the proper signs 
to use in Eqs. (12-196), Fig. 12-20 pictures separately the proper 
signs and values for the left-hand side of the equations for each 
of the three displacements of the abutment at A with respect to 
’ that at B. In words, the following rules apply: 

1. If A is displaced horizontally toward the left, EAx is negative. 

2. If A settles vertically downward, EAy is negative. 

3. If A rotates in a clockwise direction, the sign of EA6 is positive. 

Of course, the signs reverse when the displacements are 
reversed. 



Displo/cemeni- -f-o leff 


MerHccf/ se-fHemenf 


Cfockw/se rofotHon 


A further simplification for cases where only one of these dis- 
placements occurs is found by transferring the axes to the elastic 
center so as to avoid the solution of simultaneous equations. The 
resulting formulas are as follows: 

1. If A is displaced horizontally toward the left, 

fj _ -E(Ax) 


Va = 


Ma = Han — 


2. If A settles vertically downward, 


Ha = 


C,E{Ay) 


Va = FaCi - 


E(Ay) 


2y^w “ “ " i:x^w 

3. If A rotates in a clockwise direction, 
(m — Cim)E{A6) 


Ma = Han — Vain. 


Ha = 


2y^-w 


_ jj n niE{Ae) 
Va — rZaOl ^ 


Ma - HaU — Vam + 


E{Ae) 
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For a symmetrical arch, Ci = 0, and m = L/2 in the foregoing 
equations. 

Problem 12-6. By the use of Eq, (12-195), find H, F, and M at point A of 
the arch of Fig. 12-11 if the horizontal displacement of A is J in. toward the 
left, the vertical displacement is 1 in. downw*ard, and the angular rotation 
is 0.01 radian in a clockwise direction. Assume Ec = 3,000,000 lb. per 
sq. in. = 432 X 10® lb. per sq. ft. 

The coefficients for Eq. (12-195) can be taken from Table 12-1. Then 

2,143Mo + 113,656Fa - 45,081i?a = X 432,000,000. 

5,298Ma + 314,276Fa - 113,655Fa - -iV X 432,000,000. 

108.05Ma + 5,298 Fa - 2,143£ra = +0.01 X 432,000,000. 

The solution of the preceding equations gives 

Ha = +23,230 lb. 

Fa = -880 lb. 

Ma — +543,700 ft. -lb. (excessive). 

12-13. Two-hinged Arch. If the arch of Fig. 12-21 has hinges 
at A and JB, there can be no bending moments at these ends; the 


P 



structure is indeterminate to the first degree. Therefore, the 
equation for Ha, the assumed redundant, can be found by placing 
imaginary rollers at A, applying a dummy load at A in the direc- 
tion of Ha, and writing the work equation; thus, 

1. For a unit load at in place of Ha, 


Lx 




D 


s 

El 


m ^ ' L 

because the bending moment Mp at any point C due to this 


dummy load 


= (-y+^x); 


the bending moment rriq due to 


D 


the other unit load (directional one) is also ( — y + Since 
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the ends are not level, these forces cause an upward reaction 
at A which is D/L. 

2. For the load P, 


where = the bending moment in a simple beam of span L, 
carrying the load P. 

3. For the combined loads, using w = s/ 1, omitting E, and 
considering that Ha will cause He times the displacement due to a 
unit horizontal thrust, 


Ha X Ax — Axp = 0 
XMpyw 


( 12 - 20 ) 


For any given structure, the denominator of Eq. (12-20) is a 
constant. 

The influence line for Ha can be constructed by using the elastic 
weights yw as loads on a simply supported beam of span L, com- 
puting the bending moments in this beam at the various points 
(under the centers of the arch sections), and dividing these values 
by the constant denominator of Eq. (12-20), the results being the 
ordinates of the influence line at these particular points. The 
procedure is the same as for the rigid-frame bridge of Art. 11-11 
and Problem 11-9 of the preceding chapter. 

If the arch is symmetrical, the last two terms of the denomina- 
tor of Eq. (12-20) are zero. 

It is difficult to make reinforced-concrete arches that have 
truly frictionless hinges. On this account, their use is not 
general. 

12-14. Symmetrical Arch. The symmetrical arch is really a 
special case, but such structures are used more generally than are 
unsymmetrical ones. The procedure in the analysis of such an 
arch is practically the same as that which has been given in the 
previous articles. However, in order to illustrate the details 
of the calculations, a symmetrical arch will be analyzed. 

Problem 12-6. Draw the influence-line diagrams for the redundants at 
the left support of the arch which is shown in Fig. 12-1; also draw the 
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influence line for the bending moment at the crown. The axis is pictured in 
Fig. 12-22, and the dimensions for the left half are given in columns 2 to 5, 
inclusive (Table 12-4). 

Briefly stated, the procedure is as follows: 

1. Refer to Table 12-4 and Fig. 12-22: 

а. ''Cut” the structure at A, cantilevering it from B, and divide it into 
20 sections with horizontal projections equal to 6.15 ft. 

б. Calculate w =? s/I for a strip 1 ft. wide, recording the results in 
column 6; get for the left half, and double it for the entire arch. 

c. To locate the elastic center, which must lie on the vertical axis of 
symmetry, calculate y'w, using A as the origin of coordinates; record the 
results in column 8; divide '2y^w by Xw to get n. 

d. Calculate the quantities in columns 7, 9, 10, and 11 for use in future 
problems. 

e. Compute the values of x and y measured from an origin at the elastic 
center, and record them in columns 12 and 13. 



2. Refer to Table 12-5 and Fig. 12-22 for the right half of the arch: 

a. Compute Ha as shown in lines 1 to 7, inclusive; note that Xyw = 0 
at Sec. 10' and that the calculations proceed from right to left; notice that 
the quantities in line 5 must be multiplied by 6.15 2Xy^w = 6.15 4- 4,196 
because the figure 2,098 is for half of the arch. 

h. Compute Va as indicated in lines 8 to 13, inclusive; note that Xxw 
at 10' cannot be zero because it applies to half of the arch; multiply line 
11 by 6.15 162,112 to get line 13. 

c. Calculate Ma as shown in lines 14 to 20, inclusive; notice that line 15 
is multiplied by 6.15 ^ 194.92 to get line 16. 

3. Refer to Table 12-6 and Fig. 12-22 for the left half of the arch: 

a. Place values of Ha in line 7 that are equal to those of Table 12-5 for 
symmetrically placed points. 

h. Place values of Va in line 13 that are 1 minus the values of Table 12-5 
for symmetrically placed points. The values of Fa can be checked by exter- 
polating from point 10' to find the ordinate for Fa at the center of the span 
where it should be 0.5. If desired, the summations in lines 8 to 13 of Table 
12-5 can be carried through in Table 12-6. If so. Fa at point 1 should be 
unity. 
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Fig. 12-24. — Abutment of arch over Riverside Drive, New York approach to the 
George Washington Bridge. 



d. Plot the influence lines for Ha, Vo, and Ma in Fig. 12-23. 
4. Refer to Table 12-7 and Fig. 12-22; 
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a. Since the arch is symmetrical, the influence line for the bending moment 
at the crown will be symmetrical also. Therefore compute Me for the left 
half as shown in Table 12-7. 

b. Plot the influence line for Me in Fig. 12-23. 

Problem 12-7. Using the arch of Fig. 12-22 and the influence lines of 
Fig. 12-23, find H, U, and M Sbt A for the dead load of the arch rib if con- 
crete weighs 150 lb. per cu. ft. 

The calculations are self-explanatory and are shown in Table 12-8; 
values of s and t are taken from Table 12-4; values of Ha, Va, and Ma for 
unit loads as given in Tables 12-5 and 12-6 or in Fig. 12-23 are multiplied by 
column 4 to obtain the quantities listed in columns 5, 6, and 7. 

The abutment, skewback, and reinforcement at the east end of this arch 
are shown in Fig. 12-24. 

Problem 12-8. Find the maximum positive bending moment at the 
crown of the arch of Fig, 12-22 due to a uniform live load of 200 lb. per sq. ft. 
Use the influence line of Fig, 12-23. 

Examination of Fig. 12-23 shows that only loads between points 8 and 8' 
will cause positive bending moments at the crown of the arch. Therefore, 


Table 12-8. — Calculations fob Ha, Va, and Ma fob Dead Load of 

Arch Rib 
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a short live load is placed upon this portion, causing a concentrated load of 
200 X 6.15 lb. at 9, 10, 10', and 9' and a load of 200 X 3.08 lb. at 8 and 8'. 
Then the resultant bending moment at the crown is 

Me = 200 X 6.15(1.57 + 3.85)2 + 200 X 3.08 X 0.02 X 2 
Mo ^ +13,360 ft.-lb. 

12-15. Deflection of an Arch. When an arch is loaded, it 
must certainly deform under these loads. In order to find the 



Fig. 12-25. 


vertical deflection of any point 
of the arch rib due to flexure 
under the action of these loads, 
apply a unit vertical force at 
the point where the deflection 
is desired. Then the downward 
deflection of E with respect to 
A [Fig. 12-25(a)] will be the 
same magnitude as that of a 
cantilevered beam which is cut 
at E and fixed at A by the 
three redundants. Then from 
Eq. (12-2), 

~ Mx-^ 

The moment M is the total 
bending moment at any point, 
and X is measured from the cut 
point {E in this case) as an 
origin. The distortions that 
are caused by shear are usually 
relatively small, and they are 
neglected herein. 

Similarly, when the horizon- 
tal deflection of a point is re- 
quired, apply a unit horizontal 
force at that point. Hence, 


Ao: = (12-22) 

In order to find the angular rotation of any point, apply a 
unit moment at that point; then 



Art. 12 - 15 ] 


DEFLECTION OF AN ARCH 


431 


It is necessary to consider only the portion of the arch from 
the given point to either abutment. For instance, if the 
vertical deflection of E of Fig. 12-25(a) is desired, consider the 
section from E to A. Sketches (6) to (e), inclusive, show the bend- 
ing-moment diagrams that are caused by the three redundants 
at A and by the external load P. The shaded portions of 
these diagrams are the parts that produce bending in AP, each 
one causing a definite distortion and, therefore, a certain vertical 
deflection at E. The resultant of all of these separate deflections 
is the actual deflection at E. Hence, using Eq. (12-21), 

ELy = S(ikf, + Vax' - H.y' 

Since Xi = x' — U, Eq. (12-24) expands to 

EAy = Mai'^x'w — C/Sty) + Va{'Ex'^w — U'Zx'w) -j- 

HaiTJ'hy'w — 'Zx^y'w) — 'ZMpx'w + XI'EM^w, (12-25) 

The first six terms of Eq. (12-25) are composed of constants 
which are multiplied by the redundants, these last being found 
from the influence lines for any position of loading. The last 
two terms of this equation are similar to expressions that were 
involved in the equations for Va and Ma. Therefore, they can 
be integrated as follows: 

1. I^Mpx'w is equivalent to P times the bending moment at D 
in the cantilever beam DE [Fig. 12-25(/)] with the elastic weights 
x'w. 

2. U^MpW is equivalent to P times the bending moment at D 
in the cantilever beam DE fFig. 12-25 (^)] with the elastic weights 
w, multiplied by U. 

Naturally, when the load P is at the right of P, the terms that 
involve Mp are zero. 

The moments of inertia that must be used in the calculations 
for deflections should be those of the transformed sections—steel 
and concrete. However, it is satisfactory to use the concrete 
sections alone and to adjust the calculated deflections by a 
correction factor which is based upon the weighted average 
relationship between Ic and I for the transformed sections. 
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From Eq. (12-25), it is apparent that an influence line can be 
drawn for the deflection at any point by using unit loads at 
various locations and by solving for the ordinate at each point. 
This will be illustrated in Problem 12-10. 


6k 




Fig. 12-27. — Construction of barrel of arch over Riverside Drive, New York 
approach to the George Washington Bridge. 


Problem 12-9. Find the deflection at point E of the arch of Fig. 12-26 
if the structure is loaded as shown. The data for the arch are the same as 
for Fig. 12-11. E = 432,000,000 lb. per sq. ft. 

From the influence lines of Figs. 12-15 and 12-16, 

Fa = 5 X 0.42 + 6 X 1.68 = 12.18 kips. 

Fa == 5 X 1.015 + 6 X 0.717 = 9.38 kips. 

Ma = 5(— 9.7) 4- 6 (4-6.7) = —8.3 ft. -kips. 
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Then, by summing up x'w, w, etc., for points 1 to 5, inclusive, of Table 12-1, 
and solving Eq. (12-25), 

432,000 X A?/ = -8.3(482.3 - 30 X 25.52) + 9.38(10,555 - 30 X 482.3) + 
12.18(30 X 315.5 - 6,794) - 5(223 X 9 + 147.6 X 3) + 

30 X 5(8.26 X 9 + 7.03 X 3). 

236.35 

- 432 000 ^ (Not adjusted for the trans- 

’ formed section.) 

This shows that the effects of the two loads practically neutralize each other. 
(See Fig. 12-30 for the deflection at the quarter point of a symmetrical arch.) 



Fig. 12-28. — Barrel of the arch over Riverside Drive, New York approach to the 
George Washington Bridge. 


Problem 12-10. Figure 12-27 shows the centering under the arch of Fig. 
12-1 before the pouring of the concrete. Figure 12-28 shows the rib after 
the centering was removed. Find the vertical deflection of the crown of the 
arch when the centering was ''struck'^; 
in other words, find the allowance that 
must be made in the centering to 
counteract this deflection, using the 
influence lines of Fig. 12-23. E = 

432,000,000 lb. per sq. ft.; concrete = 

150 lb. per cu. ft.; and the adjusted /, 
considering the steel, = 1.25/c. 

Since the arch is symmetrical, consider the left side only, from the left 
end to the crown (as pictured in Fig. 12-29). Therefore, using the data in 
Table 12-4, Eq. (12-25) for half of the arch becomes 

1.25 X 432,000,OOOA2/ = Ma(3, 620.7 - 61.5 X 97.46) + Fa(157,752 - 
61.5 X 3,620.7) + i7a(61.5 X 1,676.9 - 68,932) - '^Mpx'w -h 6l.5i:MpW. 




Table 12-9. — Calculation fob Ordinates of Influence Line for Vertical Deflection at Crown 
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More accurate than —3.08. 
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Notice that the magnitudes of the redundants depend upon the relative 
values of / for the various dmsions of the arch, but the deflections depend 
upon the actual values of I. Hence, since 1 — 1.25/c, the right-hand side 
of the foregoing equation is to be divided by 1.25. Therefore, this figure 
appears as a multiplier on the left-hand side of this equation. 

In order to solve this equation, proceed as follows : Use the elastic weights 
x'w and w from Table 12-4; find the cantilever moments in the imaginary 
beams which are assumed to be fibced at A ; record the calculations as shown in 
Table 12-9, lines 1 to 8, inclusive; copy the values of Ha, V a, and Ma from 
Table 12-6, and place them in lines 9, 10, and 11; complete the calculations 
in lines 12 to 16, inclusive; sum up the terms, and record them in line 17; 
multiply these sums by 12 to transform them into inches, then by 1,000 to 
convert them into results for a load of 1 kip; divide these products by 



Number of Division 

Influence Lines for Deflection at Crov^n and Left Quarter Point 
Fig. 12-30. 


1.25 X 432,000,000 lb. per sq. ft., which gives the ordinates of the influence 
line for at the crown. The curve is plotted in Fig. 12-30. 

The weights of the sections are given in column 4 of Table 12-8. They 
are to be multiplied by the respective A?/ terms from Table 12-9. These 
quantities for the half arch are added together and multiplied by 2, giving 
a total deflection at the crown equal to 0.022 in. downward, a negligible 
quantity in this case. Rib shortening is not included. 

Figure 12-30 gives one an excellent idea of how the arch moves when loads 
are placed upon it at various points. Any loads from the left abutment to 
D or from B lo E make the structure rise at the center; those between D 
and E cause it to sag downward; and, strange as it may seem, a load at D 
ur E does not produce any deflection at C. 

Problem 12-11. Draw the influence-line diagram for vertical deflections 
at the left quarter point of the arch of Fig. 12-1, with E = 432,000,000 
If), per sq. ft. and I = 1.25/c. 

This is the same type of problem as the preceding one. The method of 
pj ocedure is similar to that of Problem 12-10, but the origin of coordinates 





Table 12-10. — Calculation for Ordinates of Influence Line for Vertical Deflection at Left Quarter Point.- 

{Continued) 
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is at D (Fig. 12-29). The redundants at A and the elastic weights can again 
be taken from the influence lines of Fig. 12-23 or from Tables 12-4, 12—5, 
and 12-6. 

Equation 12-25 becomes 

1.25 X 432,000, OOOAy = Ma(651.6 - 30.75 X 33.78) + ya(14,568 - 
30.75 X 651.6) + ffa(30.75 X 402,05 - 8,777) 

— 'EMpx'w 4 - 30 . 

1.25 X 432,000,000A2/ = -387M„ - 6,4697a + d,5S6Ha - 

30 . 

The last two terms of the foregoing equation are solved in lines 1 to 8, 
inclusive, 15, and 16 (Table 12-10), considering the imaginary cantilever 
beams to be fixed at A. The balance of Table 12-10 is self-explanatory, and 
the influence-line ordinates in line 18 are plotted in Fig. 12-30. 

Rib shortening often causes appreciable deflection of an arch 
when the centering is removed. In order to determine its magni- 
tude (or the deflections due to changes in temperature), find Ha, 
Va and Ma for the particular conditions, then solve Eq. (12-25), 
remembering that Mp is zero. 

12-16. Practical Details. So many of the practical details of 
construction of arches are similar to those which have been 
explained for rigid-frame bridges in the preceding chapter that 
it is not necessary to consider them again. However, in the 
case of long arches, it is frequently advisable to minimize the 
effects of shrinkage by pouring the barrels or ribs in alternate, 
short sections, proceeding in a symmetrical manner in order to 
avoid detrimental and unequal settlements of the centering. 
The intermediate portions can be poured later on, and the central 
or some other key section can be poured last. 



CHAPTER 13 


ANALYSIS OF RIGID FRAMES BY 
MOMENT DISTRIBUTION 

13“1. Introduction. The analysis of indeterminate structures 
by the method of work fhat is illustrated in the two preceding 
chapters involves considerable labor. It is therefore desirable 
to find another method which is easier to use and which is suffi- 
ciently exact for practical purposes. Such a method is '^moment 
distribution.’’^ It is based upon the theory of work, but it 
employs certain short cuts and approximations which facilitate 
the solution of many problems. This method is so exceedingly 
useful that every engineer should understand it thoroughly. 

Although the demonstrations used in this chapter are confined 
to rigid-frame bridges, the principles that are developed are 
general. They will be used in the analysis of other structures in 
the next chapter. 

The method of moment distribution assumes that the axes of 
the members are either straight or only slightly curved so that 
arch action does not exist — or at least it is negligible. When the 
curvature of a member is large, the method of work should be 
resorted to. The joints of the structure are also assumed to 
remain fixed in position. If they are displaced (as in side sway), 
special adjustments must be made. 

13-2. Fundamental Principles of Moment Distribution. Bas- 
ically, the method of momenc distribution is founded upon the 
fact that any structure under load must be in equilibrium as a 
whole and in all of its pans. The ends of all members are 
assumed first to be fixed against rotation. By releasing one 
joint at a time and by making successive adjustments, it is 
possible to find the conditions that must prevail when all joints 
are in equilibrium under the interaction that must exist between 
them. 

1 Presented by Hardy C’ross in A.S.C.E., Proc., May, 1930. 
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Moment distribution utilizes the fixed-end moments of beams, 
the stiffness of structural members, and the moments that are 
‘^carried over’’ from one joint to another when the first one is 
rotated. All of these matters will be explained, showing their 
mathematical derivation and meaning, before proceeding with 
their application. 

13-3. Calculation of Fixed-end Moments for Tapered Mem- 
bers. Assume any beam AB, as in Fig. 13-1 (a), the ends of 


P 



(e) 


Fig. 13-1. 

which are fixed against rotation. It is obvious that such a 
member is statically indeterminate to the second degree. How- 
ever, it is necessary to find the moments at A and B — called 
^‘fixed-end” moments and denoted ^^f.e.m.” 

To do this by the method of work, the beam can be cut free 
at A. Ma and Va are the redundants. Using an origin of 
coordinates at A and placing a unit moment at A, the work equa- 
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J Mm dx' 


^Mdx^ 


Similarly, using a unit vertical force at A, the work equation for 
the vertical displacement at A is 


CMm dx' _ [Mx' dx' 

J El J El ' 


(13-2) 


The moment at any point in the cantilevered beam is a com- 
bination of the moments shown in the diagrams of Figs. 13-1 (c), 
(d), and (e); that is, 


M = Ma + Vax' - (13-3) 

Substitute this value of M in Eqs. (13-1) and (13-2); omit E; 
use w = s/I for dx'/I; and place da and ya equal to zero because 
point A is fixed. Therefore, 


? = 0 (13-4) 

and 

ya ~ Ma'Dx'w + Va'^x'^W “ 'ZMpx'w = 0. (13-5) 

These equations can be solved for Ma and Va after the coeffi- 
cients and the Mp terms are evaluated. However, such a 
solution would have to be made for each condition of loading, 
causing considerable labor. It is therefore advisable to develop 
influence lines for the fixed-end moments, computing Mb after 
Ma and Va are calculated. 

These influence lines can be obtained by the use of the imagin- 
ary cantilevered beam, fixed at A and loaded with the elastic 
weights w or xw, as illustrated for arches in the preceding chapter. 

Assume C of Fig. 13-1 (a) to be the elastic center of AB. It is 
a distance m from A so that 


x' — m X. 


(13-6) 


When this value of x' is substituted in Eqs. (13-4) and (13-5) and 
they are simplified. 


- 2MpW = 0 . 

ya = — XMpXW == 0 . 


(13-7) 

(13-8) 
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Moments in beams of consfanf section Oind with fixed ends 
M =" m X Wx I 

m * Coefficient taken from diagram 
W = Total load on beam 
I = Length of beam 
a = Length in terms of I 



o o oo 

O OC) c> o o o* o‘ cJ 



Fig. {Courtesy of 
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Moments in beoims of constaht section and with fixed ends 


M*m X Wxl 

m •• Coefficient taken from diagram 
W “ Total load on beam 
I “ Length of beam 
a - Length in terms of I 







Portland Cement Association.) 



Table 13 - 1 . — Influence-line Obdinates fob Fixed- end Moment 
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(Note that m times Eq. (13-7) is zero; also all terms that involve 
liXW are zero.) 



(h) 
Fig. 13-3. 


From Eqs. (13-7) and (13-8), 



’ZMpXW 

“ 'Lx^w 

(13-9) 

and 

Ma = rnVa. 

Xw 

(13-10) 

Furthermore, 




- Ph 

3 shown by Eq. (13-3). 


(13-11) 
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The details of the application of the preceding equations will 
be illustrated in the following problem. However, for members 
with a constant moment of inertia, the fixed-end moments for 
ordinary conditions of loading are as shown in Fig. 13-2. 

Problem 13-1. Find the fixed-end moments for BD of the hinged-end 
frame of Fig. 13-3(fl), assuming it to be 12 in. wide. 

This frame is the same structure as that of Fig. 11-22 from which the 
dimensions are to be copied. It is selected in order to show how to treat 
slightly curved or inclined members as well as straight ones. 



Fig. 13-4. — Influence lines for fixed-end moments. 

The deck is shown straightened out in Fig. 13-3(6), the span being taken 
as the horizontal distance between B and D. Sketches (c), (d), (e), and (/) 
show the cut member and the moment diagrams. Sketches {g) and (h) 
picture the imaginary beams with the elastic weights as loads. The sym- 
metry of the deck indicates at once that the elastic center is at mid-span, so 
that m = L/2. 

The fundamental data for BD and the solutions of Eqs. (13-9) and (13-10) 
are given in Table 13-1. The calculations for the bending moments in the 
imaginary cantilevered beam~and for the influence-line ordinates— have 
been made by slide rule. The influence lines for the fixed-end moments are 
plotted in Fig. 13-4. The curve for the coefficient / is the influence-line 
ordinate for Mh divided by L; i.e., Mb 48. 

When a member is symmetrical, the influence lines for the end moments 
at the two ends are equal, but they are opposite hand. When a member is 
unsymmetrical, the influence line for the fixed-end moments at one end must 
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be found first. It is then easy to use these values and to calculate the 
ordinates for the influence line for fixed-end moments at the other end. 

Naturally, when a member with fixed ends has no loads acting upon it, 
the fixed-end moments at its ends are zero, provided there is no displace- 
ment of joints, as in Art. 13-8. 

13-4. Carry-over and Stiffness Factors. When a moment is 
applied at the simply supported end of a beam, a resisting 
moment will be induced at the opposite end, if that end is fixed. 
The carry-over factor is the factor by which the applied 
moment at the simply supported end must be multiplied to 
obtain the induced moment at the fixed end. 

The term ‘^stiffness factor’^ denotes the rigidity of a member — 
a measure of its resistance to flexural distortion. The stiffness 
factor is defined as the moment that must be applied at the simply 
supported end of a member — whose far end is fixed — in order to 
produce unit rotation of the simply supported end. 

The carry-over and stiffness factors for a beam may be found 
by the principles of work. Assume the beam of Fig. 13-5(a) 
which, at first, has hinged ends. Apply a moment Ma at A. 
This will cause the beam to curve as shown diagrammatically in 
(6). The rotations of the ends will be called 0' and 6^. The 
general work equation for such angular rotation is 

= J Mm^, (13-12) 

in which M = the bending moment that is caused by the applied 
forces or moments and in which m = the bending moment that 
is due to a unit, or dummy,” moment applied at the point 
where the angular rotation is desired. 

Referring to Fig. 13-5 and denoting moments that cause 
compression in the top fibers as positive, the bending-moment 
diagram for Ma is as shown in (c); that for m = 1 at A, in (d) ; 
that for m = 1 at R, in (e). Using the values for M and m from 
Sketches (c) and (d), Eq. (13-12) becomes 

9'^ = mJ = Maai (13-13) 

where ai = the angular rotation at A [Fig. 13-5(6)] if Ma = 1. 
Using Sketches (c) and (e), 
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= M„a (13-14) 

where = the angular rotation at B [Fig. 13-5(6)], when Ma = 

1 . 

Now, assume another moment M}, to be applied at causing 
the beam to curve as shown in Fig. 13-5(/). Sketches (g), {h). 




Fig. 13-5. 


and {i) give the bending-moment diagrams for m = 1 at 4, and 
m = 1 at i5, respectively. Therefore, using Sketches (g) and 
(/i), Eq. (13-12) becomes 



(13-15) 


where = the same integral as in Eq. (13-14) ; but in this case, 
it is the angular rotation at A when a unit moment is applied at 
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Bj showing that MaxwelFs theorem of reciprocal deflections 
applies to rotations as well as to linear deflections. In other 
words, Eqs. (13-14) and (13-15) show that, when a unit moment 
is applied at one end of a simply supported beam, the angular 
deformation at the opposite end is a constant no matter at which 
end the unit moment is applied. Using values from Sketches {g) 
and (i)j Eq. (13-12) becomes 

e'i = ^ = M,^s (13-16) 

where az is the angular rotation at B when a unit moment is 
applied at B. 

It is important to notice that the angles in Eqs, (13-13) to 
(13-16), inclusive, are expressed in terms of the moments times 
the angles or coefficients ai, 0 : 2 , and as. These coefficients, in 
turn, are physical constants for the particular member because 
they depend only upon the material as represented by FJ and 
upon the dimensions of the member as determined by L, x, and 1. 
Therefore, up to the elastic limit of the materials, the angles of 
rotation vary directly as the applied moments. 

If Mb in Fig. 13-5(/) is to be sufficient to hold B fixed when Ma 
is applied as in Sketch (6), then 

0' - e'l = 0 = “ Mbaz. (13-17) 

From Eq. (13-17), 

Mi = Ma-- (13-18) 

Therefore, the carry-over factor Ca from A io B must be 


Ca = -I--- (13-19) 

CLZ 

By similar reasoning, the carry-over factor Cb from Bio Aib 

Cb = -f— • (13-20) 

oil 

Furthermore, when B is fixed — when Mt resists the action of 
Ma as pictured in Figs. 13-5(i) and (fc) — the resultant angular 
deflection at A, considering Eq. (13-18), is 
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e. = 9L - 9': = Maax - (13-21) 

By definition, the stiffness factor for the beam at A — called 
Ka — is the moment at A that will produce unit rotation at A 
when B is fixed. Equation (13-21) then yields 

Ka = M, = 1 ^(oci- A) = (13.22) 

\ az/ aiaz — a_ 


Again, by similar reasoning for B, 


Kb = 1 - A) = (13.23) 

\ on/ aiaz-ai 

Equations (13-19), (13-20), (13-22), and (13-23) are general 
expressions. In connection with the carry-over factor C and the 
stiffness factor K, the following should be noted: 

1. When one end of a member is hinged, C = 0 for a moment 
that is applied at the other end, because the hinge has zero stiff- 
ness compared to that of the member itself. 

2. When one end of a member is fixed and a moment is applied 
at that fixed end, no moment is carried over to the other end, 
because the fixed end is infinitely stiff compared to the member. 

3. When a member is symmetrical, C and K are the same for 
both ends, since ai — as* 

4. When a member is unsymmetrical, C is smaller for the 
stiffer end than it is for the weaker one, but K is larger because 
the strong end tends to hold more of the moment to itself. 

5. When a member is prismatic, / is constant, and 


and 


C 


0:3 


Lx^' 2 ;* 

L 



0 

,3, 


(13-24) 


Z = 1 ™ 




(L 

^3 



iEl 

L ‘ 


(13-25) 


This clearly shows that the stiffness factor varies as the 1/L 
of such a member. C and K are the same at both ends of the 
member. 

6. When a moment is applied at one end of a member and the 
other end is hinged, the stiffness factor is less than that which is 
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given in Eq. (13-22), because Mt = Q and al/as in Eq. (13-21) 
must be zero. Therefore, in such a case, Eq. (13-22) gives 

Ki = l A- ai. (13-26) 

From Eqs. (13-19), (13-20), and (13-22), the expression 

- CaCs) = 

Therefore, Eq. (13-26) gives 

Ki = Ka(1 - CaCb). (13-27) 

This means that the stiffness factor when the far end of the beam 
is hinged is equal to the stiffness factor when the far end is 
fixed times 1 minus the product of the carry-over factors for 
both ends when those ends are fixed. This is a convenient form 
to employ when using the tables which will be explained later 
for members having variable L 
In the case of a prismatic member, 


This shows that the stiffness factor of such a member with the 
far end hinged is three-fourths of its value when the far end is 
fixed. 

7. In general, for ends A and B of any member, 



This proves that 

CaKa = CbKb. (13-28) 

In other words, the product of the carry-over factor and the 
stiffness factor at one end of a member equals the same product 
for the other end. Equation (13-28) gives a valuable check on 
one's calculations. 
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Problem 13-2. Find the stiffness and 
carry-over factors for the deck of the frame 
of Fig. 13-3 (a), using the dimensions from 
Fig. 11-22 and the data of Table 13-2 which 
gives 'ZxWj and for the frame with 
the origin at the left end. 

Using w = dx/I = s/I in of Eq. (13-14), 

S(L — • x)xw 


Substituting the summations from Table 13-2, 


CO 

o' 


2,070 57,770 18.05 

•| 4:SE 4SW E 

.3 

I Similarly, from Eq. (13-16), 

m 

& 1 V , 57,770 25.07 


CM CO 
CO 


Equation (13-19) may be rewritten to yield 


Cs^CjD = — 

ccz 


18.05 

25.07 


The stiffness factor is found by rewriting 
Eq. (13-22) as follows, remembering that 


o o o 

tH »0 O 


00 CO o 

rH CO rH 


rH CM CO ^ O 


a 

'S 

Ph 


- 0i2 


25,07E 

25.072 - 18.052 


0.083F. 


Problem 13-3. Find the stiffness factor at 
B for the leg AB of the rigid frame of Fig. 
13-3 (a), A and E being hinged. 

The leg is shown in a rotated position in Fig. 
13-6. The data in Table 13-3 are worked out 
with the origin at B. The inclined length 
of the leg is disregarded. 

From Eqs. (13-26) and (13-13), 


L^E 

2(L - x)^w 636 


El 


0.403^. 
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13-5. Sign Convention. In applying moment distribution, it 
is necessary to set up a sign convention to use in determining the 
signs of the end moments in the members. In order to avoid 
confusion when dealing with multiple frames, the method that 
makes the sign depend upon the kind of 
stress in the top fibers will not be used. 

Instead, a moment will be called “posi- 
tive”^ when it tends to rotate the joint in a 
clockwise direction; it will be called “nega- 
tive” when it tends to rotate the joint in 
a counter-clockwise direction. 

The important relationships between the signs, rotations, and 
moments should be noted. The direction of attempted rotation 
is opposite to the direction of the restraining moment w^hich must 
act at the end of a member. Figure 13-7 shows that, if a hori- 
zontal member has a positive moment at its left end, there will 
be tension in the top fibers; if there is a positive moment at its 
right end, there will be compression in the top fibers. The same 
statements apply to the left-hand fibers of a vertical member 
when the bottom corresponds to the left end of the horizontal one. 


Table 13-3. — Bata for Leg of Rigid Frame to Find K 


Line 

Point 

1 

2 

3 

4 

2 

1 

t 

3.17 

2.83 

2.5 

2.17 


2 

I 

2.66 

1.89 

1.30 

0.85 


3 

W = S -i- I = 4-r/ 

1.50 

2.12 

3.08 

4.70 


4 

X 

2 

6 

10 

14 


5 

(L -x) 

14 

10 

6 

2 


6 

{L - 

196 

100 

36 

4 


7 

(L — x)^w 

294 

212 

111 

19 

636 


1234 


->| 2'|<-^ '^ 4 '^ 4 
Fig. 13-6. 


Reference to Fig. 13-7 also shows that when there is no point of 
contrafiexure or when there are two such points, the signs of the 
end moments are opposite; when there is one point of contra- 
flexure, the signs of the end moments are alike. 

The fact that the carry-over factors as given in Eqs. (13-19) 
and (13-20) are positive shows that the induced moment at one 

1 See ''Moment Distribution Applied to Continuous Concrete Structures/’ 
Portland Cement Association, No. ST40. 
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end of a beam has the same sign as the applied moment at the 
other end. 

13“6. Distribution of Moments. When several members meet 
at a rigid joint, the algebraic sum of all the end moments at the 
joint must be zero if the point is in equilibrium; otherwise 
there will be rotation until hM becomes zero. For instance, 
assume the frame of Fig. 13-8(a). Consider C to be fixed. 
There will then be a bending moment M' at C in the cantilevered 
beam CD. It is called a fixed-end moment; but since C does not 
rotate, no bending is carried into AC and CB. Therefore, 
is not zero, but it is an unbalanced p 


fixed-end moment,’^ sometimes 

t^-L, 
3 I, 



kr~ L3 

called U, which must be resisted by 

i 

1 ^ 

[ I 3 

some other balancing moment. As 



c D 

soon as the joint C is released, or 
unlocked from its fixed condition, 


^2 

^2 

B i. 


(a) 

P 



Fig. 13-7. Fig. 13-8. 


it rotates until AC and CB stop this rotation, as pictured in 
Sketch (fe), at which time hM = 0 at C. 

Obviously, since C rotates as a unit, AC and CB resist the 
rotation of C in accordance with their ability to do so — in accord- 
ance with their stiffnesses — and in so doing, each resists a 
certain proportion of the unbalanced moment. From Eq. 

(13-25), the stiffness factor for a prismatic member is 

However, the constants 4 and B may be omitted. Then 

for dC = A and K 2 for CB = 

L 1/2 
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Assume these values of K to be as shown in Fig. 13-8(c). 
The combined stiffness of AC and C5 = 3 + 2 = 5. (Ks for 
CD does not enter the calculation because the stiffness of a 
cantilevered beam may be considered to be zero.) There- 

iore,McA = = ~M' = -^PL,, andMcp = - 

2 2 

— -M' = The moments at C are now balanced, 

= 0, and the balancing moment has been ^^distributed’’ 
between AC and CB. Of course, the signs of the distributed 
moments are opposite to those of the unbalanced moment. 

However, the bending m. AC and CjB at C causes these members 
to induce bending moments at A and B which are the respective 
distributed moments Mqa and Mcb times the carry-over factor, 
which, according to Eq. (13-24), is 

If A of Fig. 13-8 is hinged, it can resist no bending, the member 
AC is less stiff, and Ki will be | X 3 = In this case, with B 
fixed, the total stiffness of AC and CB is f + 2 = so that 
M CA “ and M^cb ~ — -^fPLz^ 

13“7. Procedure in Application of Moment Distribution. An 
outline of the steps to be followed in the analysis of a structure by 
moment distribution (distribution of fixed-end moments) is the 
following; 

1. Draw an outline of the structure with all of its loads. 

2. Compute the fixed-end moments for each member that supports a 
load (or is bent by other action). 

3. Calculate the stiffness factors for all members, and find the relative 
stiffnesses of all members that meet at a common joint. 

4. Determine the carry-over factors for both ends of all members. 

5. ‘^Unlock” one joint, compute the unbalanced moment, distribute 
the balancing moment among the members that meet at that joint (in pro- 
portion to their stiffnesses), then lock the joint again. 

6. Carry over the induced moments to the far ends of the members. 

7. Unlock the next joint, and proceed as before. 

8. Continue from joint to joint until all have been included and the first 
cycle” is completed; start over again at the first joint, using the new 

unbalanced moments, and continue successive cycles until the unbalanced 
moments are negligible. In many cases, it is advantageous to distribute the 
moments at all joints first, then to perform all of the carry-over operations, 
thus completing the first cycle. Successive cycles are made in the same 
way. This method will be used in the solutions of problems because it 
helps to avoid errors. 
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9. The final end moment in any member will be the algebraic sum of all 
of the moments that have accumulated at that particular end. 

The procedure will be illustrated further by the solution of 
problems. 

Problem 13-4. Find the moments at B and D of Fig. 13-9 (a) if A and E 
are hinged. 



Fig. 13-9. 


The magnitudes of the fixed-end moments (f.e.m.) at B and D, when they 
are ‘docked/^ are 


L for AB and ED = 


PL 25 X 32 
8 8 
3 / I 


100 ft.-kips. 


XK — iTi 4" Kz ” ^ ’ and D. 

80 

Therefore, when a balancing moment is distributed between BA and BD, 

K 

Mba - = 0A4U (approx.), and 




0.56(7. These coeffi- 


21 21 ^ cients are recorded at the joints as shown 

f in Fig. 13-9(6). The heading “Col. B” 
denotes the moments in the column 
below the joint — either B or D. The 
' Fig'^13 10 ^ heading “Bm.'' denotes the moments in 

the beam at the side of the joint which 
corresponds to the position of the tabulated data. 

The fixed-end moments are recorded next, and the first distribution is 
made as shown. A line is drawn under these distributed moments. The 
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first carry-over moments are then set down under this line, the small arrows 
at the right of the numbers indicating the directions from which the moments 
were carried. Notice that no moment can be carried to A and E and that 
none will be transferred back from these points. The unbalanced moment 
at B after the first cycle is -i-28. The successive distributing and carrying 
over of moments are continued until the unbalanced moments are sufficiently 
small to be neglected, the work ending upon a last distribution of the 
moments. The symbols '^1— D,” ‘‘1— C.O.”, etc., in Fig. 13-9 denote 
the first distribution,” ^ffirst carry over,” etc. The tabulated values in 
each column are summed up to obtain the final moments. (Compare the 
answer with that for Problem 11-4.) The carry-over factor is .5. 


CoLB Bm. 
B| 

•fem +112 

1-D "94 -18 

1- QO. Ot +3-^1 

2- D -3 0 

2- CO.I 

3- D 

"97 +97 


Bm. Cd.Bl 
0.16 0.84- 
“38 

+6 +32 

-9- Ot 
+1 +8 

0- Ot 
0 0 

-40 +40 


Col.A CoLA 

JL 
SK 
fem 
t“D 

1- C.O.I -4711 +161 

2- D ^ 

2- CO. +4* 

3- D 0_^ 0 

TM +^ 


Fig. 13-11. 


Problem 13-6. Find the moments at the joints of the frame of Fig. 13-10 
if A and E are fixed. Side sway, which will be discussed in a subsequent 
article, is assumed to be prevented. 


Ki 

K, 


15 


0.1337, 

K, 


40 

0.16. 


0.0257, 


2K&t B or D = 0.1587. 


At f.e.m. 


4-20 X 10 X 30^ 
402 

-Pa^b - 20 X 102 X 30 


4-112 ft. -kips. 


At D, f.e.m. 


-38 ft. -kips. 
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In this case, because of the fixed ends at A and Ej the moments that are 
carried from 5 to A or from D to E are immediately locked at A or E, 
respectively. 

This problem is solved in Pig. 13-11. The heading “ Col. A in the tables 
denotes the moments in the column above the joint — ^in this case A or E. 
The final moments at the joints are plotted in Pig. 13-12 (a). Prom these 
moments, the shears and reactions are found. Por instance, the magnitude 
of Ha is the numerical sum^ of the end moments in AB (without reference to 
signs) divided by the height of the leg. Therefore, Ha - (Mab +Mba) h; 
He = {Med + Mde) -i- h; Va = 0.75P + {Mbd — Mdb) L; Vc 0.25P 
- {M JOB — Mbd) L. The force S' Ha - He = 5.7 kips. 



The direction of Ha can be found by studying Pigs. 13-12(5) and (c). 
Prom the latter, H X h ^ Mba + Mab, and H must act toward the left 
at B and toward the right at A. H is the ‘'apparent'' shear in AB. 

13-8. Displacement of Joints. Although a member may have 
no loads acting between its ends, fixed-end moments may be 
produced by displacement of the joints. 

In Fig. 13-12A(a), beam AB is fixed at B. A moment is 
applied at A, rotating that end through an angle Ba and causing 
the tangent to move from B to B\ The angle Qa is small, and 
it may be equated to its tangent d/L. The induced moment at 
B is therefore 

M[ = = K^^Ca. 

Another moment is then applied at B in Sketch (5), causing the 
angular deflection 06 = Ba. Therefore, 


If the beams in Sketches (a) and (6) are then combined and 
rotated until the deflected tangents are horizontal, the picture 

^ If Mba and Mab both caused tension on the left side of AB, Ha would be 
{Mba — Mab) h. 
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in (c) will result. This shows that the combined action is 
equivalent to that which would occur if the end A moved a 
distance d. 



From Eq. (13-28), CaKa = CbKb. Therefore, adding the 
moments at A and B for both of the cases pictured in Figs. 
13-12A(a) and (6), 


Ma = M'a + M" = Ka^ + K^Cb = Ka^(1 + Ca 
Mi = Mi + M’^ = Ka^Ca + ^4 "" ■^ 4 *'^ 


These give the fixed-end moments for a displacement equal to d. 
Therefore, if the beam is prismatic, 

Eld A ^ 

V 

Incidentally, it mufst be remembered that the stiffness factor 
involves E, so that when using tabulated values that omit E, 
this terra must be added. When a member with one hinged end 
is displaced as shown in Fig. 13-12A(d), Mi = 0, and the second 
term of Eq. (13-29) for Ma which involves Kb and Cb is also zero. 
Furthermore, Ka in the first term must be changed to K'^ in 

accordance with Eq. (13-27). _ _ , . -p- 

In the case of the rotation of one joint as pictured in hig. 
13-12 A (e) , the condition is just the same as in Sketch (a) . There- 
fore, the moment at A is the stiffness factor Ka times the ratio 

and the moment at B is McCa. [Si is in radians.) 
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Equations (13-29) can be used in the solution of problems that 
involve both vertical settlements and horizontal displacements 
of joints, such as the movement of foundations, the changes of 
length caused by shrinkage or variations in temperature, and the 
lateral displacements resulting from wind or from other forces 
that cause side sway. These will be illustrated in subsequent 
problems. 

It is often difficult to determine whether or not a structure 
will be able to adjust itself for side sway. In the case of a rigid- 
frame bridge, the earth fill may prevent all or part of this motion. 
However, it is sometimes advisable to analyze a structure with 



Cb) 

Pig. 13-13. 


and without side sway and to design each part for whichever 
condition requires the greater strength. 

Problem 13-6. Find the moments in the frame of Fig. 13-10, considering 
side sway but using the first part of the solution as already (;ompleted in 
Problem 13-5. E = 432,000,000 lb. per sq. ft. 

In examining the results of Problem 13-5, it is apparent that the force S' 
is needed to hold the frame in equilibrium. If the structure is free to move 
or to '^sway^' sidewise with no force S' to stop it, the frame will distort as 
pictured in Fig. 13-13 (a). The effect is equivalent to applying to the frame 
an equal but opposite force at B [Fig. 13-13 (a)]. Therefore, the moments 
and forces of Fig. 13-12 (a) must be altered before the frame can come to rest. 

When the legs are equal in all respects, as in Fig. 13-13(a), they divide the 
moments and shears equally between them because B and D deflect the same 
amount. However, when the legs are prismatic but I and L are unequal, 
as in Fig. 13-13(5), Eq. (13-30) will show that the moments vary as I 
the shears vary as 1 /L^. 

Since the legs are prismatic and fixed at their supports, they are assumed 
to have a point of contraflexure at their centers so that the magnitudes of 
the moments at both ends of each member are equal. When the legs are 
hinged at the bottom, all of the moments must be resisted by the restrained 
ends at the top. (These statements refer to f.e.m.) 
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An examination of Eq. (13-30) shows that the deflection d must be known 
if Afa is to be evaluated. Therefore, a convenient way to solve this problem 
is to assume dE^ compute the fixed-end moments, analyze the frame, and 
find the resultant shear, then correct the moments in proportion to the 
ratio of S to this resultant shear. 

^B1 Bmj 
0JB4|ai6 
fem +53 
1-D 


XM . -li 


|Cbl.A| 

^55 




Fig. 13-14. 

Therefore, assume dE — 1,000,000, the displacement being to the right, 
since S in Fig. 13-1 3 (a) acts in this direction. Also, J = 1 in this case for 
the deck and I ~ 2 for the legs. From Eq. (13-30), 


Mab == 


Mde “ Med 


6 X 2 X 1,000,000 
152 


53 ft. -kips. 


The moment distribution is worked out in Fig. 13-14. The procedure is 
as follows: 

1. Distribute the fixed-end moment at B between AB and jBD in the ratio 
of 0.84: 0.16, giving —45 and —8. Do likewise at D. 



Fm. 13-15. 


2. Carry over one-half of —45 to A and one-half of —8 to D, etc. Two 
cycles are sufficient. 

3. The sum of the final moments in A .B is +42. Therefore, 


42 42 ^ . 

= 2.^ kips 

h 15 
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for AB alone, or 2.8 X 2 = 5.6 kips for AB and DE combined. Then the 
faci^or by which the moments of Fig. 13-14 must be multiplied to correct 


Straight haunches 
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Fig. 13-16. — Symmetrical members with straight haunches. 
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These corrected moments are shown in Fig. 13- 15 (a). 
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4. The final moments are obtained by combining the moments that are 
given in Fig. 13-12 (a) with those in Fig. 13-15 (a). The results are plotted 

PotraboII^ haunches 

4. Concentrated load f e.m. coeffTcicnt.f 



un 

max A 


Right 
1 maxA 

'i 

Fixed end moment L 

leFiesn>Obfafnf-va/ues6ebivusingIx>ifoms(Xfk 

Righfie.m.-'rObfmn f-vafues befow using kpsca!^ 
Vd I ues of V (Forf;e.m.af Righf- End 
LO 0.9 0.8 Q7 Q6 05 0.4 03^ Oi 0.1 



Fig. 13-17. — Symmetrical members with parabolic haunches. 


in Fig. 13-15(6). They should be compared with the answers for Problem 
1 1'5 of Chap. 11. 

13 -9. Use of Curves to Determine Fixed-end Moments, 
Stiffness, and Carry-over Factors. The curves of Figs. 13-16 to 
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13-21, inclusive/ have been prepared to eliminate tedious work 
in the calculation of fixed-end moments, stiffness factors, and 


Coefficients at haunched end 



carry-over factors for nonprismatic members. Since E is con- 


^ Figures. 13-16 to 13-21, inclusive, are taken in their entirety from ^'Con- 
crete Information,” Pamphlet ST41, issued by the Structural Bureau of 
the Portland Cement Association. 
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stant, it is omitted from the figures, but it must not be forgotten 
in cases like Problem 13-6. 



These diagrams will render great service to the designer. For 
instance, compare the influence line for/ (Fig. 13-4) with Diagram 
(Fig. 13-17), using a = 0.5 and b = 1.5V3.33^ = 0.092. In 
order to check the stiffness factor Kb for BD of Problem 13-2, 


ANALYSIS OF RIGID FRAMES [Art. 13-9 


enter Sketch B1 (Fig. 13-17), with a = 0.5 and b = 0.092, reading 
k = 14. When this coefficient is naultiplied by (min. I) l/L, it 

CQ^icients o(t haunched end 

IStiffness coeflfTcienf, k f^rabofa. - u>-xq L Concenfrafed load 1!e.m. coefficient f 
xcj Values of a i^lkl WSi | ^ ^ TTT I ] 

.. Sc3^ci2o Q30 a4o Q50 Q&o Q70 Q80 090 LOO L 
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same values of a and h, finding Cb = 0.72. Now, compare Kb 
and Cb with their values as computed in Problem 13-2. 


Coefficients at small end 



As another illustration of the use of these curves, solve Problem 
13-3 again for Kb- Equation (13-27) applies to a member with 
one hinged end. With the alteration of the subscripts, it becomes 

Ai - KbH - CaCb). 
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Figure 13-18 may be used first. Obviously, a = 1.0 and h - 
(min. d/max. dY = (2/3.33)^ = 0.216. Using these values in 
Diagram CIL, k = 13. Therefore, Kb = (min. I)k/L = X 
2V12 = 0.542. Diagram (72L gives Ca == 0.34. The magnitude 
of Ca must be found from Diagram C2R (Fig. 13-19). Using the 
same values for a and h, Ca == 0.74. From these quantities, 

K' - 0.542(1 - 0.74 X 0.34) = 0.405. 

This answer is sufficiently accurate. 

13-10. Curved Members. The method of moment distribu- 
tion is based upon the assumption that the axes of the members 
of a structure are straight. In many cases, these axes are curved 
slightly, especially in nonprismatic members, and this curvature 


(5.672>|t^- 


may be disregarded. However, if it is too great (perhaps a rise 
of 1 ft. in a span of 25 ft.), the method of work must be used in 
analysis so as to avoid excessive errors. 

The maximum permissible curvature, the positions in which 
the substituted straight axes should be placed, and the corrections 
to be made to the results of the calculations — these are matters 
for which there seems to be no set of rules except such as may 
seem to be reasonable to the individual. However, some guid- 
ance may be secured from the solution of the next problem which 
is selected in order to illustrate this case. 

Problem 13-7. Find the bending moments at B and C in the frame of 
Fig. 13-3 (a) due to the dead load of the deck, using concrete at 150 lb. per 
cu. ft. 

Assume that the real axes of the frame are shown by the doited hiu?s in 
Fig. 13-22(a); then, as an experiment, straighten out the deck and th(‘ legs, 
holding point C. This will result in the frame that is shown by solid lines 
in Sketch (a). 
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The fixed-end moments can be found from the influence line of Fig. 13-4* 
Using the ordinates for / as given in Table 13-1, 
f.e.m. = L[l, 870(0.042 + 0) 1,540(0.112 + 0.008) + 1,280(0.169 + 

0.025) -h 1,090(0.202 -f- 0.058) + 970(0.210 -f 0.098) + 900(0.190 -h 

0.148)] = 1,3991/. 

Therefore, 


f.e.m. = 67,100 ft.-lb. 

The carry-over and stiffness factors, as determined in Problems 13-2 and 
13-3, omitting F7, are as follows: 

(1) For the deck: Cbd = Cdb - 0.72; Kbd = Kdb == 0.083. 

(2) For the legs: Kb a = 0.403; Cba == 0. 

(3) Si? = Kbd ■+• Kba ~ 0.083 -}- 0.403 == 0.486. 

(4) For the deck: Kbd Si? = 0.083 ^ 0.486 = 0.17. 

(5) For the legs: Kba ^ Si? = 0.403 -f- 0.486 = 0.83. 

These values of the relative stiffnesses of the members are shown in Fig. 
13-23 along with the fixed-end moments. The usual procedure of dis- 
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tributing the balancing moments and of carrying over these distributed 
moments is indicated in the sketch. The moment at B is found to be 
-63,300 ft.-lb. 

The moment at C is merely the moment at C in a simply supported beam 
with a span of 48 ft. minus the restraining moment at B. Therefore, 

= +78,400 - 63,300 = +15,100 ft.-lb. 

From the solution of Problem 11-6, ikf at P — —52,000 ft.-lb., and 
Mcb at C = +11,700 ft.-lb. Obviously, these differ too much from the 
solutions as found herein. It is therefore necessary to review the original 
assumptions in order to find the reasons for this. 

Figure 13-22 (a) shows that the tilt of the legs was neglected. When they 
slope inward, the result is a reduction in the effective span to A'E' = 46.66 
ft. Furthermore, the 3-ft. rise of the deck is somewhat equivalent to a 
decrease in the stiffness of the legs. Therefore, assume the frame to be as 
shown by the heavy lines in Fig. 13-22(b), passing through +, C, and E. 

It is now necessary to correct f.e.m., C, and K. For the first, assume that 
the influence line of Fig. 13-4 still holds, the member being slightly com- 
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pressed so that 

f.e.m. = 1,399L = 1,399 X 46.66 = 65,200 ft.-lb. 

Next, let Cbd = 0.72 as before. Finally, following the methods of Art. 
13-9, the new magnitude of Kbd for the deck will be 


14 1.5^ 

( 6.66 ^ 12 


= 0.084. 


h 

Also, Kba for the leg == Kba(1 — CaCb) ~ —(min. /)(1 — 

JU 

Kbx “ X ^(1 - 0,71 X 0.34) = 0.341. 

19 12 

Si? = Kbd + Kba « 0.084 -f 0.341 - 0.425. 

Kbd -4- Si? = 0.084 -r- 0.425 = 0.2. 

Kba - Si? = 0.341 0.425 = 0.8. 

The frame is now reanalyzed in Fig. 13-24. moment at B is —60,800 
ft.-lb. The simple beam moment at C is +73,300 ft.-lb. when the span 
is 46.66 ft. and when the loads are as shown in Fig. 13-22(6). Therefore, 

Mcb = +73,300 - 60,800 = +12,500 ft.-lb. 

Furthermore, if the moment at B is divided by h — 19 ft., the horizontal 
thrust at A of Fig. 13-22 (6) is 


Ha 


6U,8UU 

19" 


3,200 lb. 


This value of Ha times 16 ft. will give a partially corrected moment at B 
which is 


Mba = -3,200 X 16 = -51,200 ft.-lb. 

These adjusted values of the moments now agree closely with those which 
were calculated in Problem 1 1-6. 

All of this goes to show that members with considerable curvature need 
special consideration when they are analyzed by moment distribution. " 

Two -Span Frames. These structures will be illustrated 
by a practical problem. 

Problem 13-8. Find the bending moments in the symmetrical two-span 
rigid-frame bridge of Fig. 13-25 (a) for a uniform live load of 270 lb. per 
sq. ft. on span BC, using moment distribution and assuming that side sway 
can take place. 

This problem, is the same as Problem 11-14. It is used to illustrate a 
very general case in which the members are unsymmetrical and somewhat 
curved. 

The first step is the assumption of an equivalent structure with straight 
axes. The dimensions of the actual structure are showm in Fig. 13-25(ri;). 
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The “equivalent” frame with straight axes is determined arbitrarily as 
follows: The legs are taken as vertical members whose axes pass through 
the centers of the supports at A and E because this represents the effective 
span ; the axis of the center pier is already vertical, but its length is shortened 
to 17.5 ft. to allow for the fact that the portion above the springing lines 
below C is infinitely stiff compared to the pier shaft; the axis of the deck is 
taken as a horizontal line which passes through the crown of the curve of the 
deck. The structure of Fig. 13-25(6) results. 

/ — Axis 0 


IC 

fjBA= 


[5ab = 


The next step in the solution of the problem is the determination of the 
physical constants of the structure— K and C— for a strip 1 ft. wide. These 
are found from the diagrams of Figs. 13-17, 13-18, and 13-19 as follows: 

1. Leg AB. Determine 

1 5 ^ 

7^ = — = 0.281 ft.^ 


^ 0.162. 

1.0, and find at the small 




Fig. 13-25. 



- /7M-- 
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= 0.103^?. 


With the same values of h and a, find Cab = 0.8 from Fig. 13-19 (C2i^). 

Similarly, from Figs. IS-ISCCIL) and (C2L), obtain ks == 17 and Cba 
- 0.32. Therefore, 

17 X 0.28115 ^ _ 

17.63 


2. Deck BC. Determine 


If (at crown) 

Ic 


1 . 75 ^ 

12 

3.253 

12 


= 0.477 ft. 4 
= 2.86 ft." 


Since the deck is not symmetrical, it is necessary to approximate its stiffness 
and carry-over factors. Therefore, assume that both halves are the same 
as BF so that 



and, from Figs. 13-17(B1) and {B2), with a = 0.5 and 6 = 0.258, ks = 8.4 
and Cbc - 0.63. Therefore, 


Also, if both halves are the same as FC, 


Therefore, 


kc = 10.8 and Ccb = 0.678. 
10.8 X 0.447^ 


By averaging these values, an approximation of the real constants will be 
obtained; thus, 


Ave. K - 


QAE + 0 . 13 ^; 
2 


0.U5E* 


* One should construct the influence line for f.e.m. and should compute 
the stiffness and carry-over factors as in Arts. 13-3 and 13-4 in order to 
get more correct values for this case. However, it is assumed here that the 
data secured from the diagrams will be satisfactory. 
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. „ 0.63 + 0.678 ^ 

Ave. C =s= 0.65 (approx.). 

A 

It should be noticed that Fig. 13-17 is for members with parabolic 
haunches, but its use in this case is sufficiently accurate for practical pur- 
poses. Furthermore, E can be omitted from the figures because it is 
constant. 

3. Pier CM. Since CM is a prismatic member, 


and 


Kcm — Kmc 


L 


17.5 X 12 


= 0.152F 


CcM — Cmc = 0.5. 


4. Relative Stiffnesses. At B, Si? 0.115+ 0.271 = 

0.386. 

Therefore, the relative stiffnesses of BC and BA at A are 


and 


K __ 0.115 
Si? " 0.386 


0.3 for BC 


K2 


Kba 

Si? 


0.271 

0.386 


- 0.7 for BA. 


At C, there are three members, BC, CD, and CM. Therefore, 
Si? = 2i? + Kcm = 2 X 0.115 + 0.152 = 0.382. 


Therefore, 


ifi at C = = 0.30 for CB and CD. 

0.382 

Ki&tC = 0.40. 

It is now necessary to determine the f.e.m. at B and C for a load of 0.27 
kip per ft. To do this, refer to Fig. 13-17(53). With h = 0.258 (as in 
item 2) and a = 0.5, 


f.e.m. = 0.097 WL. 

With h = 0.156, 

f.e.m. = O.IOIIFL. 

Therefore, 

Ave. f.e.m. = 0.0991+L = 0.099 X 0.27 X 37.58 X 37.58 = 37.7 ft.-kips. 


The distribution of the moments when side sway is prevented is completed 
next, as shown in Fig. 13-26 (a). 5, C, and D are unlocked in succession, 

and the balancing moments are distributed; all of the carry-overs are made 




The horizontal reaction Ha at the bottom of the leg A Bin 

(Mab + Mba) ^ AB = (32.9 -f 10.4) - 17.63 = 2.46 kips. 
Similarly, 

Hm = (19.4 4- 9.6) 4- 17.5 * 1.66 kips and He = (6.5 -}- 1.9) 17.63 

= 0.48 kip. 
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It is important to find the directions of these reactions. In Fig. 13-27, 
the legs and pier are isolated, and the end moments are applied. It is easily 
seen that Mba and Mab tend to rotate AB in & clockwise direction so that, 
for equilibrium, the forces Ha and Hi must form an opposing couple, acting 
as shown. 

The algebraic sum of Ha, Hm, and He — 1.28 kips acting toward the right. 
Therefore, the unbalanced force at the top is 1.28 kips acting toward the 
left and preventing side sway. 

In order to find the effect of side sway, a force of 1.28 kips is to be applied 
at B [Fig. 13-25(5)]. It will move the top joints toward the right an 
unknown distance d, all joints being assumed to move equally. However, 
if Eqs. (13-29) are to be used, it is clear that the end moments cannot be 
calculated when d is unknown. The procedure is therefore the usual simple 
expedient of arbitrarily assuming a magnitude for dE (notice that E cannot 




Ml E 



Fig. 13-27. 



be omitted), solving for the end moments in the legs and in the pier, dis- 
tributing these moments, finding the unbalanced horizontal shear which 
results from these moments, and then adjusting these distributed moments 
in the ratio of the real force S to the one which resulted from the assumed 
deflection. 

In this case, assume dE — 1,000,000 lb. per ft. 

Then Eqs. (13-29) give 

dE 1,000,000 

Mba = Mde = Kba(1 + Cba)-^ == 0.271(1 + 0.32) --— = 

L 17.00 

20,300 ft.-lb. 

dE 1,000,000 

Mab - Mbd = KabU +- Cab)-^ = 0 - 103(1 + 0 . 8 ) — = 

10,500 ft.-lb. 

dE 1,000,000 

Mcm == Mmc - Kcil +Cc)~ = 0.152(1 + 0.5) ^ — = 

13,000 ft.-lb. 


These fixed-end moments (in foot-kips) are applied at the ends of the vertical 
members; then the moments are distributed as shown in Fig. 13-28(o), 
unlocking points B, D, and C in this order for each cycle. Proceeding as 
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before, Ha = Ha ^ ^ ^P> 

tips. XH == 2.77 kips. The factor for adjusting the side-sway moments is 



Fig. 13-28. 


1.28/2.77 = 0.46. This is applied to the results of Fig. 13-28(a) to get the 
moments that are plotted in Sketch (6). 

The combined moments from Figs. 13-26(5) and 13-28(5) are shown in 
Fig. 13-28(c). These results should be compared with those in Table 11-1 1 
of Chap. 11. The critical moments check with reasonable accuracy. How- 
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ever, there is one important point to notice; viz., the method of work auto- 
matically includes side sway, but moment distribution gives the results 
with or without side sway. This is another distinct advantage in favor of 
analysis by moment distribution. 

Problem 13-9. Find the moments in the frame of Fig. 13-25 (a) for a 
fall in temperature of 40 ®F. if ^ 432,000,000 lb, per sq. ft. and w — 

0.000006. 



CoLB 

Bm. 


Bm. 

Col.B 

Bm. 


Bm. 

CoLB 

fern® 

0.7 

0.3 


0.3 

0.4 

0.3 


0.3 

0.7 

+ 79.0 

0 

1 r 

0 

C 0 

0 

i r 

0 

D-79.0 

1-D 

-55.3 

"23.7 


0 

0 

0 


+23.7 

+55.3 

1-C.O. 

0 f 

0"^ 


-15.4- 

0 t 

+15.4'*" 


0-^ 

0 f 

2-D 

0 

0 


0 

0 

0 


0 

0 

IM 

+ 23.7 

"23.7 

-15.4^ 

0 

+15.4 

+ 23.71 

1-25.7 





Col. A 


Col. A 


CoLA 



1 “ 

A 

- 

M 

- 

E 

fem 

+41.0 


0 


-41.0 


FD 

0 


0 


0 


1-C.O. 

-17.7 + 


0 \ ! 


+ 17.7i 


2-D 

0 


0 


0 



+23.5 0 -23.3 

(a) 



(P) 


Fig. 13-29. 

The shortening of each half of the bridge is d = AL - wtL = 0.000006 
X 40 X 37.58 = 0.009 ft. Therefore, 

dE = 0.009 X 432,000,000 = 3,890,000 lb. per ft. 

The structure will act symmetrically about the center pier so that the 
change in temperature will not affect the pier. However, Eqs. (13-29), 
adding F, will give the bending moments in the legs ; 
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dE , 3,890,000 

Mba ~ Mde = KsaO- + Cba)“jj — 0.271(1 -f 0.32) 


79,000 ft.-lb. 


Ma 


+ Cab) 


dE 


■ 0 . 8 ) 


3,890,000 


41,000 ft.-lb. 


The moments will have positive signs for AB and negative ones for DE. 
The analysis is shown in Fig. 13-29. One cycle is sufficient to com- 
plete the work. 



0.Sk/^' 
/.08k 

S.6S k*t^-o.8ek 
'■1.59k 


(b) 




(c) 

Fig. 13-30. 

Problem 13-10. Find the moments in the frame of Fig. 13-25 (a) for the 
unsymmetrical earth pressures and the braking force which are shown in 
Fig. 13-30 (n) as acting upon the substitute frame of Fig. 13-25(6). 

The uniformly varying earth pressures are changed to five approximately 
equivalent concentrated forces at O.l/i, 0.3/i, etc., as pictured in Fig. 13-30(6). 
The braking force is also changed by the principle of the lever to an equiva- 
lent force at B, 1.08 kips. 

Interpolation in Figs. 13-18(C4L) and 13-19(C4J?), with h = 0.162 and 
a = 1.0, gives the ordinate by which each intermediate lateral load of Fig. 
13-30(6) must be multiplied to obtain the f.e.m. at A and B. When these 
products are summed up, f.e.m. at A = 5.7 ft.-kips, and f.e.m. at B = 
8.0 ft.-kips. The distribution of these moments is given in Fig. 13-31 (a). 
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Notice that the carry-overs to the jSixed bases Sit A, M, and E are arbitrarily 
extended to one more cycle than was done for the deck. 



SM +7.6 -0.3 +0.1 


(a) 



(d) 

Fig. 13-31. 

The moments from Fig. 13-31 (a) are shown in Sketch (5). From this 
diagram it is clear that 


17.63 


0.31 kip acting toward the left. 
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H 


m 


He 


0.6 + 0.3 
17.5 

0.2 + 0.1 

17.63 


• 0.05 kip acting toward the right. 
0.01 kip acting toward the left. 


Therefore, 


0.27 kip acting toward the left. 


Therefore, the force S = 0.27 kip (acting toward the right) must be added 
to produce equilibrium. 

The moments that are due to side sway are found as follows, referring to 
Fig. 13-31 (c): 

1. Apply 0.27 kip at J5, acting toward the left to take into account the 
elimination of S in Sketch (6). 

2. Find the forces at A and JB for the loads on A B of Fig. 13-30(6) by 
taking moments about A. XW = 4.41 kips, Ba = 2.91 kips, and Rb = 
1.5 kips. Rc acts toward the left. 

3. The braking force is 1.08 kips acting toward the right in Fig. 13-30(6). 
Therefore, the resultant force which deflects the frame toward the right is 
1.5 + 1.08 ~ 0.27 = 2.31 kips as shown in Fig. 13-31 (c). 

4. The moments in Fig. 13-28(6) were computed for a force of 1.28 kips 
toward the right. If these values are multiplied by 2.31/1.28 = 1.8, the 
diagram of Fig. 13-31 (c) results. 

5. The final moments are found by combining Sketches (6) and (c). The 
results are shown in (d). They can be checked by noting that the sum of 
the end reactions at A, M, and E is 5.50 kips (with Ra = 2.91 kips from 
item 2 included). This compares with 4.41 + 1.08 = 5.49 kips, the total 
of the applied loads. 

Problem 13-11. Find the moments in the frame of Fig. 13-25 (a) if point 
A is assumed to be displaced 0.02 ft. toward the left and 0.04 ft. downward. 
Also, assume A to be rotated 10 min. in a counterclockwise direction. Use 
the substitute frame of Fig. 13-25(6), with E = 432,000,000 lb. per sq. ft. 

A diagram to picture the distorted structure is given in Fig. 13-32 (a). 

By means of Eqs. (13-29), adding E, find the following: 


dE = 0.02 X 432,000,000 8,640,000 lb. per ft. (horiz.) 
dE = 0.04 X 432,000,000 17,280,000 lb. per ft. (vert.) 

Mba = Kba{1 + Cba]^ = 0 . 271(1 + 0 . 32 )*’^ t .°’+ 175,000 ft.-lb. 

E 17.63 

Mab = Kab(1 + Cab)^ 0 . 103(1 -h 0 . 8 )—^ = 91,000 ft.-lb. 

E 17.63 

j-p 

Mbc = Mob = KsciX + Cbg) 0 . 115(1 


The moments in AB that result from the rotation of A are found from the 
stiffness and carry-over factors at A, as given in Fig. 13-25(6). The value 
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of Kj.b R-s given in the diagram should include E. By definition Kab is 
the moment that is required to rotate A through one radian. Therefore, 
by propoition, 

M'ab = Kai^ = 0.103 X 432,000,000 X - = 129,000 ft.-lb. 

The induced moment at B must be 

M'ba = MabCab - 129,000 X 0.8 = 103,000 ft.4b. 

It is necessary to find the directions of these various end moments before 
they can be combined. The individual members are shown in Fig. 13-32(6) 
in their distorted positions for each of the three separate displacements. 
The arrows show the rotations that the members try to produce at the joints 
— opposite to the directions of the restraining moments. Therefore, Mbc 
and Mcb are negative, but the others are positive. The total f.e.m. at the 
bottom of AB is 91 4- 129 = 220 ft.-kips; that at the top of AB is 175 + 103 



Fig. 13-32. 

= 278 ft.-kips; those at the ends of BC are —87 ft.-kips. Figure 13-33(a) 
shows the distribution of these moments, neglecting side sway. 

Dividing the sums of the moments in the legs by the lengths of the respec- 
tive members gives an unbalanced force of 20.3 kips (17 acting left at A, 
4.5 acting left at ilf , and 1.2 acting right at E). On the other hand, moments 
have already been worked out in Fig. 13-28(6) for an unbalanced force of 
1.28 kips acting toward the right on this frame. If these moments are 
multiplied by —20.3/1.28 = —16, the effects of side sway are automatically 
found to be as shown in Fig. 13-33(6). The sign is negative because the 
unbalanced force in this problem acts toward the left. When these moments 
are combined with those of Fig. 13-33 (a), the final diagram of Fig. 13-33 (c) 
will result. The reactions practically balance, showing that the frame is 
now in equilibrium. 

When the final moments as given in Fig. 13-33(c) are compared with those 
in Figs. 13-28(c), 13-29ic), and 13-31 (d), one gets a clear picture of the 
seriousness of the failure or yielding of foundations that support continuous 
structures. 

13-12. Construction of Influence Lines by Moment Bistribu- 
tion. In the case of a rigid-frame structure like that of Fig. 
13-25(a) which must support moving live loads, it is advan- 
tageous to construct influence lines for the critical moments. 
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This can be done easily by using the frame of Fig. 13-25(6); 
computing the f.e.m. for 1 kip successively at 0.2L, 0.4L, 0.6L, 
and 0.81; of the left span BC ; and analyzing the frame by moment 
distribution for each individual case, with or without side sway. 
The moments thus found, together with the other moments 



Siolesway lAinfl.K. Combined Moments 
(b) (c) 


Fio. 1. 3-3.3. 

which can be computed easily at each two-tenth.s of the span, will 
give sufficient data for the construction of practically all of the 
influence lines that are needed. 

A similar procedure will apply equally well to almost any 
structure for the analysis of which moment distribution is 
adaptable. 






CHAPTER 14 


BUILDING FRAMES 

14-1. Introduction, One common type of building has slab 
and beam floors, with girders along the lines of the columns. In 
a reinforced-concrete structure of this type, there is almost 
inevitably a large degree of continuity at the Junctions between 
beams, girders, and columns. This interaction of the members 
must be considered in the design, and the reinforcement must be 
placed so as to avoid cracks near the columns in the region of 
negative bending moments. It is therefore the purpose of this 
text to show some of the theoretical and practical considerations 
that are encountered in the design of the frame of such a building. 

14-2. Preliminary Design of Members. One must make so 
many assumptions regarding loads, sections, degrees of con- 
tinuity, and moments of inertia in designing a building that the 
refinement of the calculations need not be greater than the 
accuracy of these assumptions. If Fig. 14-4 represents one bent 
(line of columns and beams) in a small building, it is obvious 
that analysis of this frame by the so-called “exact” method of 
work is too laborious to be considered because there will be such 
a large number of unknowns when the structure is “cut” so as 
to make it statically determinate. However, moment distribu- 
tion can be used to great advantage in analyzing such a frame, 
but it is necessary to find the approximate sizes of the members 
before the calculations can be made. 

The preliminary design requires considerable labor and the 
exercise of the good judgment that comes through experience. 
It is impossible to set up any infallible rules for such work, but the 
following information may be used as a guide in the design of a 
simple building which has the floor panels subdivided to form 
T-beams and which has T-beams or T-beam girders (called 
“headers” when they support other beams) along the column 
lines : 
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1. Design the floor slab for the specified uniformly distributed live load 

and the dead load, using for the maximum moment M = wL‘^/^ for two spans 
or M ~ for more than two spans, where w = the intensity of the 

total live load + dead load on the slab. 

2. Design a typical interior T-beam or header as a fixed-end, rectangular 
beam. The maximum moment will therefore be the f.e.m. which will be 
used later in the distribution of moments. Compute the trial reactions 
as for a simply supported beam. 

3. Design a typical T-beam in an outer bay (or a beam that is discontinu- 
ous) as a rectangular beam with one end fixed (the inner end for outside 
panels). One or two relatively large concentrated loads should be con- 
sidered separately, but a series of small concentrations may be treated as 
uniformly distributed loads {M - wL^/S), In general, assume that the 
reaction at the fixed end is iwL and that the one at the hinged end is iwL. 

4. Design interior columns of moderate ske for direct compression over 
the entire area, considering concrete alone and using the allowable fc for 
compression in the type of column that will be used (tied or spirally rein- 
forced). The sizes of the beams should also be considered in proportioning 
small columns, because the latter should generally be at least as wide as 
the stems of the beams that they support. 

5. Design outer columns (or others at which the beams are not con- 
tinuous) as plain concrete columns, using about 0.9/c to allow for relatively 
large bending moments. 

Design all beams as rectangular sections with a width equal 
to that of the stem V of the T-beam and with a depth D equal to 
that of the T-beam. This is permissible because the critical 
bending moments are usually at the columns, where the flanges 
cannot be relied upon for resisting tension. 

The diagram in Fig. 14-1 is useful for the determination of these 
preliminary sections. Use a triangle, and place its edge at the 
required value of M in foot-kips; rotate the triangle about this 
point until the simultaneous readings from the scales of depths 
and widths seem to be reasonable {d == 2h±); then add 2 or 3 in. 
to the depth for the cover over the steel. Shearing stresses 
must be considered also in choosing ¥ and D. * 

One must remember that, when a long, heavy beam abuts a 
short, light one, the end moments of the former will be less than 

* The table of corrections that is given in Fig. 14-1 is made to apply for 
several combinations of n, /«, and fc. Use the diagram as described above, 
but multiply d as read from the chart by Kd to get the corrected effective 
depth. Similarly, multiply the magnitude of As as given in the chart by 
Ks to find the corrected area of the tensile reinforcement. These data are 
for rectangular beams of balanced design. 
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Fig. 14-1. — Diagram for beam design. 
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the f.e.m. and that of the latter will be greater than the f.e.m. 
This principle is illustrated in Fig. 14-2 where the slope of the 
tangent to the beam’s axis at B shows the relief of the curvature 
at the right of B but an increase of curvature at the left. This 
will aid in making some preliminary adjustments when selecting 
h' and D. 

The nominal dimensions of columns and of the stems of beams 
should be in multiples of 2 in. so as to facilitate the use of com- 
mercial sizes of lumber in the building of forms. The variations 
of sizes should also be minimized in order to reduce the cost of 
forms because of greater duplication in their use. 

It is also important to consider the relationship of beams in 

any one row because, when a 
large beam like A of Fig. 14-3 is 
opposite a smaller one like B, 
it is often desirable to use a 
fillet under B in order to fa- 
cilitate the transmission of com- 
pressive stresses between the 
bottoms of A and B. How- 
ever, this fillet is not considered 
in computing the strength of B unless it is a real, sizable haunch. 

Sometimes, stems of beams are flared as shown for C in Fig. 
14-3. The Code permits these thickened portions to be counted 
upon in computing shearing stresses, but generally they are 
disregarded in calculating the strength of a member in 
bending. 

14-3. Calculation of Stiffnesses of Members. After the 
tentative sections are established, it is necessary to determine 
their relative stiffnesses. The members may be assumed to be 
prismatic sections unless large haunches are used at the columns, 
in which case the stiffness factors are to be calculated as described 
in Chap, 13. 

Inasmuch as the members are T-beams, there are wide differ- 
ences of opinion among engineers regarding their real stiffnesses. 
However, studies of the moments of inertia of some typical beams, 
using fc = 900 lb. per sq. in., = 18,000 lb. per sq. in., and 
n = 10, seem to indicate the following approximate relation- 
ships, where Ir = the moment of inertia of the ‘'uncracked” 
concrete rectangular beam with a section equal to h'D, neglecting 
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the steel, and where 4 for the ''cracked'^ members = that of the 
transformed section: 

I for uncracked T-beam = 1.5 to 2 times 4. 

Ic for cracked T-beam = 0.5 to 1 times 4. 

Ic for cracked rectangular beam = 0.4 to 0.6 times 

It is obvious that the portions of any given beam that are in the 
regions of large bending moments must be cracked, otherwise the 
steel cannot be stressed as assumed in the design; other regions 
near the points of contraflexure are uncracked. Therefore, the 
real I is less than Ir for part of the member, and it exceeds Ir for 
the balance so that it is reasonable to use I = Ir to 1.5Ir. In 
any event, the relative stiffnesses are desired rather than the 
absolute ones. 

If Z of a beam is assumed to be too large in comparison with 
that of the columns to which it is rigidly connected, the effect is a 
relief of the bending in the columns, especially the outside ones, 
because the angular rotation of the assumed stiffer beam at its 
junction with the column may be less than the actual rotation of 
the real beam, thereby causing a smaller theoretical bending 
moment in the column. 

The relative stiffnesses of the columns and the beams are 
important. The direct compression in the former will prevent 
the formation of any appreciable tensile cracks in these members. 
Therefore, the moments of inertia of the columns may be com- 
puted generally upon the basis of Ir for the uncracked concrete, 
or, if they are to be heavily reinforced, 10 to 20 per cent may be 
added as an allowance for the effect of the steel. If one washes to 
use the 1 of the uncracked T-beams, Fig. 5 of the Appendix will 
be a help in computing these values. However, since the beams 
must crack somewhat, it seems to be reasonable to assume that 
Z = /.. 

It is necessary to make sure that the assumed restraints are 
actually developed at the ends of the beams, because, if they are 
not, the positive bending moments in the members may increase 
to the danger point. 

The stiffness of each member is computed as = I/L for 
fixed ends, ot K = 0.75Z/L when the far end is hinged, unless 
there are haunched or tapered sections. 
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14-4. Analysis of Frame by Moment Distribution. Using the 
tentative design as a basis, compute the relative stiffnesses of 
the members at each joint as explained in Chap. 13, calculate the 
fixed-end moments for all members, and then proceed with the 
detailed analysis. 

The positions of live loads that cause maximum stresses will 
vary. In general, the critical moments in the columns and the 
greatest positive moments in the beams occur when alternate 
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Fig. 14-4. 

bays are loaded; the maximum negative moments in the beams, 
when two adjacent spans are loaded. 

It is not necessary to analyze a large structure completely 
for localized live loads because a few adjacent spans can b(' 
''removed'' with the columns above and below them. The far 
ends of these columns and the extreme ends of the outer beams 
can be assumed to be fixed. This portion of the structure can 
then be analyzed by moment distribution,^ and the sizes of the 

^ See ‘'Continuity in Concrete Building Frames,” 2d od., Portland Cement 
Association, for the “two-joint method.” 
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members can be checked. Later on, the entire frame may be 
considered as a whole if greater accuracy is desired. 

In ordinary buildings of moderate size, side sway need not be 
considered because the shearing strength of the outer walls and 
of the interior partitions is so great that lateral movement is 
prevented. Even in the case of wind loads, these walls and 
partitions are so stiff that they constitute the major line of 
resistance. They should be designed accordingly. 

Problem 14-1. Find the bending moments at the joints of the building 
frame of Fig. 14-4 for the loading conditions that are shown. For conven- 
ience, these loads are assumed to include live load and dead load. Neglect 
side sway. All members are to be treated as prismatic sections with 
restrained ends. Assume for the columns = 660 lb. per sq. in. 

This frame is not used as a model of building construction, but it is for the 
purpose of illustrating several different conditions in one problem. 

Table 14-1 gives the data for the preliminary design of the beams; Table 
14-2, for that of the columns. Figure 14-1 is used in obtaining the sizes 
of the beams. 

The following points should be noticed in the preparation of this prelimi- 
nary material: 

1. Points lA and IC are fixed to heavy foundation walls so that the beams 
and columns at these points are assumed to have no effect upon each other. 


Table 14-1. — Preliminary Design op Beams 


Member 

M, 

ft.-kips 

b', in. 

Dj in. 

Rl, kips 

Rjn, kips 

I/L, 

ft.3 

RA-RB 

118* 

14 

30 

17 

28 

0.072 

RB~RC 

78 

14 

26 

17 

17 

0.035 

RC-RD 

66* 

12 

24 

16 

9 

0.032 

3A-3B 

138* 

16 

30 

20 

32 

0.083 

ZB-ZC 

183 

18 

34 

36 

36 

0.102 

3C-3D 

193* 

18 

34 

46 

28 

0.135 

2A-2B 

170t 

16 

30 

32 1 

57t 

0.083 

2B-2C 

78 

14 

26 




2C-2D 

188t 

18 

32 

31 

31 

0.113 

IA~1B 

132 

16 

30 


36 

0.0S3 

IB-IC 

163 

18 

32 

35 


0.0S5 


* Fixed one end. 

t Computed as positive moment in overhanging beam, 
t Simply supported, positive moment. 
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Table 14-2. — Preliminabt Design of Columns 


Member 

Rn) 

kips 

-zw, 

kips 

fc, kips 
per 
sq. in. 

Re- 
quired 
area, 
sq. in. 

Width 
b, in. 

Depth 
Dj in. 

I.ll/L, 

ftA 

RA-ZA 

22 

41 

0.59 

70 

14 

14 

0.014 

ZA-iA 

60 

124 

0.59 

210 

16 

16 

0.021 

2A-IA 

50 

210 

0.59 

356 

20 

20 

0.047 

RB-ZB 

53 

100 

0.66 

152 

14 

14 

0.014 

3B-25 

100 

271 

0.66 

410 

20 

20 

0.051 

2BAB 

75 

407 

0.66 

615 

24 

24 

0.098 

IB-OB 

130 

613 

0.66 

925 

30 

30 

0.300 

BC-3C 

61 

96 

0.66 

142 

14 

14 

0.014 

3C-2C 

125 

306 

0.59 

515 

24 

24 

0.105 

2C-1C 

40 

381 

0.59 

642 

24 

24 

0.098 

RD-ZD 

38 

49 

0.59 

83 

14 

14 

0.014 

3D-2D 

75 

155 

0.59 

263 

18 

18 

0.033 

2D-1D 

40 

230 

0.59 

390 

20 

20 

0.047 


2. Beam 2A-2B is assumed to be a simply supported member with an 
overhanging end. However, the size of the trial beam is made smaller 
than the bending moment seems to require so as to allow for the restraining 
effect of the columns. 

3. Beam 2C-2D is assumed to be simply supported, but its trial section is 
also reduced because of the action of the columns, 

4. The slab thickness is assumed to be 6 in. 

5. Rn in Table 14-2 represents the reactions of beams that are normal 
to the plane of the frame. 

6. ZW gives the total load upon each column, allowing 2 kips for the 
columns of the third story, 3 kips for the second story, etc. In practice, 
the live load is often reduced for the proportioning of columns when a series 
of floors is loaded, but such reductions are not included here for the prelim- 
inary calculations. 

7. The widths of the columns are purposely made at least equal to the 
stems of the beams that they support. Also, the height is to be not over 
ten times the least lateral dimension. 

8. I of the columns = 6D^/12; L is the height of the story; t^nd the stiff- 
ness is assumed to be 1.1-y* 

L 

Next, the fixed-end moments are calculated for all of the beams, using 
the coefficients from Fig. 13-2 of Chap. 13. These moments are recorded 
in Figs. 14-5 and 14-6. The relative stiffnesses of the members at all joints 
are calculated and recorded in these same figures. 



Fig. 14-6. 
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The third floor is analyzed alone in Fig. 14-5 in order to show the results 
when a small portion of the frame is isolated. The moments carried over 
to the far ends of the columns are not considered. 

The entire frame is analyzed as shown in Fig. 14-6. To do this without 
making errors, the following procedures are suggested: 

1. Distribute the balancing moments at all joints, and draw a line under 
them. 

2. Carry over all beam moments. (Carry-over factor - \.) 

3. Carry over the moments from the upper ends of the columns to the 
lower ends (from the right side of the column in the block above to the 
left side in the block below). 

4. Carry over the moments from the lower ends of the columns to the 
upper ends (from the left side of the column in the lower block to the right 
side in the upper one). 



Beam 2C"2D 

Fig. 14-7. 


5. Distribute the balancing moments again, and repeat the proce.ss until 
the unbalanced moments are negligible. Finish the computations by 
making the last distributions; then algebraically sum up the moments in 
each column of figures. In this case, there is little advantage in performing 
the fourth cycle in Fig. 14-6. 

A comparison of the results given in Figs. 14-5 and 14-6 shows that the 
maximum negative moments in the beams agree reasonably wi^ll but that 
those in the columns vary considerably. On the other hand, r(‘ferriiig to 
Fig. 14-6, a checkup of the sizes of the beams by the use of Fig. 14-1 shows 
that beam RB-RC is somewhat weak and that 2C-2D is too large. 

The positive bending moments in all beams must be computed after the 
end moments are known. Figure 14-7 shows the moment diagrams for a 
few typical beams and columns as determined from Fig. 14-6. Of course, 
each column must be designed for the combined loads and bending moments 
that are due to the action of the two frames which are normal to (inch other 
and of which the column forms a part. 

The checking of column loads and sizes, the design of the reinforcement, 
the calculation of shearing stresses, etc., should be completed by the student. 


CHAPTER 15 

ARCHITECTURAL CONSIDERATIONS 

16-1. Basic Principles Underlying Architectural Treatment. 

The design of the architectural features of any reinforeed- 
concrete structure must be based upon the nature of concrete 
itself and upon the processes that are to be used in the building 
of that structure. In other words, concrete is a substance that, 



Fig. 15-1. — Los Angeles County Hospital, Los Angeles, Calif. (Courtesy of 
Portland Cemeni Association.) 


in a plastic state, is placed against forms that give to it whatever 
shape the forms possess so that, after the concrete has set, these 
outlines and shapes are permanently maintained by the concrete. 
Therefore, the details of the whole subject must be thought about 
in terms of forms, simplicity, pouring schedules, and other prac- 
tical matters of construction so that the finished structure will 
become one harmonious entity whose parts automatically blend 
to produce the desired architectural ensemble. Figure 15-1 is an 
example of this. 
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Furthermore, the general architectural conception of the struc- 
ture should be based upon these considerations, along with those 
of beauty, proportion, surface texture, permanence, color, 
economy, and functional effect. The designer should abandon 
many of the ideas that have been developed through the past in 
using stone and brick masonry which emphasize moldings, 
cornices, decorative carvings, and other features for which con- 
crete is not suited. Concrete is a special material, and the 
architecture of a concrete structure should be adapted to it. 



Fig. 15-2. — Dyckman St. Arch, Henry Hudson Parkway, Now York City. 
{Courtesy of Portland Cement Association.) 


For instance. Fig. 15-2 shows a four-ribbed rcinforced-concrete 
arch bridge which has been designed upon this basis. 

Much of the architectural detail of a concrete structure should 
also be based upon a consideration of light and shadows. Exces- 
sively large, flat surfaces should be avoided ; they should b(^ broken 
up by horizontal or vertical markings or moldings, by moldings in 
both directions, or by offsets. Lines should be straight and 
distinct, avoiding intersections at large obtuse angh^s. The 
special detail features should be coordinated with tin* n(‘(*(‘ssities 
of the building operations so that the construction jcjints can be 
placed at markings or offsets, the joints themselves thus being 
indistinguishable. 
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An interesting treatment of large surfaces is shown in Fig. 15-3. 
With the base and panel treatments, one hardly realizes that this 
might have been an unattractive retaining wall. 

Another manner of breaking up large surfaces is shown in 
the treatment of the abutments of Fig. 15-2. The surface 
gives a sort of clapboard effect with a multitude of small hori- 
zontal shadows. 

15-2. Forms. Besides possessing adequate strength, forms 
should be true to shape, well braced, and tight. 



Fig. 15-3.- -Retaining wall at portal of Figueroa Tunnel, Los Angeles, Calif. 
{Courtesy of Portland Cement Association.) 


The need for the first of these is obvious, but it emphasizes 
the advantage of simplicity because forms are made generally of 
wood, by carpenters, or of metal, by ironworkers. The designer 
must try to visualize just how the workmen are going to make 
these forms; he must be sure that his design is practical. 

The second feature is primarily a problem for the men in the 
field, but the designer can do some things to facilitate their work. 
One of these is the location of construction joints so as to provide 
shoulders against which the forms for subsequent pours may bear, 
thus making it easy to hold the forms to the proper line. 

The third point is very important. If the forms are not tight, 
the mortar will leak out, leaving the aggregate behind and causing 
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honeycombed places in the surface of the concrete. Sometimes, 
ragged fins of mortar will be made at the loose joints. When 
these fins are knocked off, there will be unsightly streaks in the 
surface of the concrete. Figure 15-4* illustrates one satisfactory 
way of making tight corners. 

In planning details to accommodate formwork, one must con- 
sider the duplication of forms, also the use of commercial sizes of 
materials. Plywood is a common lining for the forms for archi- 
tectural concrete. However, the greatest reasonable length of 



plywood is about 8 ft. (maximum 10 ft.). This should be the 
limit between moldings, offsets, or other details; it will avoid 
the marks that might otherwise be visible in the concrete at the 
junctions of the ends of abutting pieces. Also, with the panels 
of plywood laid with their long dimension horizontally, joints 
must often occur between the upper and lower pieces, but these 
joints can be braced thoroughly. If slight marks occur in the 
concrete at such points, they are not usually objectionable 
because of their horizontal position. However, care should be 
used to line up these joints across or around the structure. A 
patchy effect should be avoided. 

* Taken from ‘‘Forms for Architectural Concrete,” Portland Cement 
Association. 
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It is generally necessary to use form ties as shown in Fig. 15-4. 
There are various types of these, but the builder should be sure 
to use one that can be completely removed after the forms are 
stripped, or at least a type that can be broken of or disconnected 
back of the surface of the concrete so that the hole can be pointed 
up, to avoid staining. These ties should also be arranged so 
that the marks, if any, will not form an objectionable pattern. 
Another desirable feature is to have form ties so that they can be 
tightened up shortly before the pouring of the concrete. 

Warping of forms can usually be prevented if they are wetted 
down before the concrete is poured. Drain holes which can be 
plugged up later are therefore desirable at the bottoms of the 
forms. When the backs of the forms are exposed to the hot sun 



Hon'zontal Sections 


^^Chotmfer 
Fig. 15-5. 


Vertical Sections 



while the concrete is still plastic, the wetting of the backs will 
often avoid warping. 

The details of forms should be made with the consideration 
of their removal and further use. Much damage can be done by 
spalling corners, marring the surface, etc., if the stripping of 
forms is difficult or if it is done carelessly. 

15-3. Moldings and Minor Details of Forms. The moldings 
or markings that are used to break up flat surfaces should be 
detailed properly. It is very easy to nail strips on the insides 
of the forms, thereby causing recessed moldings or markings 
in the finished concrete, but it is rather difficult to make recesses 
in the forms themselves. It is also better to recess these cuts in 
the concrete, because small projections are likely to be damaged 

The following points, some of which are illustrated in Fig. 15-5, 
should also be considered: 
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1. Wide, shallow recesses do not cast sharp shadows. 

2. Horizontal, recessed moldings or markings should be V-shaped, 
beveled outwardly at the top and bottom, or horizontal at the top and 
beveled at the bottom. Horizontal ledges are likely to collect and hold 
dirt; they are also more difficult to fill so as to produce sharp edges, unless 
the hydrostatic head of the concrete is considerable. 

3. Sharp, acute angles in moldings are difficult to fill properly and may 
spall off easily. 

4. Chamfering of projecting corners is desirable, but chamfering is diffi- 

r ’ cult at reentrant angles. 

5. Small, recessed V-strips or half- 
rounds (1 to I'l in. deep) should be 
used at construction joints. If this 
is not permissible, a straight finish 
strip should be attached to the forms 
at the line of the joint so as to avoid 
a ragged line in the concrete. Some- 
times the top of the forms can be a 
straight edge along which the con- 
crete can be finished with a trowel 
for a depth of about an inch. 

6. Lining up of moldings in succes- 
sive pours is very important; so is 
proper mitering of the form strips at 
intersections. 

7. Vertical key ways should be 
made, if possible, by fastening the 
key strip on the inside of the forms 
of the first pour. 

8. Moldings must be sloped along 
their edges sufficiently to facilitate 
the removal of the forms. 

Fig. lS-6.— Details at expansion joint. of moldings and 

V-cuts automatically affect the 
location of the reinforcement, because the rods should have L| to 2 in. of 
cover at the deepest part of the recess. When the cuts are too deep, the 
reinforcement that crosses behind them has to be bent in order to keep the 
rods near enough to the main surface. 


A very simple but effective treatment at a contraction joint 
in a retaining wall is shown in Fig. 15-6. The grooves are only 
in. deep, but they are sufficient to cast sharp shadows. 

16-4. Surface Finish and Appearance. It is ordinarily desira- 
ble to have a smooth finish on the surface of the concrete. Ply- 
wood or similar materials generally serve this purpose very well. 
However, in the case of buildings or other structures that will 
be seen at close range, it is often desirable to nib the concrete 
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with a carborundum stone and water so as to remove all objec- 
tionable irregularities and variations in the pattern or the texture 
of the surface. 

Bushhammering or other treatment that destroys the mortar 
coating over the aggregate is sometimes used on massive struc- 
tures, but the effect upon durability is open to question. How- 
ever, this type of finish has the advantage of being very difficult 
to deface with chalk and similar materials; it also can be used in 
securing paneled effects, but the aggregate should be suitable in 
color, about f to 1 in. in size, a good gravel or crushed stone. 
The general layout must be simple, and the bushhammering 
must be done thoroughly if the effect is to be satisfactory. 

When any painting of exterior surfaces is desirable, a wash 
or paint of cement is recommended by the Portland Cement 
Association. 

The finishing of horizontal surfaces should be done by screed- 
ing, using a wood float, or troweling moderately. Excessive 
troweling or other working that flushes too much of the mortar to 
the surface will be likely to cause crazing — very fine cracking 
of the surface. 

The builder should be very careful to use aggregates that are 
properly graded and that are uniform in color. Otherwise, 
variations between pours will be distinguishable. Also, he 
should be careful to avoid segregation of the aggregates during 
the placing of the concrete, or else the bottom of a pour will 
appear coarse while there is an accumulation of finer material 
at the top of the previous one. This requires careful placing, the 
use of a concrete that is not too dry or too wet, and careful 
spading of the surface. Generally, the use of vibrators which 
are applied to the forms or in the body of the wet concrete is not 
sufficient to guarantee a good surface regardless of all other 
conditions. Great care must be exercised when using vibrators 
to make sure that the forms do not become bulged, displaced, or 
leaky at joints. 

Another thing to be avoided in the surface of concrete is 
cracking due to shrinkage or variations in temperature. Ade- 
quate reinforcement will prevent this usually if the pours are 
not too large and if the details are such that the necessary 
deformation can occur at vertical and horizontal construction 
joints along the lines of the moldings. Doors, windows, and 
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other openings in walls are likely to cause such cracking of the 
concrete because they are points of relative weakness. In these 
cases, “dummy joints'' such as that of Fig. 15-7’*' may be used 
together with a decrease in the reinforcement across the joint, 
thus inviting the crack to occur at a predetermined, concealed 
point. In very long buildings, it is even desirable to divide the 
structure into units about 200 ft. or less in length by using 
expansion joints which completely isolate adjacent units. 

Other features that are desir- 
able in order to maintain a satis- 
factory appearance of concrete 
surfaces are the following: 

1. Waterproofing of the back 
of the concrete when it is sub- 
jected to the penetration of mois- 
ture — as in retaining walls. 

2. Avoidance of metallic accessories which are almost certain 
to cause streaking. 

3. Provision of a wash (or slope) on the tops of parapets so 
that drainage will carry dirt back away from the surface which 
one wishes to maintain in a satisfactory condition. 

4. Provision of a “drip," or groove, under cantilevered con- 
struction as shown in Fig. 15-5. This is very important to 
prevent streaking of the surface due to rains. 

These are some of the things that one should bear in mind 
when he is designing a concrete structure. Continued study by 
architects and engineers, more extensive experience by building 
contractors, and greater skill and care on the part of the men 
in the field — all of these things together will bring still further 
advances in this great field of construction. 

* A. M. Young, Crack Control in Concrete Walls, Eng. News-Record, 
Aug. 11, 1938. 
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PRACTICAL DETAILS AND MISCELLANEOUS DATA 

16-1. Introduction. There are many practical details which 
are important in the design of satisfactory reinforced-conciete 
structures. Some of these are treated herein, but the chief 
objective of this chapter is that of showing various fundamental 
principles which affect these details so that the young engin-v^er 
may use them in the solution of other problems that will confront 
him. 

16-2. Temperature Reinforcement. If a piece of concrete 
could be rigidly connected to immovable supports, and if this 
piece could be subjected to a fall in temperature of 1®F., the 
resultant tension in the concrete due to the latter’s attempt to 
contract would be 


where co = the coefficient of thermal expansion or contraction. 
Then, if Ec = 3,000,000 lb. per sq. in. and w = 0.000006, fc = iS 
lb. per sq. in. However, since the range of temperature varia- 
tions is frequently +60F., the corresponding maximum stresses 
in this concrete would be/^ — ± 18 X 60 == + 1,080 lb. per sq. in. 
From this, it is clear that the compressive stresses alone would 
not be critical, but the concrete would surely crack if it were 
subjected to such a tensile stress. The amount of steel that 
would be needed to carry this tension is clearly excessive. 

In practice, structures are not often fully restrained this way 
unless they are keyed to rock foundations. However, if they 
are very long, there may be sufficient restraint or frictional 
resistance to cause them to crack in tension. Therefore, the 
engineer should build his structures in short units so that these 
cracks cannot develop. 

When one considers that w for steel is practically the same 
as for concrete, he realizes that the use of rods to prevent cracks 
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due to temperature variations is not for the purpose of stopping 
the expansion and contraction but merely to knit the structure 
together and to avoid localized cracks. The amount of steel 
that is required to do this is not definite, but it may be assumed 
to be about 0.0025 times the cross-sectional area of the concrete. 
However, parapets and similar relatively thin parts which are 
attached to more massive structures should be reinforced more 
heavily. 

The temperature reinforcement should be placed near the 
surfaces of concrete structures; when only one side is exposed, 
about 60 to 70 per cent of the steel should be near the 
exposed side, unless the walls' are thin. Even when the foun- 
dations are on rock, the parts of the structure that are above 
the footings should be provided with adequate j oints and rein- 
forcement. 

Structures that are narrow and high — such as piers — do not 
need steel to resist cracking due to temperature to the same 
extent as do long ones. They are free to expand or contract 
vertically. Their dead load will not let cracks open up. 

When concrete is used in places that are subjected to very high 
temperatures,^ there is a far different problem. Ordinary con- 
crete may be weakened by dehydration above 500 to 600°F. ; at 
1200°F. it may be almost worthless. No amount of reinforce- 
ment will stop this action. On the other hand, concrete made 
with Lumnite and low-silica aggregate may withstand about 
1000°F. If ladles of molten metal are to be placed on or along- 
side concrete surfaces, these should be protected by replaceable 
materials such as bricks. Unless ventilation can remove the 
heat, even these are inadequate; e.g., an uncooled conci'ctc 
foundation slab for a reverberatory furnace, if placed on earth, 
will have its temperature gradually increased to somewhere near 
that of the furnace in spite of the latter’s lining because the heat 
has no way of being dissipated. Surface spalling may occur when 
one side of a section is subjected to sudden high temperature 
locally applied. 

^ Alfred L. Miller and Herbert F. Faulkner: A Comparison of the P]ffect 
of High Temperatures on Concretes of High Alumina and Ordinary Portland 
Cements, University of Washington, Bull., University Kxperiment Station, 
Series 43, Sept. 15, 1927; also Concrete Subjected to High Temperatures, 
A.C.I. Proc. Vol. 35, p. 417, 1938-1939. 
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16-3. Shrinkage. Shrinkage of the concrete in setting is some- 
what like a drop in temperature of 30 to 80°F. (depending upon 
the ''richness'’ of the concrete), except that the reinforcement 
does not shrink simultaneously. The shrinkage actually sets up 
compressive stresses in the rods so that, if the area of the steel 
is too great, the rods will be stronger in compression than the 
concrete is in tension, thereby producing the cracking that the 
reinforcement was supposed to eliminate. 

The best way to handle shrinkage is to provide joints so that 
the concrete can shrink without causing trouble. With proper 
planning, the work may be arranged so as to build long structures 
in alternate sections, pouring rather long portions first, then 
filling in the shorter, intermediate sections later — preferably 
allowing the first ones to set for one or two weeks. In multistory 
structures with heavy, rather solid walls and intermediate floors 
or in massive ones poured in complete horizontal lifts, the lower 
portions necessarily shrink first. When a higher lift or a floor 
is poured, its shrinkage is restrained so that it may develop 
cracks or, if the previous work is weak in shear, the former’s 
shrinkage may crack the latter. Proper jointing is the best 
remedy, but full-height wall reinforcement inclined upward 
toward the center of shrinkage may minimize cracking. Build- 
ings with reinforced-concrete framework and filled-in walls do 
not have this difficulty because the columns can safely deform if 
full-height expansion joints are used about 300 ft. apart. 

When shrinkage causes bending moments in such structures as 
arches and rigid frames, the resulting stresses should be considered 
in the design. 

16-4. Construction Joints. Construction joints must be 
located so as to cause no serious weakness in the structure. It is 
therefore desirable to place them in regions where the shearing 
stresses and the bending moments are small or where the joints 
will be supported by other members. However, they must be 
located so as to facilitate construction. 

Sucli joints must be adequately keyed in order to transfer the 
necessary shearing forces. Figure 16-1 shows various arrange- 
ments. The numbers in the circles denote the sequence of the 
pours. 

The following comments should be noted, the letters referring 
to the various sketches in Fig. 16-1: 
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(a) This key is easy to form, but it holds water when it is horizontal. The 
water should be removed. When a keyway is vertical, the form for it should 
be attached on the inside of the forms for the first pour. 




(k) 

(J) 

Fig. 16 - 1 . 


Q>) The raised key causes objectionable formwork. 

(c) These intermittent precast blocks set by hand in the wet concrete are 
not very strong. They are easily forgotten, and they require extra hand 
operations. This intermittent key idea can be used to advantage in vertical 
joints that must withstand vertical and horizontal shears by placing pieces 
of 2 by 6 planks about 8 in. long and 18 in. c.c. on the inside of the end forms 
of the first pour. 
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(d) This type of key can be used only when the shearing forces are as 
shown, but it is good for such cases. 

(e) This is theoretically better than (d); but when the rods are close 
together, it is difficult to finish properly. It is also easily forgotten by the 
workmen. 

(/) This V can be made by hand after the concrete is poured, thus eliminat- 
ing form strips which would interfere with the pouring of the concrete. It 
is good for thin walls and often for others (if it is not forgotten). 

(g) If the shears are small or the direct compressive loads are large, this 
hand-roughened surface is often sufficient. Trowel the edge to get a 
straight line for appearance. 



(h) This type of key is good for arches or other structures that it is desir- 
able to pour in sections so as to minimize shrinkage stresses. 

(i) This is a possible arrangement. There is no need for a true key when 
the joint is supported. This may weaken the T-beam. 

(j) This shows suggested keyways at corners — such as for box culverts 
where the invert must be troweled or screeded. The wall forms can be 
braced on the inside. It is assumed that the shears in the walls are small 
compared to those which are in the top and bottom slabs. The vertical 
pressure on the walls causes friction that helps the keying action, whereas, 
if the full width of the wall were recessed into the horizontal slabs, the 
effective thickness of the latter for resisting shears would be seriously 
decreased. 

{k) This illustrates the provision of a shoulder for use in setting forms. 

A key should be designed so that its width w [Fig. 16-2(a)] 
is sufficient to transfer the shearing force, using ordinarily a 
shearing unit stress of about 0.1/'. When the shearing force is 
reversible, the width of the key should be !?/3 or slightly smaller, 
so that all three parts of the joint will have approximately equal 
strength. The thickness t' should provide sufficient area in 
bearing along the edge at a unit stress of not over about 0.2/'. 
A thick but narrow' key (large t') is likely to break off. 

Figure 16-2(6) shows why a key at a point of large bending 
stresses may have very little value. The tensile forces may 
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cause cracks which destroy the ability of a piece like A in the 
figure to resist a pressure applied at B. In such cases, it is 
advantageous to use vertical or inclined stirrups both sides of 
the joint, as shown in the figure. 

It is usually necessary to have reinforcement which passes 
through construction joints. If so, the rods from the first pour 
should project through the joint enough to secure the desired 
bond, as in Figs. 16-1 (a), {h)y (f), (j), and (/c). In this way, the 
rods in the later pour can rest upon or bear against the concrete 
of the previous pour. In some special cases, separate dowels 
like rods A of Sketch (k) can be set by hand in the wet concrete 
of the first pour. However, rods or dowels should not be relied 
upon for resisting the shear at the joint, because they will crush 
the concrete locally before they will withstand much shearing 
force, unless special provision is made to avoid this action. 

In all cases, construction joints must be cleaned thoroughly 
before the next pour is made. All laitance must be removed, 
using wire brushes, water under high pressure, or other means. 
It is often desirable to coat the joint with a little mortar just 
prior to the placing of the concrete upon it. The exposed edges 
of the joint should be finished straight, or they should have a 
small V"Strip on the forms (J to 1 in. deep). 

The volume of concrete that can be deposited in one continuous 
pour will influence the locations of construction j oints in massive 
structures. These should be planned far in advance. The other 
extreme occurs in the case of very thin walls — 4 to 6 in. thick. 
These cause difficult pouring if they have any great height. 
They must be built in short lifts, by the use of pumping or by 
depositing through a small spout and hopper called an ‘^ele- 
phant’s trunk.” 

Needless construction joints should be avoided, especially in 
retaining walls and other structures in which such joints may be 
a cause of the seepage of water. 

16-5. Expansion Joints. One of the first things to consider 
about expansion joints (or contraction joints) is that of the best 
locations for them from the standpoint of their proper function- 
ing. They should be at points of change in thickness, at offsets, 
and at other points where the concrete will tend to crack if 
shrinkage and temperature deformations are restrained or pm- 
V^ented. The engineer must study a structure carefully in order 
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to discover these points. Ordinarily, joints should be about 
30 ft. c.c. in exposed structures. 

The second consideration should be that of coordination with 
the pouring schedule and avoidance of extra construction joints. 

The third matter is that of satisfactory details. For these, 
the following points are mentioned: 

1. The key ways should be of the types shown in Figs. 16-1 (a), 
(b), and (d) if there is a considerable shearing force at the joint. 
However, there should be a space between 
the abutting ends of the concrete. This can 
be provided readily by the use of cork board, 
premolded mastic fillers, or other compress- 
ible materials. Figure 16-3 (a) shows a verti- 
cal expansion joint which has been used in 
some of the retaining walls of the ap- 
proaches to the Lincoln Tunnel. The com- 
pressible material can be fastened to the first 
pour by tacking it to the forms and by hav- 
ing nails protruding so as to bond into the 
concrete. However, one must be careful to 
use materials that will not squeeze out, slump 
when heated by the sun, or stain the surface 
of the concrete. In the space outside the 
key itself, beveled strips may be used (instead 
of fillers) and later withdrawn, but this is difficult when the walls 
are thick. In some cases it is satisfactory to paint the end of the 
first pour with asphalt. Then, when the shrinkage of the next 
section occurs, the latter will cause a slight clearance at the joint 
which may be sufficient, inasmuch as tensile rather than com- 
pressive forces arc generally critical. 

2. The edges of the key ways should be beveled slightly; they 
should be coated with mastic paint or with some material that 
will break the bond but that is not thick enough to destroy the 
bearing value of the key. 

3. When the joints are likely to leak, they should be sealed in 
some way. Copper flashing is sometimes used as in Fig. 16-3 (a). 
This copper should be folded into the joint so as to permit it to 
open slightly without rupturing the flashing; it must also be 
strong enough to hold its position during the placing of the con- 
crete — an operation that must be done very carefully. 



Fig. 16-3. 
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A second method of flashing, when the back of the joint is 
accessible, is pictured in Fig. 16-3(6). This is expensive because 
it is a sort of roofing job, but it is sometimes more reliable. 

4. When it is possible to do so, expansion joints should be 
entirely open with an air space of 1 to 2 in. between the concrete 
sections. This is especially desirable in bridges where consider- 
able motion occurs. However, to avoid visibility through 
parapets and similar parts, the joints may be offset in plan instead 
of being straight. In any case, one should be able to clean out 
such joints. 

5. V-cuts should be used at the joints, or the expansion joints 
should be placed at moldings, reentrant corners, and other 
suitable points. The V-cuts should be 1 to 2 in. deep or large 
enough (and the joint fillers thick enough) to guard against 
spalling of the edges because of the compressive forces which are 
caused at the joint by expansion. 

Dummy joints like that which is shown in Fig. 15-7 are 
useful in some cases as contraction joints that will avoid unsightly 
shrinkage cracks. The reinforcement should be weaker at these 
joints than it is elsewhere. 

16-6. Waterproofing. Retaining walls, basement walls, span- 
drels of earth-filled arches, subways, tunnels, and similar struc- 
tures must be watertight if they are to present a pleasing 
appearance. The denser the concrete itself is the more imper- 
vious it becomes, so that too lean a mix is likely to facilitate 
leakage. However, it is exceedingly difficult — or almost impos- 
sible — to keep construction joints from leaking when there is an 
appreciable pressure of water behind them. 

There are three ways in which this problem of seepage may 
be attacked, viz., integral waterproofing, inside surface coatings, 
and outside surface coatings. 

Integral waterproofing denotes materials added to the con- 
crete when it is mixed in order to make the concrete itself imper- 
vious. The admixture supposedly fills all of the voids through 
which the water might pass. In any event, complete reliance 
upon integral waterproofing is dangerous, especially at the con- 
struction joints. 

Coatings on the insides of the walls are used sometimes as a 
means of stopping leaks, but they are very likely to be unsatis- 
factory. Mortars with impervious mixtures in them, paints with 
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watcrglass or other chenaicals which evaporate or congeal and 
leave crystals or chemicals in the pores of the surface of the con- 
crete; and asphaltic paints — these are some of the coatings used. 
However, these are expensive, and it is unreasonable to expect 
them to stop the water at the last line of defense~the inside 
surface — especially when the structures are subject to tempera- 
tures that cause the water to 
freeze behind the surfacing. 

The best place to stop the 
leakage’ is at the outside sur- 
face — the point of entrance of 
the water. There are two 
customary ways of doing this. 

The first, and the most effective, 
is the use of membrane water- 
proofing which forms a contin- 
uous, water-tight sheet outside 
the structure; the second is the 
use of asphaltic emulsions or 
similar bituminous coatings 
forming waterproofing without 
membrane. 

Membrane waterproofing is 
usually built up by coating the 
surface that is to be water- 
proofed with hot asphalt or coal-tar pitch, laying thereon succes- 
sive layers of special fabric — placed shingle fashion and each layer 
coated with the mastic — until the desired number of layers or 
''plies'' is obtained (two-ply, three-ply, etc.). Figure 16-4(a) 
shows this principle. 

It is necessary to protect the membrane waterproofing against 
damage during backfilling; against penetration of oils, gasoline, 
or other solvents; and against the cutting tendency of sharp 
stones in the backfill. The first of these may be accomplished 
by the use of plywood which is laid against the membrane, but 
this is only a temporary material. Better protective coatings 
are poured concrete 3 or 4 in. thick and precast-concrete blocks 
or bricks set in mortar as shown in Figs. 16-4(5), (c), and (d), 
which picture details at expansion joints — always troublesome 
points. 








(a) 
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It is best to place membrane waterproofing directly upon the 
outside of the wall, but this is not always economical, desirable, 
or possible. When one is waterproofing subways, tunnels, and 
other structures which are not accessible from the outside, it is 
necessary to provide a surface on which the membrane may be 
placed before the concrete of the main structure is poured. A 
sample of this work is shown in Fig. 16-5, which pictures part 



Fig. 16-5. — Construction of invert of New Jersey shaft of the Lincoln Tunnel at 
New York City. 


of the bottom of the New Jersey shaft of the Lincoln Tunnel. 
A concrete lining, or ‘^sand wall/’ is poured against the rock as 
shown above the line of black waterproofing. The membrane is 
then applied as shown, using a 2-in. coating of mortar on the 
invert or bottom to protect the waterproofing when the reinforce- 
ment and concrete are placed, as shown in Fig. 16-4(c). Of 
course, all roughnesses, projecting form ties, and other sources of 
damage are removed before the membrane is applied. It is 
necessary to keep the steel far enough away so that the subse- 
quent spading of the concrete will not cause damage to the 
membrane. It is also obvious that such waterproofing work 
should not be attempted when any reinforcement is in the way. 
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The concrete must be dry when membrane waterproofing is 
applied. It is also necessary to keep water pressure from build- 
ing up behind the sand walls, which are shown in Fig. 16-5, in 
order to avoid bulges in the membrane or displacement of the 
concrete. There is a shallow, gutter-like drainage system behind 
the walls in the picture. It leads to a temporary sump. 

Waterproofing without membrane— sometimes called ''damp- 
proofing'’ — is merely the application of bituminous materials to 
the concrete as a paint coat or as multiple coats. It is beneficial, 
but it can be applied only from the outside; it is easily damaged; 
it has no particular elastic properties; and it is likely to be ineffec- 
tive after a number of years. However, it is far better than no 
waterproofing at all. 

It is less detrimental if waterproofing is omitted from stone- 
faced walls than from plain concrete-surfaced ones if the stones 
and the concrete are placed monolithically, because slight staining 
will not show very much, and the leakage is not likely to be 
serious. However, it is hardly worth while to take such chances. 
At least, one should apply waterproofing without membrane. 

16-7. Drainage. When the conditions are such that natural 
drainage can be provided readily, it is advisable to construct a 
drainage system whose function is to remove the ground water 
behind or outside the structure. This is desirable even with 
waterproofed structures, especially when they rest upon rock. 
Such installations vary from simple weep holes through the walls 
to elaborate, interconnected systems. 

Any such drainage system is subject to clogging by silt and to 
freezing. It should therefore be laid out so that it can be cleaned 
by rodding or flushing and so that it is below or behind the frost 
line, if possible. This can be done by a system of manholes, 
Y-connections at intervals, or even galleries such as that of 
Fig. 16-6(c) which can be inspected. 

A few means of drainage are shown in Fig. 16-6. Sketch (a) 
shows a simple " blind," or stone, drain behind a wall. The water 
passes through the ground to this drain, thence to outlets through 
the wall, and finally through another system to a sewer or outlet. 
The addition of a vitrified-clay pipe line which has open joints 
wrapped with burlap or tar paper, as shown in Sketch (6), 
facilitates the removal of the water. The gallery drain in Sketch 
(c), which can be entered at manholes, has been used behind some 
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important walls along the approaches of the Lincoln Tunnel. 
The adaptation of the same principles for use under pavements — 
called a French drain” — is pictured in Sketch (d). 

16-8. Encasement of Structural Steel. Concrete is often used 
as an encasement around steel beams, girders, and columns in 
order to fireproof them or to protect them from corrosion. Gun- 
ite is used for the same purpose. However, it is necessary to do 
this work correctly so as to avoid unsightly cracking. 



In the first place, if this encasement is placed on beams and 
girders before the major part of the dead load is applied, there 
is a probability that cracking of the encasement will occur, espe- 
cially if the member has smooth flanges. For this reason, and in 
order to avoid spalling, the bottom flanges should be covered 
with wire mesh or beam wrapper, using 4- by 4- or 6- by 6-in. 
mesh and No. 8 or 9 gauge wires — preferably welded. The 
minimum encasement should be about 2 in. for smooth flanges 
or 22 in. when there are rivet heads to be covered. The concrete 
on the sides of the webs should be fastened together by rods or 
wires which pass through the webs. These details are pictured in 
Fig. 16-7. 
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Stiffeners on the webs of encased girders are likely to cause 
cracks. Thin encasement is relatively light, but it must be 
carried out around these stiffeners, and that causes expensive 
formwork. With heavy encasement, the longitudinal rods along 
the web should be carried through holes in the stiffeners. How- 
ever, unnecessary stiffeners and other details that complicate the 
work of encasement should be eliminated. 
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Fig. 16-7. 


When a bridge deck is poured against exposed steel, as in 
Fig. 16-7(d), the load of the slab should be carried on a shelf 
angle; welded ties should bond it to the metal; the surface should 
be pitched slightly away from the steel for drainage; and some 
good expansion joint cement or mastic should be placed in a 
small, tooled groove at the junction with the metal because the 
joint must be sealed to prevent rusting of the steel. Similar 
treatment is generally advisable in any case where bare steel 
enters concrete if it is exposed to the weather. In important 
cases, it is often advisa])le to keep the concrete entirely free from 
the steel so that the latter can be painted. It is obvious that 
channels with the flanges turned down, beams with horizontal 
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webs, and similar steelwork causing air pockets are undesirable. 
They should have at least 3- or 4-in. holes about 18 in. c.c. in the 
webs to permit concreting or grouting the hollow space. 

Figure 16-7(e) shows another problem which arises sometimes 
when an offset in levels occurs at an encased beam. The lower 
slab must be thick enough at A to deliver its reaction on to the 
top surface of the bottom flange of the I-beam, because the part 




(a) 


of the slab that is below this flange is almost valueless for trans- 
mitting shear. 

When a parapet or projection is supported as shown in Fig. 
16-7(/), the tendency of the steel beam to act l)y its(df is likely 
to cause cracks at B due to longitudinal shear. The parapet 
vshould have joints at close intervals, or else the member should be 
designed so as to act as a composite beam. Furthermore, spcicial 
care must be exercised to tie the parapet down to the encasement 
of the beam itself. 

16-9. Reinforcement around Openings. When a rectangular 
opening must be made in a Avail or some other meml)er that is not 
subjected to bending, it is advisable to add special reinforcement, 
such as rods A in Fig. 16-8 (a), in order to avoid the formation of 
cracks due to shrinkage, settlement, and changes in temperature. 
Such corners are points of Aveakness. HoAvever, the numl)er of 
rods and the size to use are matters of judgment. In general, 
rods A should be at least sufficient to replace the temperature 
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steel that the opening has eliminated; in other words, the area of 
two sets of rods should be 0.0025 times the area of the cross 
section of the cut — or more. 

In cases where there are large shearing forces acting in the 
plane of the opening that is shown in Fig. 16-8 (a), it is advisable 
to use additional diagonal rods like those marked B. If there 
is a series of openings in a long structure, it may be advisable to 
reinforce the solid portions above and below the openings as 
girders with special full-height rods designed as stirrups. The 
area of the steel must be determined by one^s judgment of the 
seriousness of the particular situation. 

When the opening occurs in a slab that carries bending, as in 
Fig. 16-8(&), rods C should- be added to make up for the bars 
that have been eliminated by the opening — or these rods should 
be sufficient to carry all the loads. Rods D are used to secure 
lateral spreading. The area of metal in them should equal that 
of the missing lateral rods or 0.0025 times the cross section of the 
opening. When the opening is small, the slab may not need to 
be thickened; but if it is large, small reinforced-concrete beams 
should be used instead of rods (7, extending the beams across to 
the nearest main supports. Of course, when the conditions are 
very severe, rods D should also be replaced by beams. 

16-10. Torsion in Concrete. There are two fundamentally 
different cases to consider regarding torsion in concrete members, 
i.e., columns or other members that have compression over the 
entire section, and beams that have tension over part of the cross 
section. The former will be considered first. 

When a rectangular reinforced-concrete member fails in tor- 
sion, it generally starts to crack near the middle of the long side, 
the cra(*-k tending to follow a helix at approximately 45° vith 
respect to the longitudinal axis of the member. This failure is 
primarily due to tension in the concrete. The longitudinal 
reinforcement should not be relied upon, because the rods are 
slender, and they depend upon the concrete for their torsional 
resistance. The most effective reinforcement for such a case is a 
spiral with its rods at an inclination of 45° to the member^s 
axis so as to cross the possible cracks. 

The maximum shearing stresses^ in sections of isotropic 
material may be assumed to be the following : 

^See Paul Andersen, Rectangular Concrete Sections under Torsion, 
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1. Edge of Circular Section: 

M 

ve = 0 . 637 ^ 

rl 

2. Middle of Long Side of Rectangular Section: 




3, Middle of Short Side of Rectangular Section, 



2.6 ^ 

0.45 + - 

a 


M 

SaB^ 


(164) 

(16-2) 

(16-3) 


where M = the twisting moment, = radius of concrete sec- 
tion, B = one-half of the long side, and a = one-half of the short 
side. In general, B should not exceed 1.5a. The diagonal 
tensions and compressions that result from these shearing stresses 
may be considered to be equal to the intensities of the shearing 
stresses themselves. 

The designer should endeavor to avoid torsional stresses that, 
when computed by the preceding formulas, will cause in the 
concrete a net tension that exceeds the allowable tensile stress 
in the concrete (after overcoming the compressive stresses due 
to longitudinal loads, if any). 

When the torsional moments cause excessive tensile stresses 
in a circular member with a 45® spiral, Prof. Andersen states that 
the following relation exists: 

= (Ve - + 2Vetc + t^) ( 16 - 4 ) 

where 

K = X N X ts X As X Ts/irrl, (16-5) 

tc = allowable tension in concrete, N = number of spiral bars 
45° to the axis that are cut by a horizontal plane, L == allowable 
tensile stress in the steel, As = cross-sectional area of one spiral 
bar, and Vs = radius to the line of the spiral. Even when the 
member is square, it may be considered to be approximately 


A.C.I. JouT.^ September-October, 1937. Equations fl6-l) to HG-S), 
inclusive, are taken from this publication with minor (tlianges in symbols. 
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the same as one whose cross section is the circle that may be 
inscribed in the square. 

Professor Andersen's experiments also indicate that the ulti- 
mate torsional shearing unit stress in specimens that have no 45° 
spirals is approximately Vm = 0.1/'; spirals generally increase the 
magnitude of this ultimate stress; and the modulus of elasticity 
in torsion is about 0,45^^. The safe working stress in torsional 
shear should be about 0.03/' when no spirals are used. 

When a beam that carries a severe bending moment is subjected 
to torsional action, the cracked concrete below the neutral axis 
should not be relied upon. The resisting moment should be 
computed from Eqs. (16-2) and (16-3), using only the uncracked 
part of the section hkd. A careful study of Fig. 2-2 will show the 
reasons for assuming it to be so. When the member is twisted, 
the cracks below the neutral axis prevent the transfer of shearing 
stresses across themselves, leaving only the uncracked portion 
of the beam to offer resistance. This seems to neglect the 
action of stirrups, but the stirrups themselves depend upon the 
uncracked portion for their holding power. In such a case as 
this, the torsional shearing stress on one side of the member 
adds directly to the transverse shearing stress which is due to 
beam action. The combined shearing stresses in the uncracked 
portion should not exceed about 0.2/' (even less if the torsion is 
relatively large). 

When a beam like that at B (Fig. 10-9) supports a slab or 
another beam on one side only, the angular rotation of the end 
of the latter causes torsion in the edge support. In such a case, 
for a rectangular beam with a depth h which is not over 1.5 times 
the width h, the total angular rotation St of the edge support may 
be approximated by assuming^ 

^3.^3ML 

Bt 

where M = the twisting moment, and E = the modulus of 
elasticity in torsion. Of course, h is used in Eq. (16-6) in order 
to obtain a measure of the maximum torsional stiffness of the 
beam; h should be replaced by M when one wishes to find 
the torsional resisting moment that can be developed safely by the 

^ Taken from Mauer and Withey, ‘"Strength of Materials,” John Wiley & 
Sons, Inc., with changes in symbols. 
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member for any particular angle of rotation that is impressed 
upon it. However, the exact conditions in any given case are 
almost impossible to ascertain. 

By finding dr for the edge support when M = 1, by finding 
the angular rotation of the end of the intersecting member as a 
simply supported beam that carries the given loads, and by 
finding the angular deflection of the end of this intersecting 
member when a unit moment is applied at its end, one can approx- 
imately balance the angular deflections and therefrom determine 
the torsional moment. However, this problem is generally 


Bx 



neglected, and the effect of the twisting is supposed to be covered 
by the safety factor (not always a wise procedure) . 

In Eq. (16-6), L is the length of the part of the member 
through which the torsion acts — the distance from the point of 
application of the torque to the reaction point. In such a case 
as Fig. 10-9 with a continuous slab, the magnitude of L is very 
uncertain; so also is the rotation of the end of the slab. 

16-11. Reinforced-concrete Brackets. When a load is applied 
upon a bracket of reinforced concrete as pictured in Fig. 16-9, 
the tendency is to cause tension in rods A, also to open up the 
column at E and G so as to produce tensile stresses (or reduced 
compressive ones) in rods B and C at these two points, with 
compressive stresses at F and H. 

The eccentricity of the load, as far as the bracket is concerned, 
may be assumed to be e, the distance from the nearer row of steel 
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to the load, because the point of compressive resistance is near F 
at the bottom. When e is less than d, it is sufficient to assume 
that the cracks will be about as shown in the figure so that the 
compressive stresses will be small and the rods A oan be designed 
by the simple formula 

M =Pe = Asfsjd = 0.87A/«d 

When e exceeds the bracket should be analyzed, as a cantilever 
beam, for compressive, tensile, and shearing stresses. The 
applied moment may still be called Pe. 

For the column itself, the effect of the load P should be deter- 
mined upon the basis of combined bending and direct stress 
(Chap. 7). 

^ /Pod B 



L 

Fig. 16-10. 


16-12. Prestressed Concrete. Prestressed concrete — the 
“preload system'^ — is used in special cases to prevent cracks due 
to shrinkage, loads, or other things when these cracks might be 
very objectionable — such as in a water tank.^ 

The principle of prestressed concrete is shown in Fig. 16-10. 
Assume that A is a block of concrete of length L and that is a 
rod which is covered with a special mastic compound so as to 
prevent any bond between the concrete and the steel. If tensile 
forces P are to be applied by the loads so as to stretch the member 
an amount equal to AL (as shown by the dotted lines), the con- 
crete must crack when its ultimate tensile strength is exceeded. 
However, if rod B is stressed by tightening up the nuts, it will 
stretch inside the concrete while the latter itself is compressed. 
If this tightening is continued until the concrete has been com- 
pressed an amount AL', and the rod B exerts a tensile force P, 
then the length of the member will be L'. In actual cases AL' 
and the stress in the concrete are very small. When the external 
loads are applied now, the rod will not stretch any more (assum- 

^ See Lt. Comdr. John L. Mason, C.E.C., U.S.N.R., Prestressed Circular 
Concrete Tanks, Portland Cement Association. 
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ing AL' = 0) if the force P in the rod is not exceeded. Therefore, 
there will be no tensile cracks in the concrete. 

In a case of avoiding shrinkage cracks, the prestressing of the 
rods is made such that their initial stretching exceeds the shrink- 
age deformation. Therefore, the rods will continually compress 
the concrete. The use of rods for such a purpose is shown in 
Fig. ll-42(a). 

Prestressed concrete is not reinforced concrete in the ordinary 
sense, because there is no bond between the concrete and the 
steel. It is more nearly like highly stressed bands inside a 
concrete filler. Special details are required to permit the tight- 
ening of rods. 

16-13. Miscellaneous Details. There are many practical and 
theoretical points which the engineer learns by experience. A 
few miscellaneous things are pointed out herein, because they 
sometimes cause trouble. Referring to the sketches in Fig. 16-11, 
note the following: 

(а) When a beam parallel to a wall is poured against it, when it is keyed 
or bonded to it, or when it rests upon the edge of the wall, it will try to shift 
its load to the wall because its deflection is prevented. The result is a break- 
ing of the junction or an eccentric load on the wall. The beam and the 
wall should be separated by a deflection joint (tar paper or similar isolating 
material), or the construction should be made wall bearing. 

(б) When an expansion bearing is provided as shown in the sketch, the 
frictional resistance to motion will set up tensile stresses (at both fixed and 
expansion ends) which require special hooks in the rods. 

(c) and (d). When rods are curved or offset, tensile stresses in them will 
tend to straighten them out and to spall the concrete unless they are tied 
back or otherwise detailed properly. 

(e) When horizontal shelves, offsets, or brackets occur, like AB in the 
sketch, it is not advisable to try to pour the top surface against forms because 
of the uplift and the difficulty of filling the forms properly. When AB is 
sloped appreciably, forms can be used, but uplift must be guarded against. 

(/) Corner reinforcement should be made so that one set of outside rods is 
bent around the corner. When there is a tendency to open up the inside 
corner, the inner rods A should be hooked near the outside of the wall so 
as to reinforce this corner. Without these hooks, rods A have very little 
effective anchorage. If the walls are thin, the continuity will be poor. 
There is insufficient room for the hooks so that it may be best to use a single 
rod for A, to bend it around 270° to the right so as to form an inside loop, the 
other end extending to the left. 

(g) Rods at corners and in projecting parts — like A in the sketch — may 
cause trouble unless they are tied in properly. They should be placed so 
as not to interfere with the placing of the concrete. 
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(h) In cases of shelves where rods A are bent back, one must be careful to 
space them far enough apart to avoid forming a screen eifect that will inter- 
fere with the placing of the concrete. Small U-shaped rods which are 
placed by hand are often more advantageous than bending of the main rods. 



(i) 

Fig. 16-11, 


The vertical rods B should rest on the construction joint, with dowels to 
tie them into the lower pour. Any horizontal ties between the slab and the 
wall should be above the construction joint if the floor is poured last. 

(i) Sharp corners such as at this expansion joint should be avoided because 
they may break off. 

In planning all layouts of reinforcement, one must consider 
that wire chairs or mortar pads must be used to support rods 
that are above horizontal forms; vertical rods cannot hang in 
the air but must rest upon a support, such as the previous pour, 
or they must be wired to other rods that are so supported; 
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horizontal rods must be wired to the vertical ones which act as 
small columns in supporting them; intersecting rods must be 
tied together thoroughly ; tie rods or spacer rods must be used to 
hold the main reinforcement in line; and multiple layers of rods 
must be held by ties and separators so as to make sure that their 
proper relative positions are maintained. 

When surfaces have to be screeded, it is important to avoid 
projecting reinforcement that will impede the screeding. Small 
dowels or other reinforcement may be inserted after the finishing 
is complete. This often applies to bridge decks. 

Excessively large groups of closely spaced rods may look 
well on a drawing, but they are very difficult to place accurately 
and to hold in position in the field. If they get out of line, jf the 
upper layers sag too close to the lower ones, or if one of the rods 
is bent sidewise so as to get too close to the forms or to an adja- 
cent bar, they tend to act as a screen which makes the placing 
of the concrete very difficult — and the development of adequate 
bond very questionable. Honeycombing, segregation of the 
aggregate, and air pockets are likely to be the result. When 
such a group of rods is at the top of a large member, it is desirable 
to arrange the bars so that there will be one or two strips of clear 
space (about 5 or 6 in. wide) through which the concrete can be 
deposited and compacted. 

When planning structures, remember that beams will deflect. 
If a long beam passes close to a column, or a wall, but is not 
supported thereby, the beam^s deflection may crack the floor 
slab if the latter passes over both the beam and the column. 

These matters that have been discussed here may seem to be 
minor details, but careful attention to such practical things often 
makes the difference between a good job and an unsatisfactory 
one. Furthermore, good judgment, common sense, and the 
ability to supervise work carefully will always be among the 
greatest assets of the designer and the builder of reinforced- 
concrete structures. 



APPENDIX 

EXPLANATION OF BATA 

A few tables and diagrams are given herein. They are to be special 
assistance to the designer of reinforced-concrete structures. They are not 
intended to take the place of extensive information which is given in hand- 
books. The following instructions are given for each one: 

Table 1. This contains the ordinary sizes of reinforcing rods, with the 
corresponding cross-sectional areas, perimeters, and weights. They are 
sufficiently exact for practical purposes. 

Tables 2 and 3. These multiplication tables have been prepared in 
accordance with the data in Table 1. 


Table 1. — Table of Areas, Perimeters, and . Weights of Deformed 

Hods 


Size, in. 

Net area, 
sq. in. 

Perimeter, in. 

Weight, lb. 
per lin. ft. 

1 round 

0.05 

0.78 

0.17 

§ round 

0.11 

1.18 

0.38 

J round 

0.20 

1.57 

0.68 

-2 square 

0.25 

2.00 

0.86 

1 round 

0.31 

1.96 

1.06 

f round 

0.44 

2.36 

1.52 

J round 

0.60 

2.75 

2.07 

1 round 

0.79 

3.14 

2.70 

1 square 

1.00 

4.00 

3.44 

1 1 square 

1.27 

4.50 

4.35 

1 1 square 

1.56 

5.00 

5.37 


Table 4. This gives the most common forms for use in the method of 
integration by volumes. The numbers in parentheses under the headings 
y and s refer to the sketches, which are numbered similarly. The y figure 
may be taken as the base of the solid, and the z figure as its altitude. The 
distance x is in the direction of the length L, 

Figures 1 and 2. These figures give approximate formulas for use in 
preliminary or check computations of rigid-frame bridges. The supports 
are hinged. 

riiese data have been included by the permission of Walter H. Weiskopf 
and John W. Pickworth, together with that of the A.I.S.C. Further 
references are given below the figures. 
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Table 4 - — ^Integbation by Volume 
(Table of values of '2M,Mz dx) 
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Approximate Formulas. — Symmetrical Rigid Frame 



I A -h 

h 

[Approximations] 
n,m = 2 


Concentrated load at any point 



- 3^2 + A(k 


Concentrated load 
at center of span 


Uniform load 
w per unit length 


Tractive force 
Pi at deck 

Horizontal force 


2hlA 

51RIb 


-Pi - 

Earth pressure e / 

2 "'"ip 

Earth pressure 

one side only. 12 


- 5kt + 3A"5}] 


W105 H-21P) +/(49 + lli5) 
X 

[c(105 +/(49 + UP) 


Temperature _ - 

In temperature formula, if E is expressed in pounds 
per square inch, h must be expressed in inches. H then 
will be in pounds. ________ 

Fig. 1 - — (Weiskopf and Pichworth, ''Symmetrical Rigid Frames," A.LS.C.) 
For the mathematical development of these formulas, see A.S.C.E. Trans., Vol. 
102, p. 1, 1937. These data are for the case of hinged supports. 
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Approximate Formulas. — Unsymmetrical Rigid Frame 



|Approximations| 
r, s — 0.5 


307. 


[10 + D] 


120/c 

Concentrated load 


Uniform load 
w per unit length 


■ AlShl 


3 ^ 51 ! 


48 


- 2ik + ^(5 - 16*=)] +^[6 +3C]|| 


h,) 1 


240 


—[20 - 40*= + A(9 - 48/c<)l + 


^^(20+9Clj 


U, 


P 

19207c 


wi- 


ll. + f/4 

- 25/12] + A[22/ii 

- 25hi] ■ 

U 7 + Us 


Fig. 2. — (Weiskopf and Pickworth, ** Unsymmetrical Rigid Frames^ A.I.S.C.) 
For the mathematical development of these formulas, see A.S.C.E. Traris.] Vol. 
102, p. 1, 1937. These data are for the case of hinged supports. 



APPENDIX 


529 


Appeoximate Formttlas. — Unsymmetrical Rigid Frame. — (Continued) 
Tractive force 


120 




^ [5 + 3A] + -™[35 + SCI 
/a Ic 


Hi = j 




-h : 


^ - H, 


Horizontal force 


hlfci 


+ R[2 


= Pi - Hi 

Earth pr.«™ , _ _ + „b|| 


+ 172 + Ca + Ih 


Temperature 


+ 

In temperature formula, if E is expressed in pounds 
per square inch, U and I must be expressed in inches. 
H then will be in pounds. 


Fig. 2. — (Continued) 
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0.05 0.10 0.15 0.20 0.25 0.30 

Ratio, ^ 

Fig. 3. — Approximate moments of inertia of T-shaped sections. 



kd in Inches 

Fig. 4.— Location of neutral axis of beam with tensile steel only. 
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Figure 3. This diagram is for use in approximating the moments of 
inertia of uncracked T-shapes. It is for special use in the analysis of build- 
ing frames. The values of C modify I for the ''stem portion'' alone. 

Figures 4 to 9, inclusive. The analysis of rectangular beams can be 
greatly expedited by the use of these diagrams; they are also applicable for 
the analysis of T-beams if the neutral axis lies within the flange or very close 

to it. In any case, the values of and — per inch of width of 

the beam can be found, using I as the divisor for T-beams as well as for 
rectangular ones when the bending moment is positive, or using h’ for 
T-beams when the bending moment is negative. 



Fig. 6. — Section modulus of a 1-in. width of a beam with tensile steel only. 

The procedure in using the diagrams is as follows: When there is little or 
no steel in compression, use Figs. 4 and 5; otherwise use the curves that are 

prepared for the nearest value of with d as the ordinate, cross 

horizontally to the proper (or interpolated) value of nAs/h^ then read the 
corresponding magnitudes of kd and Sc/l^t multiply Sc/h by h (or h') to 

find Sa, then compute 8, = n quantities already found. 

Results from two diagrams may be used for interpolation if greater accuracy 
is desired. 
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ilie advantage of these diagrams is the fact that they enable one to find 
the section moduli, and thereby compute fe and /«. Of course, important 

kd in Inches 



50 100 200 300 400 500 600 

-r^ in Inches^ 

D 


Pig. 6. — Location of neutral axis, and magnitude of section modulus of a l-in. 
width of a beam, when — ■ - = 1.0. 



members should be checked analytically after the diagrams have been used 
for approximate analysis. 

In using these diagrams, it will generally be sufficient to assume that 
Ikd 


1 



In Inches 
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Tables 5 and 6. These tables are prepared for use in preliminary design to 
obtain the theoretically most efficient beam, the results then being modified 
by practical considerations if necessary. 



in Inches^ 

Fig. 8. — ^Location of neutral axis, and magnitude of section modulus of a 1-in. 
width of a beam, when = 3.0, 


kd in Inches 



Fig. 9. — Location of neutral axis, and magnitude of section modulus of a 1-in. 
width of a beam, when - — r — = 4.0. 


Figures 10 and 1 1 . These diagrams are for the analysis of members. If k 
for any T-beam lies below and to the right of the straight line in Fig. 11 (a), 
it means that the neutral axis is within the flange and that it can be located 
by means of Fig. 10. 
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Table 5.~- ^Coefficients 3), k, and K fob Rectangulae Sections for 
Balanced Designs 



fo' and n 

fc 

= 16,000 

_ _ _ .. 

> 

11 

>-* 

00 

0 

0 

0 

V 

h 

3 

/C* 

P 

h 

3 

K* 


650 

0.0077 

0.379 

0.874 

108 

0.0063 

0.351 

0.883 

101 


700 

0.0087 

0.396 

0.868 

120 

0.0072 

0.368 

0.877 

113 

2000 

750 

0.0097 

0.413 

0.862 

133 

0.0080 

0.385 

0.872 

126 

15 

800 

0.0107 

0.429 

0.857 

147 

0.0089 

0.400 

0.867 

139 


900 

0.0129 

0.458 

0.847 

175 i 

0.0107 

0.429 

0.857 

165 


1000 

0.0151 

0.484 

0.839 

203 

0.0126 

0.455 

0.848 

193 


700 

0.0075 

0.344 

0.885 

107 

0.0062 

0.318 

0.894 

100 


750 

0.0084 

0.360 

0.880 

119 

0.0070 

0.333 

0.889 

111 


800 

0.0094 

0.375 

0.875 

131 

! 0.0077 

0.348 

0.884 

123 

2500 

875 

0.0108 

0.396 

0.868 

150 

1 0.0089 

0.368 

0.877 

141 

12 i 

950 

0.0124 

0.416 

0.861 

170 

0.0102 

0.388 

0.871 

161 


1000 

0.0134 

0.429 

0.857 

184 

0.0111 

0.400 

0.867 

173 


1125 

0.0161 

0.458 

0.847 

218 

0.0134 

0.429 

0.857 

207 


1250 

0.0189 

0.484 

0.839 

254 

0.0158 

0.455 

0.848 

241 


750 

0.0075 

0.319 

0.894 

107 

0.0061 

0.294 

0.902 

99 


800 

0.0083 

0.333 

0.889 

118 

0.0068 

0.308 

0.897 

111 


900 

0.0101 

0.360 

0.880 

143 

0.0083 

0.333 

0.889 

133 

3000 

975 

0.0115 

0.379 

0.874 

161 

0.0095 

0.351 

0.883 

151 

10 

1050 

0.0130 

0.396 

0.868 

180 

0.0107 

0.368 

0.877 

169 


1125 

0.0145 

0.413 

0.862 

200 

0.0120 

0.385 

0.872 

189 


1200 

0.0161 

0.429 

0.857 

221 

0,0133 

0.400 

0.867 

208 


1350 

0.0193 

0.458 

0.847 

262 

0.0161 

0.429 

0.857 

248 


1500 

0.0227 

0.484 

0.839 

305 

0.0190 

0.455 

0.848 

289 


900 

0.0087 

0.310 

0.897 

125 

0.0072 

0.286 

0.905 

116 


1000 

0.0104 

0.333 

0.889 

148 

0.0086 

0.308 

0.897 

138 


1100 

0.0122 

0.355 

0.882 

172 

0.0100 

0.328 

0.891 

161 

3750 

1200 

0.0141 

0.375 

0.875 

197 

0.0116 

0.348 

0.884 

185 

8 

1300 

0.0160 

0.394 

0.869 

223 

0.0132 

0.366 

0.878 

209 


1400 

0.0180 

0.412 

0.863 

249 

0.0149 

0.384 

0.872 

234 


1500 

0.0201 

0.429 

0.857 

276 

0.0167 

0.400 

0.867 

260 


1700 

0.0244 

0.460 

0.847 

331 

0.0203 

0.430 

0.857 

313 


1875 

0.0284 

0.484 

0.839 

381 

0.0237 

0.455 

0.848 

362 


* Sometimes denoted by R . 
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Table 6. — Coefficients p, k, j, and K foe Rectangular Sections foe 
Balanced Designs 



+ 


fe' and n 

fe 


« 20,000 

= 22,000 


P 

k 

3 

iC* 

P 

k 

3 

X * 


650 

0.0053 

0.328 

0.891 

95 

0.0045 

0.307 

0.898 

90 


700 

0.0060 

0.344 

0.885 

107 

0.0051 

0.323 

0,892 

101 

2000 

750 

0.0068 

0.360 

0.880 

119 

0.0058 

0.338 

0.887 

112 

15 

800 

0.0075 

0.375 

0.875 

131 

0.0064 

0.353 

0.882 

1 125 


900 

0.0091 

0.403 

0.866 

157 

0.0078 

0.380 

0.873 

149 


1000 

0.0107 

0.429 

0.857 

184 

0.0092 

0.405 

0.865 

175 


700 

0.0052 

0.296 

0.901 

93 

0.0044 

0.276 

0.908 

88 


750 

0.0058 

0.310 

0.897 

104 

0.0049 

0.290 

0.903 

98 


800 

0.0065 

0.324 

0.892 

116 

0.0055 

0.304 

0.899 

109 

2500 

875 

0.0075 

0.344 

0.885 

133 

0.0064 

0.323 

0.892 

126 

12 

950 

0.0086 

0.363 

0.879 

152 

0.0074 

0.341 

0.886 

144 


1000 

0.0094 

0.375 

0.875 

164 

0.0080 

0.353 

0.882 

156 


1125 

0.0113 

0.403 

0,866 

196 

0.0097 

0.380 

0.873 

187 


1250 

0.0134 

0.429 

0.857 

230 

0.0115 

0.405 

0.865 

219 


750 

0.0051 

0.273 

0.909 

93 

0.0043 

0.254 

0.915 

87 


800 

0.0057 1 

0.286 

0.905 

104 

0.0049 

0.267 

0.911 

97 


900 

0.0070 

0.310 

0.897 

125 

0.0059 

0.290 

0.903 

118 

3000 

975 

0.0080 

0.328 

0.891 

142 

0.0068 

0.307 

0.898 

134 

10 

1050 

0.0090 

0.344 

0.885 

160 

0.0077 

0.323 

0.892 

151 


1125 

0.0101 

0.360 

0.880 

178 

0.0086 

0.338 

0.887 

169 


1200 

0.0113 

0.375 

0.875 

197 

0.0096 

0.353 

0.882 

187 


1350 

0.0136 

0.403 

0.866 

236 

0.0117 

0.380 

0.873 

224 


1500 

0.0161 

0.429 

0.857 

276 

0.0138 

0.405 

0.865 

; 263 


900 

0.0060 

0.265 

0.912 

109 : 

0.0051 

0.247 

0.918 

102 


1000 

0.0072 

0.286 

0.905 

129 i 

0.0061 

0.267 

0.911 

122 


1100 

0.0084 

0.306 

0.898 

151 1 

0.0072 

0.286 

0.905 

142 

3750 

1200 

0.0097 

0.324 

0.892 

173 

0.0083 

0.304 

0.899 

164 

8 

1300 

0.0111 

0.342 

0.886 

197 

0.0095 

0.321 

0.893 

j 186 


1400 

0.0126 

0.359 

0.880 

221 

0.0107 

0.337 

0.888 

209 


1500 

0.0141 

0.375 

0.875 

246 

0.0120 

0.353 

0.882 

! 234 


1700 

0.0172 

0.405 

0.865 

298 

0.0148 

0.382 

0.873 

283 

1 

1875 

0.0201 

0.429 

0.857 

345 

0.0173 

0.405 

0.865 

328 


* Sometimes denoted by R. 
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Fig. 10. — Location of neutral axis of rectangular beams with, tensile steel only. 



. 6 - 





0.91 


0.10 0.\S 0.20 0.25 0.10 O.l'S 0.20 0.25 

± + 

d ^ 

1 Curves -for location of neu+rcxf axis (b) Curves for location of centroid 

of compression 

Fig. 1 1 . — Magnitudes of k and j for T-beams. 
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Figure 12 and Table 7. Knowing the longitudinal shear to be withstood 
by the stirrups per inch of length of the beam, varying combinations of sizes 
and spacings of stirrups can be secured from Fig. 12. It is then important 



Fig. 12. — Maximuin spacing of vertical U-shaped stirrups. 

Table 7. — Recommended Minimum Effective Depth of Beam in Inches 
TO Develop Single Veetical U-shaped Stirrups with Standard 

Hooks 

(u == 0.05/' for deformed rods) 


Size of 

f,, lb. per sq. in. 

rod 

2000 

2500 

3000 

3500 

4000 

! 

4 9 

19 

15 

13 

11 

10 

A. 

8 9 

26 

20 

16 

14 

12 

¥'<!> 

34 

26 

21 

17 

14 


33 

26 

21 

17 

13 


41 

31 

24 

20 

15 

i 9 

48 

34 

26 

22 

18 


to check the chosen size of stirrup in Table 7 to make sure that the beam is 
deep enough to provide adequate bond to develop the stirrups in the upper 
(or compression) half of the beam. 
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Table 8. Although the Code permits the use of narrower beams than those 
shown in Table 8, the data given therein have been prepared to provide 
generous space for thorough encasement of the steel. 


Table 8. — Minimum Widths of Beams 



Min. A “ 3d or d 4“ If X ag- 
gregate size. 

Dimensions are in inches and 
are increased to nearest half 
inch. 

Allow extra for splices. 



d, 

in. 

Number of longitudinal rods 

Min. 
A or B 

Pre- 

ferred 

B 

2 

3 

4 

5 

6 

7 

8 

9 

10 

J in. aggregate 

1 

2 

6 

8 

9i 

11 

12i 

14 

16 

17i 

19 

H 

2 

I 

6i 

Si 

10 

12 

14 

16 

17i 

194 

21 i 

1’ 

2i 

3 

i 

7 

9 

ni 

13i 

16 

18 

20i 

22i 

25 

2i 

2i 

7 

S' 

7i 

10 

12i 

I5i 

18 

20i 

23 

26 

28i 

OS. 

As 

. 

3 

1 

8 

11 

14 

17 

20 

23 

26 

29 

32 

3 

... _ 

3 

li 

8i 

12 

15 

I8i 

22 

25i 

00 

32 

35i 

33 

3i 

U 

9 

12i 

16-1 

20 

24 

27i 

31i 

35 

39 

31 

4 

11- in. aggregate 

1 

7 

10 

12| 

151 

18 

21 

234 

26ii 

29 

2i 

3 

.'5 

8 

71 

loi 

13 

16 

19 

22 

244 

27i 

SOi 

2J 

3 

3 

4 

7i 

10| 

13i 

16i 

m 

22i 

25i 

284 

3H 

3 

3 

f 

8 

11 

14 

17i 

20i 

23i 

264 

30 ; 

33 

3i 

3^- 

1 

8 

Hi 

Hi 

18 

21 

24i 

27-1 

31 

34 

3i 

3i 

u 

8i 

12 

15 

18i 

22 

25^- 

28i 

32 

351 

3| 

4 

li 

9 

12il 

16i 

20 

24 

27i 

3U 

35 

39 

3| 

4 


Figure 13. These diagrams have been prepared in accordance with the 
1940 report of the Joint Committee on Standard Specifications for Concrete 
and Reinforced Concrete. 
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Fig, 13. — ^Safe loads P on spirally reinforced columns. 
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Table 9 and Fig^ure 14. Table 9 gives a specific size and pitch for the 
spiral in a square or round column, the data being the same as those given 
in the American Concrete Institute's “Reinforced Concrete Handbook.” 
On the other hand, Fig. 14 gives the permissible size and pitch of spirals for 
any value of p' (volume of spiral -r* volume of core). 


Table 9. — Size and Pitch of Spieals* 


p' ^ 0.0112; hot-rolled round rods; cover = If in. 


Column 

size, 

in. 

Core 

size, 

in. 

Square columns 

Round columns 

N 

2500 

3000 

3750 

2500 

3000 

3750 

14 

11 




t-l| 

Ml 


15 

12 




M 

Ml 

1-2 

16 


M : 



M 

f-l| 

i-2 

17 

14 ' 

J-2i 



f-2i 

Ml 

S-2i 

18 

16 

^-2i 

t-2| 

|-2i 

i-2i 

Ml 

1-21 

19 

16 

Mi 

Mi 

Mi 

Mi 

■hM 

1-21 

20 

17 

M 

Mi 

f-2i 

Mi 

1-2 

1-21 

21 

18 

M 

Ml 

i-2 

f-2 

1-2 

1-21 

22 

19 

M 

Ml 

f-2 

M 

1-2 

1-2| 

23 

20 

M 

|-2i 

M 

1-1 1 

i-U 

1-2| 

24 

21 

M 

|-2| 

f“2 

Mi 

|-3i 

1-2| 

25 

22 

f-2 

f-2| 

1-2 

i-Si 

1-3 i 

1-21 

26 

23 

f-3 

!-2i 

1-2 

§-3 

1-3 

i-2f 

27 

24 

f-3 

|-2i 

t-2 

1-2 i 

1-2 i 

|-2| 

28 

25 

1-21 

|-2i 


Ml 

1-2 i 

1-2| 

29 

26 

1-21 

f-2i 


i-2| 

j_2 J 

1-21 

30 

27 

|-2i 

|-2i 


Mi 

1-2 1 

l-2i 

31 

28 

f-2| 

f-2i 


i-2i 

1-21 

1-21 

32 

29 

1-21 

Mi 


Mi 

1-2 i 

l-2i 

33 

30 

|-2i 

i 

Mi 


Mi 

1-2 i 

l-2i- 


*“A.C.I. Reinforced Concrete Design Handbook.” 


Tables 10 and 11. Table 10 is for convenience in detailing reinforcement. 
Table 1 1 is prepared as a guide in selecting reinforcement for columns to make 
sure that the rods can be adequately encased at lapped splices. Approxi- 
mate allowance has been made for the thickness of spiral rods and ties. 
Spirally reinforced columns should have a minimum cover of 1§ in. of con- 
crete outside the spirals; tied columns should have at least 2 in. of cover. 

Figures 15, 16, and 17. These figures have been prepared to illustrate the 
detailing of reinforcement. There are various procedures in use but one 
must remember that their purpose is the presentation of sufficient data to 
enable the workmen to assemble the required reinforcement, to cut and bend 
the bars correctly, and to place the rods properly in the forms. Ordinarily, 




Table 10. — ^Bending Details por Eoes 


Size of rod 


\ d 

1" 

4 

Zlt 

IS 

i" 

f" 

1" 

¥' 

1" 

If" 

li" 

A 

li 

2i 

3 

3| 

4i 

Si 

6 

6| 

7i 

B 

2 

3 

4 

5 

6 

7 

8 

9 

10 

C 

1 

1| 

2 

2i 

3 

3i 

4 

4| 

5 

D 

|2f 

i 8 

51 

6f 

8i 

9f 

11 

Il2| 

13i 

C 4- D 

|3i 

|5| 

71 

9| 

Hi 

13i 

15 

16| 

ISf 

C 

ji 

li 

2 

2i 

3 

3i 

4 

4i 

5 

D 

If 

2* 

2i 

3A 

4| 

4if 

5f 

6A 

6| 




p ,c ,d O |lf p* I 2 i I 3A I 4i [ 4if| 5§ I 6/, 

^ A = Q y. diameter of rod 

Bend 2) is measured along C. L. of rod. 

Radius of bend refers to inner face of rod. 

Length of bend refers to C. L. of rod. 

In computing lengths of rods with bends = or < 45®, neglect curvature. 

All dimensions are in inches. 
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the bar schedule and summary of weights are on the drawing containing the 
details of the members, but, owing to lack of space, they have been assembled 
in Fig. 17. 


Table 11.— Maximum Number op Kods m One Circle or Square in 

Columns 


Core 
diam. 
or side, 
in. 

Circular and square spiral columnaf 

Square tied columns 

Min. 'pg == 0.01; max. pg « 0.08 


Min. 

Pg = 0.01; max. pg 

« 0.04 

Size of rod 

Size of rod 


rv 



l"<i> 


IV' a 

IV' n 

V'i> 

V'4> 


I'V 

I'^D 

ii"o 

IV' u 

10 

9 

8 

7 

7 

6 



'■ 

12 

8 

6* 

4 

4 



11 

10 

9 

8 

8 

7 

6 


12 

10* 

8 

6* 

4 



12 

11 

10 

9 

9 

7 

6 

6 

12 

12 

8 

6* 

4 

4 


13 

13 

11 

10 

9 

8 

7 

6 

16 

12 

10* 

8 

6* 

4 

4 

14 

14 

12 

11 

10 

9 

8 

7 

16 

16 

12 

10* 

8 

6* 

4 

15 

15 

13 

12 

11 

10 

9 

8 

16 

16 

14* 

10* 

8 

6* 

4 

16 

16 

14 

13 

12 

11 

9 

8 

20 

16 

16 

12 

10* 

8 

6* 

17 

17 

16 

14 

13 

11 

10 

9 

20 

20 

16 

14* 

10* 

8 

6* 

18 

18 

17 

15 

14 

12 

11 

9 

20 

20 

20 

16 

12 

10* 

8 

19 

19 

18 

16 

15 

13 

11 

10 

24 

20 

20 

16 

14* 

10* 

8 

20 

21 

19 

17 

16 

14 

12 

11 

24 . 

24 

20 

20 

16 

12 

10* 

- 21 

22 

20 

18 

17 

14 

13 

11 

28 

24 

20 

20 

16 

14* 

10* 

22 

23 

21 

19 

18 

15 

13 

12 

28 

24 

24 

20 

16 

14* 

12 

23 

24 

22 

20 

18 

16 

14 

13 

28 

28 

24 

24 

20 

16 

12 

24 

25 

23 

21 

19 

17 

15 

13 

32 

28 

24 

24 

20 

16 

14* 

25 

26 

24 

22 

20 

18 

16 

14 

32 

28 

28 

24 

20 

18* 

16 

26 

27 

25 

23 

21 

18 

16 

14 

32 

32 

28 

24 

24 

20 

16 

27 

29 

26 

24 

22 

19 

17 

15 

36 

32 

28 

28 

24 

20 

18* 

28 

30 

27 

25 

23 

20 

18 

16 

36 

32 

32 

28 

24 

20 

20 

29 

31 

28 

26 

24 

21 

18 

16 

36 

36 

32 

28 

24 

24 

20 

30 

32 

29 

27 

25 

22 

19 

17 

40 

36 

32 

32 

28 

24 

20 

Min. 
cc of 
rods 

21 

3 

3i 

3^ 

4 

4^ 

5 

Recommended minimum spacing of rods 
in columns to permit adequate bond at 
splices. 


* Requires unequal arrangement of rods. 

t Taken from ** A.C.I. Reinforced Concrete Design Handbook,” circular spirals. 


The following points are worthy of note as a guide in making such details: 

1. Ail rods are numbered diiferently if they vary in size, length or detail. 

2. All bars must be supported adequately. Such rods as all in Fig. 15, 
Section D-D, appear to have no supporting ties but they are actually tied to 
rods which project from the wall below (already poured). 
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3. Rods should be of such size and length that they can be handled and 
placed with reasonable facility. Ordinary lengths for ordering are 30 ft. to 
60 ft. The last are often inconveniently long and heavy. 

4. The thickness of the rods must be allowed for in the details. In Fig. 16, 
the top reinforcement in Section A- A is placed 4 in. below the top of the slab 
so that it will pass under the rods shown 3 in. below the top of the slab in 
Section B-B. Furthermore, the depth of the beam Bl is such that its low’er 
rods will not hit those of beam J52. As an aid in visualizing such matters, 
it is enlightening for one to lay a few pencils on his desk to simulate the 
proposed arrangement of the bars. 

5. Such figures as “3 X 13” shown for bars aZ in the upper left corner of 
Fig. 15 indicate that there are 3 similar sets of 13 bars each. 

6. In detailing walls and slabs, as in Fig. 15, it is frequently advisable to 
make separate plans for top and bottom mats so as to clarify the details. 

7. Bending diagrams for bars can be shown ordinarily by single lines, as 
in Fig. 17(c), Type 1, but they are sometimes shown by the use of double 
lines, as in Type 4, when the over-all dimensions are important for clearance. 
However, the latter arrangement often leads to errors in computing the 
required length of the rod; e.g., for 69, ^ in. must be deducted from B and 
J in. from C to allow for the half-diameter of the rod because the length is 
computed along the center line of the bar. When using single lines, dimen- 
sions such as A for Type 1, Fig. 17(c), must allow for the thickness of the 
bar. Incidentally, bending of rods to form closed figures is usually 
inadvisable. 

8. Avoid using detail dimensions with fractions less than | in. because 
greater accuracy in cutting and bending is not practicable. 

9. In bending stirrups, it is sometimes advisable to use sharp bends — 
radius to inner surface of rod — | diameter of the main bar — ^when the main 
rods come in the corners, as in Fig. 17(c), Type 4, because large curves tend 
to cause the main rods to crowd together. 
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Fig. 16. — Details of beams. 
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Fig. 17. — Illustrative bar schedules and summaries. 
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A 

Abrams, Duff, fineness modulus, 

14, 17 

water-cement ratio, 17, 18 
Abutments, 282-288 
Aggregate, absolute volume, 31 
bulking, 26 
coarse, 9 
definition, 2, 9 
fine, 9 

fineness modulus, 14 
grading, 10-14 
handling, 34 
hardness, 9 
impurities, 10, 15 
^ moisture, 26-29 
properties, 9-14 
proportioning, 11-13, 23-30 
segregation of, 34-36 
shape, 11 
size, 11-16 
specific gravity, 27 
specifications, 13 
soundness, 15 
storage, 34 

surface area, 11, 16, 23 
voids, 12 

Allowable unit stresses, 43-46 
variation in, 43, 46 
Alpha system, 150 
American Concrete Institute, Build- 
ing Regulations for Reinforced 
Concrete, 19 
Joint Committee, 13 
symbols, 48, 49 

American Institute of Architects, 
Joint Committee, 13 
American Railway Engineering As- 
sociation, Joint Committee, 13 

547 


American Society of Civil EngineerSj 
Joint Committee, 13 
American Society for Testing Mate-, 
rials, definition of Portland 
cement, 5 

Joint Committee, 13 
Anchorage of bent-up rods, 89, 
121, 128 

effect on allowable shearing stress, 
101 

longitudinal reinforcement, 83, 
89, 90 

stirrups, 86, 106, 537 
Andersen, Paul, torsion formulas, 
516n., 516 

Angle of repose of soils, 219, 221 
Angular deflections by conjugate- 
beam method, 379 
moment-area method, 378 
theory of work, 343 
Approximate beam formulas, 61 
method of design of arches, 400 
beams with compressive rein- 
forcement, 70, 71 
combined compression and 
bending, 188-190 
rectangular columns with bend- 
ing, 204-209 
T-beams, 75 
Arch, 395-438 
axis, 397 
centering, 433 
circular, 404 
curvature, 397 
deflection, 430-438 
elastic center, 403 
extrados, 397 
fixed, 402 

foundation displacement, 419 
influence lines, 408-416, 422-438 
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Arch, intrados, 397 
kinds, 397 
parts, 397 

preliminary design, 400 
principles of analysis and design^ 
401-419 

reduced load contour, 400 
redundants, 401 
ribshortening, 416-419, 438 
shrinkage, 416-419 
spandrel, 397 
symmetrical, 422-430 
temperature changes, effect of, 
416-419, 438 
thickness, 399 
two-hinged, 421 
unsymmetrical, 401-422 
Architectural treatment of concrete, 
493-500 

Areas of reinforcing rods, 523-525 
Association of State Highway Offi- 
cials, 16 

Autogenous healing of concrete, 39 
Axis of structure or member, 360 

B 

Baker, A. H., on curves for sur- 
charge, 224:71. 

Balanced design of beams, 52, 534, 
535 

Bars (see Reinforcement) 

Bases (see Footings; Pedestals) 
Bauer, Edward E., on volumetric 
proportioning, 28 
Beam-and-girder floor, 135-141 
Beams, analysis, 47, 55-58 
approximate depths, 60 
formulas, 61, 70, 71, 293 
balanced design, 52, 534, 535 
bending moments, 52 
composite, 146-158 
compressive reinforcement, 68-72 
conjugate, 372, 379, 409 
continuous, 72, 121-125, 334 
cracks, 49, 50, 56, 97, 102 
definition, 47 


Beams, deflection, 338, 343, 378 
depth VS- width, 58 
design of, 47, 58-62 
diagrams for design, 485, 530-533, 
536, 537 

distribution of stresses, 49-53, 98 
effective depth (d), 48 
fictitious, 372, 409 
formulas, 52-55, 61 
irregular, 76 
lateral supports, 59 
moment of inertia, 63 
neutral axis, definition, 51 
location, diagrams for, 530-533, 
536 

formulas for, 54, 55 
tables for balanced design, 
534, 535 

by transformed-section 
method, 63 
neutral surface, 100 
overreinforced, 52 
percentage of reinforcement, 49, 
52 

reinforcing arrangement, 140 
resisting moments, 52 
section modulus, 63, 64 
shear (see Shear; Web reinforce- 
ment) 
span, 47 

stresses (distribution of), 49-52, 
98 

substitute, 63, 65 
T-beam, 72-76 

tensile and compressive reinforce- 
ment, 68-72, 532, 533 
tensile reinforcement only, 49-68, 
530, 531 

transformed-section method, 62- 
68 

trial depths, 60 
underreinforced, 52 
web reinforcement (see Web rein- 
forcement) 

width, recommended, 538 
width vs. depth, 58 
Bearings, bridge, 285, 521 
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Bending and direct compression, 
179-209 

and direct tension, 209 

{See also Compression and bend- 
ing) 

Black, Erick M., approximate 
method for design of columns, 
20-4-209 

Bogue and Lerch, on increase of 
strength of concrete, 9n. 

Bogue, Lerch and Taylor, on disin- 
tegration, Sn. 

Bond, allowable unit stresses, 45 
in composite beams, 148-150, 153 
definition, 81 

development of rods, 82, 88 
stirrups, 106, 537 
impact, effect, 93 
on longitudinal reinforcement, 90- 
93, 103 

multiple layers of rods, 87 
relation to bending moment, 90- 
93 

to shear, 90 
reversal of stress, 93 
rigidly held horizontal rods, 90 
structural plates and shapes, 94 
tests on, 90 

Brackets, reinforced-concrete, 518, 
520 

Breerwood patented flotation proc- 
ess, 7n. 

Bridges, abutments, 282-288 
arch, 395-438 

rigid frame, 334-394, 439-482 
slab, 304 

Bronx-Whitestone Bridge, 2, 294 

Buildings, analysis of frames by 
moment distribution, 488-492 
flat slab construction, 318-326 
preliminary design, 483-487 
ribbed floors, 317 
stiffness of members, 486 
tiled-fllled floors, 317 
two-way slab floors, 310—317 
wind stresses, 489 

Bulking of aggregate, 26 


C 

Carry-over factor, definition, 447 
diagrams for tapered members, 
462-467 

Cellular construction, 326-332 
Cement, alumina, 4 
chemical reactions, 8, 37-39 
classifications, 4 
composition, 7 
high-early-strength, 5 
hydraulic properties, 4 
manufacture, 5, 6 
moderate-heat-of-hardening, 6 
natural, 4 
Portland, 4, 5 
quick-setting, 5 
setting of, 3, 4, 8, 37, 38 
specific gravity, 30 
sulfate-resisting, 6 
weight per bag, 30 
Cement paste, definition of, 2 
Cement-water ratio, 17, 18 
City of New York, Department 
of Public Works, rigid frame 
bridge, 393 

Clay, in aggregate, 10, 15 
bearing value of, 219 
Cochrane, Victor H., arch formulas, 
398n. 

Code, 44, 45, 48 
Coejfficient, friction of soil, 219 
shrinkage, 23 

thermal expansion, of concrete, 23 
of steel, 501 
Columns, 159-178 
bending and compression in circu- 
lar, 181-184, 197-204 
in rectangular, 181-197 
Code formulas, 164, 166, 176 
combination, 174 
comparison of designs, 164, 168- 
170 

composite, 170-174 
core, 167 
definition, 159 
diagram for design, 539 
dowels, 258 
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Columns, elastic theory for design, 
163 

footings, 262-274 
gross section, 162 
long, 159, 175 
pedestals, 257-261 
pipe, 175 
plastic flow, 163 
safe-load diagrams, 539 
short, 159 

spacing of rods, 165, 542 
of ties, 165 

spirally reinforced, 166-170, 639- 
541 

spirals, 167, 540, 541 
splices, 165 
tied, 162-166 
ties, 165 

types, 159-162, 170, 174, 175 
Combination columns, 174 
Combined bending and direct 
stresses, 179-210 
footings, 274r-282 

{See also Compression and 
bending) 

Composite beams, bond stresses, 
148-150, 153 

dead load carried by steel alone, 151 
definition, 146 
shear in, 148 

thick slabs and I-beams, 151-154 
thin slabs and I-beams, 146-151 
trussed reinforcement, 15^157 
Composite columns, 170-174 
Compression and bending, approxi- 
mate method of analysis, 188- 
190, 204-209 

in circular columns, 197-204 
Code formulas, 182 
in diagonal direction, 185 
eccentricity, 181 

without resulting tension, 181—184 
with steel on four sides, 195-197 
with tensile and compressive 
steel, 191-195 

with tensile steel only, 186-191 
with tension on section, general, 
184 


Concrete, aggregate, 9 
allowable unit stresses, 44, 45 
batch, 31 

compressive strength, 3, 16, 23, 29 

consistency, 27, 29 

curing, 36-39 

Cyclopean, 212 

definition, 2 

density, 23 

durability, 24, 25, 38 

exposure, 25 

freezing, 37, 39 

heat, excessive, 502 

mixing, 32 

modulus of elasticity, 19, 54 
placing, 33-36 
plastic flow, 21 
plasticity, 23, 24, 36 
prestressed, 519 
proportioning, 23-30 
protection, 37 
punching shear, 22 
setting, 3, 8, 37 
shrinkage, 22, 23, 36 
slump, 27, 35 
specifications, 30, 48 
shearing strength, 22, 44 
tension in, 22, 66 
thermal expansion of, 23 
ultimate strength, 16 
vibration of, 35 
weight of, 22 
yield, 30 

Conjugate beam, definition, 372 
deflection computations, 379 
Construction joints, 180, 503-506 
Coulomb, theory of earth pressure, 
221 

Cracks in concrete, 49, 89, 97, 98, 102 
due to diagonal tension, 97, 102, 
515 

to longitudinal deformation, 
98, 102 

effect, on moment of inertia, 66, 
361, 362 

on shearing strength, 98, 99 
on torsional resistance, 517 
spacing of, 103 
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Crane girders, 130, 144, 145 
Cross, Hardy, method of moment 
distribution, 336, 43971. 

Cubic equations, solution of, 187, 
190 

Curved members, 439, 468-481 
Curved rods, compression under, 86 
radial component, 121, 130, 390 
Cutoff points of reinforcement, 89, 
119, 141, 233 
walls, 219 

D 

Deflection, angular, 343, 378 
influence lines for, 435 
linear, 338-343, 378, 430 
moment of inertia for, 431 
Deformed rods, 83 
Diagonal compression, 99-101 
Diagonal tension, definition, 97 
due to torsion, 515 
reinforcement for (see Web rein- 
forcement) 

Diagrams, bending moment, 89, 91, 
103, 118, 122, 340, 407 
carry-over factors, 462-467 
column design, 539 
combined bending and compres- 
sion in circular columns, 200, 
201 

cutoff of rods, 89, 119, 141, 233 
fixed-end moments, 297, 298 
influence line, 371 
neutral axis, 530, 532, 533, 536 
reactions, 298, 299 
section moduli, 531-533 
shear, 103, 109, 118, 122 
spirals, 541 

stiffness factors, 462-467 
stirrup spacing, 537 
T-sections, 530, 536 
Differential, use of, in cubic equa- 
tions, 187, 190 

Displacement of arch abutments, 
419 

foundations, 256 

joints in rigid frames, 359, 468 


Drainage details, 511 
Drawings, detail, 544-546 
Dyckman Street Bridge, 494 

E 

E (see Modulus of elasticity) 

Earth, angle of repose, 219, 221 
coefficient of friction, 219 
lateral pressure caused by, 220 
safe bearing capacity, 219 
surcharge pressures, 223 
Edge supports under slabs, 303-308, 
324 

Elastic center, 403 
Elastic equations, 355 
Elastic theory, for arches, 401 
for columns, 163 
Elastic weights, 372, 403 
Encasement of structural steel, 
146, 170, 512 

Erps, H. R., on edge supports and 
lateral reinforcement, 294n., 303 
Expansion, joints, 506, 520 
of concrete, 23 
of steel, 501 


Fictitious beam, used in analysis, 
372, 409 

Fineness modulus, 14 
Finish of concrete surfaces, 35, 498- 
500 

Fixed-end moment, influence lines, 
298, 299, 462-467 
table, 442 
Flashing, 507 

Flat slabs. Code for design of, 318- 
326 

column capital, 320 
details, 320, 325 
drop panel, 320 
exterior panels, 321, 323 
interior panels, 321, 323 
with marginal beams, 324 
negative bending moments, 321 
openings, 325 

positive bending moments, 321 
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Flat slabs, shear, 324 
slab thickness, 323 
strips for design, 318, 320 
Flexure, in beams (see Beams) 
and direct stress (see Compression 
and bending) 

Floor system, design of a, 135-142 
Floors (see Slabs) 

Fluid pressure, equivalent, 222 
Footings, of abirtments, 282, 283 
of columns, 262-274 
combined, 274-282 
notched, 271-274 
with overturning, 267-274 
pedestals, 257-262 
on piles, 276-282 

of retaining walls, 220, 237, 238, 
251 

sloped, 262, 264 
spread, 262 
stepped, 261, 262 
unsymmetrical, 271-274 
Forms, details, 495-498 
pressures, 39 
purpose, 2, 39 
shoulders, 230, 259 
simplification, 52, 486, 493-498 
standard sizes of lumber, 486 
of plywood, 496 
Foundations, 255-288 
abutments, 282-288 
allowable pressure, 219 
combined footings, 274-282 
definition, 255 
footings, 262-282 
mat, 256 
net pressure, 257 
with overturning, 267-274 
partly on rock, 257 
pedestals, 257-261 
pile, 276-282 

resultant of pressures, 256 
retaining wall, 217-220 
Friction, coefficient of, for soils, 219 
Frost, depth of, 257 
Fuller’s rule, volumetric proportion- 
ing, 28 


G 

George Washington Bridge, 3, 21, 
170, 395 

Gilkey, H. J., on curing and bond, 
39, 83n. 

Goldbeck, A. T., on bulking, 26n. 

Googins, A. L., on edge supports 
and lateral reinforcement, 294w., 
303 

Gravel, bearing value, 219 

Grout, definition, 2 

Gumensky and Whitman, on con- 
crete pipe, 22n. 

H 

H-15 and H-20 truck-wheel loads, 
292 

High-early-strength cement, 5 

Hollow (cellular) construction, 326- 
332 

Hooks, in compression, 86 
for reinforcement, 84, 541 
for stirrups, 84, 541 

Hoops for columns, 160, 165 

Horizontal shear (see Longitudinal 
shear) 


I (see Moment of inertia) 

I-beams, encasement, 146, 512 
and thick slabs, 151-154 
and thin slabs, 146-151 
Ice pressure on walls, 227 
Impact formula, on foundations, 256 
for truck loads, 292 
Indeterminacy, degree of, 346, 352 
Indeterminate structures (see Arches ; 

Rigid frames; etc.) 

Influence lines, for arches, 408-416, 
422-438 

fixed-end moments, 297, 298, 

446, 462-467 
reactions, 298, 299 
rigid frames, 371, 377, 481 
Integration by volumes, 340-343, 
526 
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jy for beams with compressive 
reinforcement, 70 
for cellnlar construction, 330 
definition of, 49 
diagrams for T-beams, 536 
for rectangular beams, 51, 70, 
534, 535 

tables for balanced design, 534, 
535 

for T-beams, 74, 536 
Joint, construction, 180, 503 
dummy, 500, 508 

(See also Expansion joint) 

Joint Committee, membership, 13 
specified unit stresses, 44, 45 

K 

fc, definition of, 49 

(See also Neutral axis) 

Kern radius, 205 
Keys, 504-506 
intermittent, 504 

Kinnane, R. F., on tests for bond 
strength, 90 
Kip, 49 


Lateral earth pressure. Coulomb’s 
theory of, 221 
direction of, 222 

point of application of resultant, 
222 

on rigid frames, 368-371, 478 
Lateral support for beams, 59 
Limit design, 55 

Lincoln Tunnel, 128, 151, 156, 213, 
241, 277, 328, 380 

Linear deflection, by conjugate- 
beam method, 379 
by moment-area method, 378 
by theory of work, 338, 430-438 
Long columns, 159, 175 
Longitudinal shear, 97, 100 
in composite beams, 148, 153 


Longitudinal shear, in concrete 
beams, 96-133 
elation to bond, 99 
to diagonal tension, 97, 99, 101 
to transverse shear, 97 
Lowy, Frederick C., approximate 
method for design of columns, 
204-209 

Lyse, Inge, on fineness and mixing oi 
aggregates, 18, 29 

M 

McMillan, F. K., on combined 
water, 37 

Mason, J. L., on prestressing, 519?i. 
Masonry, modulus of elasticity, 247 
n for, 247 
strength of, 247 
walls faced with, 245-249 
Maurer and Withey, torsion formula, 
517 

Maxwell-Mohr, theory of reciprocal 
deflections, 449 
work equations, 336, 355 
Mixes of concrete, 2, 23-30 
Moderate-heat-of-hardening cement, 
6 

Modular ratio (see n) 

Modulus of elasticity, for concrete 
in compression, 19, 54 
definition, 53 
secant, 20 
for steel, 41, 54 
for stone masonry, 247 
tangent, 20 
torsion, 517 
Moldings, 497 
Moment-area diagram, 378 
Moment distribution, application to 
building frame, 488-492 
to rigid frame bridges, 439-482 
carry-over factor, 447-452 
curved members, 468-481 
diagrams for use with tapered 
members, 462-467 
displacement of joints, 458-463 
distribution of moments, 454 
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Moment distribution, fixed-end 
moments, 440-447 
general principles, 439 
mathematical derivation, 440-452 
procedure in applying, 455 
side sway, 359, 458-468 
sign convention, 453 
stiffness factor, 447-452 
Moment of inertia, effect of change, 
351 

relative vs. absolute values, 361 
for tapered members, 359-365 
for T-shaped sections, 530 
by transformed-section method, 
63 

Mortar, definition, 2 
safe stress, 247 

Moving loads, influence lines for 
effects, 371 

magnitude of truck, 292 
web reinforcement for beams 
carrying, 130 

N 

n, Es/Ec, for concrete, 44, 53-55, 66 
definition, 49 
effect of change, 66-68 
for masonry, 247 
Net line for excavation, 248 
Neutral axis, definition, 49, 51 
diagrams for determining, 189, 
530, 532, 533, 536 
formula for analysis, 55 
for design, 54 

tables for balanced design, 534, 
535 

transformed-section method of 
computation, 62, 65 
Neutral surface, definition, 100, 123 
Newmark, Nathan M,, on bending 
in continuous slabs, 293n., 312n. 
Notations and their definitions, 48, 
49, 337 

O 

Olsen, P. E., on tests for bond 
strength, 90 


One-way slabs, effective width, 290, 
298 

lateral reinforcement, 294 
negative bending moments, 297- 
303 

positive bending moments, 289- 
297 

shear in, 308-310 

Openings, reinforcement around, 
603, 614 

Organic impurities in aggregate, 15 
Overreinforced beams, 52 
Overturning moments on footings, 
267-274 


Parapets, 231, 240, 391, 500, 514 
Parker, J. L., on edge supports and 
lateral reinforcement, 294w., 
303 

Paste, cement, 2, 23 
Payment line for excavation, 249 
Pedestals, 257-261 
Percentage of reinforcement, longi- 
tudinal in beams, 49, 52 
longitudinal in columns, 163 
web, 107 

Perimeters of rods, 323-325 
Pickworth, John, W., formulas for 
rigid frames, 360rt,, 527-529 
Pile foundation, 276-282 
Pipe columns, 175 
Placing concrete, 33 
Plastic flow, in concrete, 21 
effect on columns, 163 
Podolsky, 1. S., on solution of 
cubic equations, 187n. 

Port of New York Authority, I'he, 
13, 21, 150 

Portland cement, definition of, 5 
high-early-strength, 5 
moderate-heat-of-hardening, 6 
quick-setting, 5 
sulfate-resisting, 6 
Portland ('emeiit Association, on 
Joint Committee, 13 
Pour, 180, 389 
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Pressures, allowed, on foundations, 
219 

on masonry, 247 
of concrete on forms, 39 
lateral due to earth, 221, 222 
to ice, 227 
to surchage, 223 
to water, 225 
Prestressed concrete, 519 
Prismoidal formula, 341 
Proportioning concrete, Fuller’s rule, 
28 

general, 23-30 
volumetric method, 2, 28 
weight method, 26-30 
Punching shear, 22, 101 

R 

Radius of gyration, 181 
Redundants in indeterminate struc- 
tures, 346, 380, 401 
Reinforcement, anchorage of, 83, 
89, 90 

areas, perimeters and weights, 
523-525 
bending, 541 
bends, 84, 541 
bent-up, 114:-130 
bond, 81 

compressive, in beams, 68-72 
cover over, 41, 89 
curved, 121, 130, 390 
cutoff points, 89, 119, 141, 233 
deformed, 83 
details of, 544-546 
development, 82, 121, 128 
effective areas, 50 
embedment, 41, 89, 537 
fireproofing, 41, 161 
hooks, 84, 541 
laps, 82, 88 

maximum number in column, 542 
mesh, 41 

multiple layers, 87, 522 
multiplication tables, 524, 525 
not parallel to tension, 50 
packing at beam intersections, 
140, 522, 543 


Reinforcement, percentage, 49, 52, 
55, 107, 163 
perimeters, 523-525 
radii of bends,. 85, 541 
savings by varying allowable 
stresses, 43 

screen effect, 140, 244, 522 
shrinkage, 503 
spacing in beams, 538 
specifications, 42 
spiral, 166, 540, 541 
splices, 88 

stirrups {see Web reinforcement) 
stresses, unit, 44, 45 
supports, 390, 521, 522 
temperature, 241, 501 
tensile, in beams, 47, 49-55 
trussed, 154r-157 
web (see Web reinforcement) 
weights of, 523 
wire mesh, 41 
wiring, 521, 522 
Retaining walls, 212-252 
buttresses, 215, 245 
cantilevered, 212 
copings, 249, 251 
counterforts, 215 
cutoff walls, 219 
design, of heel, 237, 238 
stem, 231-234 
toe, 238-240 
details, 229, 243, 250 
earth pressure, 220 
equivalent fluid pressure, 222 
expansion joints, 241 
flashing, 507 

foundations, 217, 220, 251 
gravity, 212 
ice pressure, 227 
inclined stems, 214 
masonry faced, 245-249 
miscellaneous data, 250 
overturning, 215, 234-236 
parapets, 231, 240 
parts, 213 

preliminary design data, 227-231 
pressures on foundations, 218, 
219, 234 
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Retaining walls, proportions, 214 
reinforcement, 241-245 
safety factor, 215 
sliding, 216, 236 
stability, 215, 234 
stepped footings, 251 
stone-faced, 245-249 
surcharge pressures, 223 
tapered, 250 
types, 214 
water pressure, 225 
Rib shortening, 365, 416 
Richart, Frank E., on tests of shear 
in beams, 107n. 

Rigid frames, 334r'394, 439-482 
angular deflection of, 343, 378 
approximate formulas for, 360, 
527-529 

curved members, 468-481 
earth pressure on, 368-371, 478 
effect of changing stiffness of a 
member, 351 
fixed-end, 351-359, 377 
foundations of, 391, 392 
hinged-end, 345-351, 359-380 
indeterminacy, 334, 346, 352 
influence lines for, 371, 377n., 481 
linear deflection, 338-343, 378 
method of work for analysis of, 
336-394 

moment distribution for analysis 
of, 439-482 

redundants in fixed-end, 351-359 
hinged-end, 345-351, 359-380 
single span, 345-380, 455-470 
two-span, 380-389, 470-481 
rib shortening, 367 
ribbed, 360n. 

shrinkage stresses, 366, 383, 386 
single span, 345-380, 455-470 
temperature stresses, 365-368, 383, 
386 

trial sections, formulas, 360 
two-span, 380-389, 470-481 
varying moment of inertia, 359- 
365 

Robin, R. (1., on tests for bond 
strength, 90 


Rock, allowable pressures on, 219 
Rods (see Reinforcement) 


Safety factor, 43, 55 
Sand, angle of repose, 219 
bearing value, 219 
coefficient of friction, 219 
Sea water, cement with, 6 
concrete exposed to, 25 
Section modulus, 63 
diagrams for determining, 531-533 
Segregation, 34-36 
Setting time of concrete, 3 
Shank, J. R., on bond and shrinkage, 
163n. 

Shaw, Edmund, on grading aggre- 
gates, 14?^. 

Shear, allowable unit stresses, 44 
allowance for shear in concrete, 
109, 133 

cellular structures, 330 
composite beams, 148 
continuous beams, 121-125, 294 
diagonal tension due to {see 
Diagonal tension) 
diagram for stirrup spacing, 537 
at edges of slabs, 308 
formulas, 99, 100 
general principles, 96-103 
longitudinal, 97, 100 
multiple layers of rods, 87 
punching, 22, 101 
rectangular beams, 96-103 
reinforcement {see Web reinforce- 
ment) 

slabs, 308, 312, 314, 324 
at supports of continuous beams, 
121-128 
T-beams, 102 
tests of beams, 134 
transverse, 97, 99, 101 
Shrinkage, coefficient, 23 
of concrete, 22, 23, 36 
effect, on arches, 416-419 
on rigid friunes, 365-368, 383 
reinforcement for, 503 
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Shrinkage, wet, 36 
Side sway, 359 

Sinnickson, W. B., on properties and 
manufacture of concrete, 1-46 
Slabs, beam-and”Slab floor, 135-142 
beams under two-way, 314r-316 
concentrated loads, 289-313 
edge supports, 303-308 
effective width, 290, 298 
flat, 318-326 

one-way, negative bending mo- 
ments, 297-303 

positive bending moments, 289- 
297 

shear, 308-310 

Westergaard’s analysis, 291, 308 
rectangular beams, equivalent, 47 
restraint at supports, 292, 297 
ribbed, 317 

shear, 308, 312, 314, 324 
thick, and I-beams, 151-154 
thin, and I-beams, 146-151 
tile-fifled, 317 

two-way concentrated loads, 310- 
313 

uniform loads, Code, 313-317 
Westergaard’s analysis, 313n. 
uniform load formulas, 293 
Slump test, 27 
Span lengths of beams, 47 
Spangler, M. G., on shear in slabs, 
308 

on surcharge, 223 
Specifications, 19 
for aggregates, 13 
for cement, 5 

Joint Committee, 30, 44, 45 
for steel, 42 

Spirally reinforced columns, 166-170 
Spirals, for columns, 167, 540, 541 
for torsion, 515 

Stiffness of members of building 
frame, 486 

Stiffness factor, 447-452 
curves for, of tapered members, 
462-467 

Stirrups (see Web reinforcement) 


Strength of concrete, in compres- 
sion, 16, 44 
in shear, 22, 44 
in tension, 22, 40 
Stresses (see Unit stresses) 
Structural steel, bond on, 94 
in composite beams, 146-154 
encasement of, 146, 170, 512 
Substitute beam (see Transformed 
section) 

Sulfate-resisting cement, 6 
Surcharge, concentrated loads, 223 
uniform loads, 225 
Surface finishes, 35, 498-500 
Surface spalling due to heat, 502 
Symbols, 48, 49, 337 


Tapered members, diagrams for 
carry-over and stiffness factors 
of, 462-467 
T-beams, analysis, 72 
approximate moment of inertia, 
530 

diagrams for k and j) 536 
effective section at supports, 73 
proportions specified, 74 
shear, 102 

Temperature, coefficient of expan- 
sion due to, 23 
of concrete in setting, 38 
effect, on arches, 416-419 
on rigid frames, 365, 383, 477 
on setting of concrete, 37, 38 
on strength of concrete, 37, 502 
high, effects, 502 
ice pressure on walls, 227 
prestressed concrete to resist, 519 
reinforcement, 241, 501 
Tension, and bending, 209 
in concrete, 22, 49, 66 
diagonal, 97 

in rods not parallel to force, 50 
Terzaghi, Karl, on pressures due to 
saturated sands, 226n. 

Tied columns, 162-166 
Ties, spacing in columns, 165 
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Torsion, in circular sections, 516 
diagonal tension due to, 515 
modulus of elasticity of concrete, 
517 

in rectangular sections, 516 
Transformed-section method, 62 
Transverse shear, 97—101 
Truck loads, 292 
Trusses, reinforcing, 154--157 
Two-hinged arch, 421 
Two-way slabs, 310-317 
Tyler Company, W. S., sieves, 14n. 

U 

XJnderreinforced beams, 52 
Ungula, 198, 200 

Unit stresses (allowable), in con- 
crete, Joint Committee, 44, 45 
in steel, 44, 45 

savings by varying allowable, 43 
variations allowed in, 43 
United States Bureau of Standards, 
column tests, 172, 173 
Universal Form Clamp Company, 40 

V 

Varying moment of inertia, 359-365 
Vaughan, H., on magnesia in 
cement, In. 

V-cuts, 497, 508 
Vibration of concrete, 35 
Volume method of integration, 340- 
343, 526 

Volumetric proportioning of con- 
crete, 2, 26, 28 

W 

Walls (sec Retaining walls) 

Water, for durability, 25 


Water, effect of, 17, 28 
gain in concrete, 35 
gallons per cubic foot, 30 
measurement, 28, 32 
pressure on walls, 225 
table, 226 

Water-cement ratio, 17, 18 
Waterproofing, membrane, 508 
without membrane, 511 
Web reinforcement, bent-up rods, 
114-121 

combined, 125-130 
diagonal tension, 97 
diagrams for spacing of vertical 
stirrups, 537 

general principles, 96-1 14 
inclined stirrups, 111—114 
for moving live loads, 130-133 
vertical stirrups, 104-111, 537 
Weight, of concrete, 22, 56 
of earth, 228 
elastic, 372 

proportioning concrete by, 27 
Weiskopf, Walter H., formulas for 
rigid frames, 360n., 527-529 
Welded splices of rods, 88 
Wernisch, George Robert, on bond, 
84n. 

Westergaard, H. M., on bending in 
slabs, 291, 308, 313n. 

Wheel loads of trucks, 292 
Whitney, Charles S., on distribution 
of stresses, 55 
Work equations, 354, 355 
method of analysis, 336-394 
Workability of concrete, 23, 30, 35 
Workmanship, importance of, 1, 46 


Yield of concrete, 30 

Young, A. M., on crack control. 500 



